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PREFACE 

Ladies and gentlemen, dear colleagues, 

Welcome to Vrnjačka Banja, to the International Scientific Conference Heavy 

Machinery. 
After postponing the 2020 conference due to the Covid-19 pandemic, this year the Tenth 

International Conference Heavy Machinery is held by the Faculty of Mechanical and Civil 

Engineering in Kraljevo, University of Kragujevac, from 23 to 25 June 2021. 

It has gained a unique recognizable form for exchange of information, ideas and new 

scientific researches. The Conference is held in the year when the Faculty of Mechanical and 

Civil Engineering in Kraljevo celebrates the 61st year of university teaching in mechanical 

engineering, nine years of university teaching in civil engineering and two years of university 

teaching in occupation safety. 

During several decades of existence, it has acquired specific and recognizable form in 

domestic and foreign scientific circles thanks to its scientific and research results. 

The goal of the Conference is to make the research from the fields covered at the Faculty 

of Mechanical and Civil Engineering in Kraljevo available and applicable both within 

domestic and foreign frames. Also, our scientists will have the opportunity to learn about 

results of research done by their colleagues from abroad in the fields of transport design in 

industry, energy control, production technologies, and civil engineering through the following 

thematic sessions: 

- Earth-moving and transportation machinery,

- Production technologies,

- Automatic control and fluid technique,

- Applied mechanics,

- Railway engineering,

- Thermal technique and environment protection,

- Civil engineering.

Despite the aggravating circumstances due to the Covid-19 pandemic, a high scientific 

reputation of domestic and foreign participants as well as the number of papers provide 

guarantees that the Conference will be very successful. 

The papers reflect state of the art and deal with the wide spectrum of important topics 

of current interest in heavy machinery. 

I especially want to thank you the Ministry of Education, Science and Technological 

Development of Republic of Serbia for support of organization of the Conference and our 

efforts to promote science and technology in the areas of mechanical and civil engineering in 

Serbia. I would like to express sincere thanks to all members of scientific, organizing and 

technical committee, reviewers, as well as to all participants including invited speakers for 

participation in the Conference and presentation of their papers. 

Thank you and see you at the next conference. 

Kraljevo – Vrnjačka Banja, June 2021     Conference Chairman,  

       Prof. dr Mile Savković 
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The finite element method (FEM) has imposed itself to structural analysts and engineers as the most powerful, 

highly efficient and quite versatile numerical method. It became a standard method in the field of structural analysis, with 

very well established and understood procedures of development and application. Numerous FE software packages have 

been developed offering vast options of numerical analysis to the users. But, so far, all of them have one aspect in common 

– the conducted computations are the so-called ‘off-line’ computations. This implies that the action of applying the loads

onto the model, on one side, and observing the resulting behavior of the model, on the other side, are separated by a

substantial amount of time that varies between seconds and hours depending on numerous parameters. However, an

incredible pace of both hardware and software developments in recent decades brought the idea of real-time FE

computations to life. This paper is focused on this enticing field of work and presents some of the originally proposed

solutions to address real-time solutions in FE simulation based on modal superposition technique.

Keywords: Real-time simulation, FEM, Modal superposition, Geometric nonlinearity, Adaptive structures

1. INTRODUCTION

In order to deal with real world problems, engineers 

build models that need to meet two basic requirements. On 

the one hand, the models must include the most important 

aspects of the modelled system’s physical behavior so that 

the real system is suitably represented for the specific 

purpose of modelling. On the other hand, the models need 

to be as simple as possible in order to make them 

mathematically/numerically tractable. Searching for an 

adequate compromise between these two confronting 

demands is not an easy task and it needs to account for 

available modelling tools. More powerful tools allow to 

move the borders of modelling from simpler to more 

complex models that account for more details and 

additional aspects of physical behavior, whereby the 

computational times are still kept in a reasonable range. In 

structural engineering, numerical models are typically 

used because analytical models could not cope with 

arbitrary geometries and boundary conditions. This is 

where the Finite Element Method (FEM) comes into play.   

FEM has deservedly gained its reputation of being 

the most powerful method in the fields where solving 

partial differential equations over arbitrary domains and 

with arbitrary boundary conditions is required. And this is 

particularly valid for the field of structural analysis that 

actually contributed at most to the FEM development. 

Although relatively new, today FEM is a well-established 

method. It is a standard tool used in the design of new 

structures, proof of strength of existing structures, 

optimization tasks, etc. Typical computations are 

performed ‘off-line’. Actually, this term appeared only 

recently as an opposite of ‘on-line’ computation. In this 

sense, ‘off-line’ implies that the model, together with all 

the necessary data, is prepared in the preprocessor, while 

the results are observed and analysed in the postprocessor. 

Between the two, the solver performs its ‘magic’ in order 

to transform the input data into the results containing the 

displacement, strain and stress fields together with other 

results at user’s choice. Hence, there is a substantial 

amount of time between setting the model (preprocessor) 

and observing the results (postprocessor) and it ranges 

between seconds and hours, depending on the size of the 

model, type of analysis, available hardware and software, 

etc.  

However, it is the fast pace of hardware 

development in the recent years that motivated the idea of 

real-time FE simulation, i.e. ‘on-line’ FE computations. 

The idea is of great interest for numerous potential users. 

Not only would engineers prefer to have the results of their 

calculations as fast as possible (not necessarily in real-

time), but there are also fields where real-time simulation 

is the most important demand. This pertains to various 

types of simulators, such as surgery simulators, training 

simulators, etc.  

Various ideas have been addressed in the previous 

three decades to achieve the objective of real-time 

simulation. Those ideas reflect the needs and the hardware 

and software development at that time. As a simplest 

possible approach, mass-spring systems have been mostly 

used in the 90’s, but there are also developments of newer 

date [1, 2, 3]. The simplicity of a mass-spring model is its 

main advantage – the continuum is replaced by a set of 

concentrated masses interconnected with springs. Such a 

model can easily account for geometrically nonlinear 

effect, because the internal forces of springs are always 

oriented in the direction defined by the current positions of 

connected masses (nodes). Also the material nonlinearities 

can relatively easily be accounted for because otherwise 

complex strain/stress field is reduced to only one 

component of strain/stress in the applied rod elements. 

However, the major problem resides in building the model. 

One needs to decide how many masses are needed, how 

they are to be distributed across the continuum, how the 

topology of interconnections should be defined, what 
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would be the suitable stiffness of springs/rod elements. 

Hence, this ambiguity of model building is the major 

drawback of the approach [4], but there also belongs the 

fact that no single solution is possible that would produce 

high accuracy for any set of material parameters and 

boundary conditions. Despite of that, this approach has 

been and still is one of the workhorses in many real-time 

applications, primarily there where only visual effects are 

of interest and mostly for the background effects, such as 

in surgery simulators [5]. 

Another interesting approach may be interpreted as 

belonging to the group of the model order reduction 

techniques. Namely, it is a kind of indirect model order 

reduction. The idea is to use FEM results in order to train 

the neural networks to produce fast computations for 

various scenarios with a specific model. A great advantage 

of this approach resides in the fact that nonlinearities of 

any kind can be tackled. On the other hand, the major 

drawback is to be sought in quite demanding and time-

consuming FE computations needed for training purposes. 

Also, changes in kinematic boundary conditions, material 

parameters and similar would require to perform a new set 

of computations for training purposes, thus cancelling the 

positive aspects to a great extent. Despite of that, the idea 

has already found its application in structural 

computations [6], virtual reality simulators [7], and 

particularly in systems for real-time control [8, 9]. 

It is also possible to perform model order reduction 

directly in the framework of FEM. This approach has a 

great potential to reduce the numerical effort by several 

orders of magnitude. It is a common knowledge that FE 

models are quite large, often having several 100,000 

degrees of freedom (DOFs). Hence, the resulting system of 

equations contains the same number of equations as there 

are DOFs in the system. The most time-consuming part in 

computing the solution is resolving the system of 

equations. However, there are suitable ways of 

transforming the problem and thus reducing dramatically 

the number of DOFs. Typically, one would transform the 

problem into the modal space, in which each mode 

represents a degree of freedom [10]. In many cases, a 

relatively small number of carefully selected modes would 

produce quite a solid result and this fact is used to produce 

highly efficient simulations, and even real-time 

simulations. This fact has been extensively used in Multi-

Body-System (MBS) dynamics. Of course, this advantage 

does not come alone. There is also a drawback in the fact 

that the modes are valid for one specific structure 

configuration, thus making the approach suitable for linear 

computations, which is an important limitation. However, 

there have been some developments aiming at inclusion 

geometrically nonlinear effects [11, 12]. This aspect will 

be addressed in this paper.  

Anyway, the most challenging task in FE-based 

real-time simulation is to keep the full extend FE model 

(no model reduction) and try to produce a real-time 

simulation. The level of complexity increases significantly 

if the demand to cover any type of nonlinearity is 

included, because this implies changeable structural 

parameters (primarily the stiffness matrix) which need to 

be determined again for each new structural configuration. 

In addition, resolving the system of equations is more 

time-consuming for nonlinear problems. In such cases, 

even with a relatively small number of DOFs, rigorous 

nonlinear formulations render the problem numerically 

very demanding and the only way of achieving real-time 

simulation would be to use extremely powerful hardware 

and the parallelization possibilities [13]. Most of 

developments in the fields of virtual reality (VR) and 

augmented reality (AR) applications were based on linear 

FE models in the early days of development [14]. The 

same approach was used in biomedical applications [15, 

16]. With the available hardware and software at that time, 

even the use of linear models was rather challenging.  

However, over the course of development, 

researchers have noticed that various ‘tricks’ could be 

applied in order to make a trade-off between the numerical 

efficiency and achievable accuracy and thus make the 

inclusion of nonlinear effects mathematically tractable [17, 

18]. The ‘tricks’ mostly consisted in substituting rigorous 

nonlinear formulations by some simpler formulations that 

keep the nonlinear effects to a large extent thus producing 

visually appealing results  [19, 20]. Such approaches are 

mainly used in VR applications.  

Marinkovic and Zehn [21] provided a comparative 

survey of these techniques, in which the major directions 

of development are discussed and the state-of-the-art in the 

field of FE-based real-time simulation is represented.  

2. MEANS OF ACHIEVING FE-BASED REAL-TIME

SIMULATION 

The first question to be tackled refers to the 

definition of real-time simulation. Although the term ‘real-

time simulation’ may seem intuitive, the standard 

definition allows for a wider interpretation. The intuitive 

comprehension of the term would imply that anything that 

happens within a certain period of time t is computed and 

presented on the screen within the same period of time t. 

On the other hand, the standard DIN ISO/IEC 2382 [22] 

states that this term denotes such an operation of a 

computing system that provides the results within a 

prescribed period of time. Hence, this definition does not 

necessarily demand that the computation takes the wall-

clock time needed for the process to occur in reality, but 

could also take a longer time, if this suits the 

computational requests, or maybe even a shorter time.  

At this point, one may note the multidisciplinarity 

of the problem. Namely, it combines the fields of 

mechanics, numerical computation and computer graphics. 

Besides the displayed physical behavior of the objects, it is 

also the quality of the animation and rendering that 

determines the very first impression about the achieved 

results.  

The question arises: what would be the means to 

achieve FE-based real-time simulation? The most obvious 

means are more powerful hardware components and 

software that is more sophisticated. A less obvious means 

would be modified formalisms for structural analysis. One 

could make a nice parallel between the real-time 

simulation and the objective of setting the fastest time in a 

F1 car around a racing track. Obviously, more powerful 

hardware would correspond to a better F1 car in terms of 

more powerful engine, better aerodynamics, downforce, 

etc. More sophisticated software corresponds to a better, 

faster driver. Now, if the hardware would be limited to 

typical personal computers, whereby the aspect of possible 
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parallelization is neglected, the achievable gains in 

computational times would be within several percent. 

Available software options would even make a smaller 

difference, although the aspect of software optimization 

should not be easily neglected. What remains as an 

interesting option is to play around with formalisms of 

structural analysis. Again, making a parallel with fastest 

time around a racing track, this would correspond to the 

option of reconstructing the track itself. Assuming that the 

start and finish lines remain the same, one may want to 

reconstruct the track in order to avoid numerous curvatures 

so that higher speeds can be used along the track. This 

would reduce the lap time considerably. And this is 

exactly the idea used here as it offers the greatest potential 

of reducing the computational time. It implies that the 

rigorous formalisms may be suitably modified to account 

for major effects (but not all the details) so that less 

computational operations are needed to reach the ‘finish 

line’. Of course, with certain aspects neglected, one would 

not land exactly at the ‘finish line’ but somewhere nearby. 

This is exactly the already mentioned trade-off between 

the computational effort and achievable accuracy. 

Depending on the specific application, this trade-off may 

be either more in the favor of accuracy or more in the 

favor of computational efficiency.  

3. MODAL SPACE BASED FE-MODEL REDUCTION

With the objective of reducing the computational 

burden considerably compared to the approach based on 

the full extent FE models, a model reduction is performed. 

Different approaches may be found in the literature, some 

of which are mentioned in the Introduction, but the most 

common approach is the modal space based approach. The 

approach implies that orthogonal mode shapes, determined 

in a step prior to MBS simulation, become modal degrees 

of freedom, in terms of which the deformational behavior 

of a structure is described. Why is this approach so 

efficient? Not only is the number of degrees of freedom in 

this manner dramatically reduced (by several orders of 

magnitude), but the resulting equations are also decoupled. 

This is due to the property of the eignemodes that are 

orthogonal with respect to both the mass and stiffness 

matrices. For this reason, the generalized mass and 

stiffness matrices are diagonal and the resulting system of 

equations decoupled. In other words, the structural 

response in each of the modes is totally independent from 

the structural response in other modes.  

The eigenmodes used in FEM are the result of the 

modal analysis. The corresponding eigenvalue problem is 

obtained by assuming free vibrations with damping 

neglected:  

       M u K u 0+ = (1) 

where [M] and [K] are the mass and stiffness matrices of 

the FE model, and {u} are the nodal displacements with 

dots above denoting the time derivatives (two dots for 

acceleration). Upon assuming a harmonic solution, one 

obtains the following eigenvalue problem:  

   ( ) 2
i iK ω M 0−  = (2) 

where {i} is the ith mode shape vector, and i the 

corresponding angular eigenfrequency. The dynamical 

problem given by the FE system of equations:  

          extM u C u K u f+ + = (3) 

where [C] is the damping matrix and {fext} are the external 

forces. It is then transformed into the modal space:  

       M z C z K z f    + + =    
(4) 

where 

         
T T

M M , C C ,   =   =     

          
T T

K K , f f  =   =  

with []=[{1} {2} … {n}] being the modal matrix 

(matrix of modal shapes). This is the typical way of 

transforming the FE equations into the modal space and 

thus reducing the FE model significantly (easily several 

orders of magnitude), whereby the resulting system of 

equations in additionally decoupled.  

 It is worthwhile to emphasize that the quality of 

the results obtained with modal approach strongly depends 

on the quality and number of the mode shapes used in the 

simulation. The mode shapes determined in the way 

described above are valid for a specific structural 

configuration and a specific set of boundary conditions. In 

MBS problems, one has often to deal with changeable 

boundary conditions. Hence, the approach used by 

commercial software package like ADAMS is the 

Component Mode Synthesis (CMS) technique, particularly 

the Craig-Bampton method. The method requires to 

partition the flexible body degrees of freedom (DOFs) into 

boundary DOFs and interior DOFs, the former belonging 

to the nodes of the FE-model that the user wants to retain 

in the simulation model mainly for the purpose of defining 

(kinematic or dynamic) boundary conditions. In the next 

step, the method requires to determine two sets of modes: 

1) constraint-modes, which are static shapes obtained by

giving each boundary DOF a unit displacement, while all

other boundary DOFs are fixed; 2) fixed-boundary normal

modes, which are obtained by fixing all boundary DOFs

and computing the eingensolution as given above. Now,

the so-obtained Craig-Bampton modes are not an

orthogonal set of modes. For that reason they

orthonormalized prior to simulation in order to make them

more suitable for direct use in MBS dynamics.

As already emphasized, in this manner, FE models 

can be reduced by several orders of magnitude. An 

example of a car rear axle, Fig. 1, can be used for obvious 

demonstration of this advantage. 

Figure 1: Car rear axle 

Fig. 2 depicts the full extend FE model prepared at 

the Institute of Mechanics, TU Berlin. It includes 42324 4-

node shell elements, 1356 3-node shell elements, 4328 8-

node hexahedral elements and 504 6-node wedge 
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elements. Altogether, there are 50192 nodes, most of 

which use 6 DOFs as they belong to shell elements and 

therewith there are nearly 300000 DOFs in the model. 

Hence, solving the full model in a dynamical analysis 

would imply solving a great number of equations in each 

time-step. 

Figure 2: FE model of the car rear axle 

Upon model reduction, one may decide to keep a 

number of orthogonal modes. Of course, the choice of 

modes to be kept has a crucial influence on the final 

simulation results. There are numerous criteria that will 

not be addressed here on how to choose a sufficient 

number of modes and which modes exactly are relevant. In 

many simulations, it would be sufficient to take 10-20 

modes, which implies that the simulation is performed 

with much less DOFs compared to the full extent FE 

model, and the accuracy would still be acceptable. Fig. 3 

shows two screen-shots of real-time simulation with the 

car axle. Practically any CPU can perform this real-time 

simulation. The only difference in the speed of simulation 

would be determined by the demanding graphics of 

rendering the faces of nearly 50000 elements.  

Figure 3: Screen-shots of real-time simulation with the car 

rear axle 

3.1. Inclusion of Geometrically Nonlinear Effects 

Modal space based reduction of FE models is an 

excellent way of reducing the numerical effort greatly. 

This is practically done by performing a great deal of 

computation prior to simulation. Namely, the effort resides 

in the modal analysis needed to obtain the modal degrees 

of freedom and modal mass and stiffness matrices.  

However, the limitation encountered with this 

approach is in the fact that the modes are valid only for the 

initial structural configuration and, therewith, the approach 

is applicable to linear analysis. In order to extend the 

applicability of the approach to moderate geometrically 

nonlinear effects, a few approaches have been originally 

proposed.  

The first approach is based on the implementation 

of the geometric stiffness matrix. The idea is to account 

only for the stress stiffening effects. This is done through a 

simplified computation of the geometric stiffness matrix. 

The stresses are assumed to be linearly proportional to the 

deformation in each single mode, which is an assumption 

made in the linear analysis. In this manner, the overall 

stress is easily approximated as a linear superposition of 

stresses in single modes. Based on these assumptions, the 

geometric stiffness matrix is approximated and added to 

the linear stiffness matrix over the course of computation. 

In terms of numerics, the approach is only slightly more 

expensive than the pure modal superposition technique, 

and if it is carefully used for the cases to which it is 

applicable, it offers a highly efficient extension into 

moderate geometric nonlinearities. This method was 

presented by Marinkovic and Zehn [11]. 

Another approach, denoted as warped displacement 

approach, aims at consideration of geometrically nonlinear 

effects caused by relatively large rotation of single sub-

domains of the structure with respect to the structure as a 

whole. For carefully chosen substructures, the average 

rigid-body rotation with respect to the whole structure is 

computed based on the classical modal-space solution. 

This rotation is further used to rotate the displacement 

field of the considered substructure, which improves the 

accuracy of the obtained deformed geometry. More details 

about the method can be found in Marinkovic and Zehn 

[11]. The rear car axle is quite a suitable example for this 

approach. The crank arms are the substructures, to which 

the approach is to be applied, Fig. 4.  

Figure 4: Subdomains for modal displacement warping 

In order to test the approach with respect to 

achievable accuracy of deformed configuration, two load 

cases suggested by Volkswagen AG are computed. Load 

case 1 is a vertical force of 1 kN acting upon the wheel, 

while load case 2 is a side force of 7 kN (see Fig. 5).  

Figure 5:The considered load cases 

The deformation is determined by means of 

presented technique with 10 and 20 modes and compared 

with the results obtained by rigorous FE results from 

Abaqus. Diagrams in Figs. 6 and 7 show the results. The 

suspension travel is given versus toe-angle – hence, two 

geometric quantities, both of which are of crucial 

importance for suitable prediction of the car path in a 

curve. Compared to the linear result, one can easily note 

the significant improvement of the result obtained with the 

presented approach. Actually, those results are relatively 

close to the geometrically nonlinear results from Abaqus, 

demonstrating the applicability of the approach in this 

specific case. At the same time, the efficiency of 

computation remains extremely high as it easily runs in 

real-time. 
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Figure 6: Load case 1: suspension travel vs. toe-in angle 

 
Figure 6: Load case 2: suspension travel vs. toe-in angle 

Another interesting approach to account for 

geometrically nonlinear effects is a combined approach, 

i.e. a model that combines a modal reduction and the full 

extent FE model.  In many cases, a linear model can 

adequately describe a large portion of the considered 

structure, but some structural sub-domains may exhibit 

nonlinear behavior. In such a case, the modal-space 

solution can be used for the linear part of the model, 

whereas the nonlinear sub-domain are to be described by a 

full geometrically nonlinear FE model. The two parts of 

the model are then adequately coupled to each other. A 

simple illustration of this approach is given in Fig. 8 left, 

where a modal space based model is used for the tower 

crane, but the steel ropes and the suspended mass remain a 

separate part of the model, as it exhibits large rotations 

with respect to the tower crane. 

   
Figure 8: Left: combined model of a tower crane with 

suspended load; Right: initial configuration with 

excitation force 

A simple example is taken to demonstrate the 

approach. A load (300 kg) is suspended on the rope and 

exposed to a short impulse force (5 kN) in duration of 10-3 

s (Fig. 8, right). The displacements of the working jib tip 

(point A) is observed. The problem was computed in 

Abaqus by using the full extend FE model and the rigorous 

geometrically nonlinear analysis. Hence, it was a relatively 

expensive simulation in terms of computational time. The 

problem was also solved by means of the combined model. 

The tower crane was considered to be a linear model and 

the modal reduction was applied to this part of the model 

in order to reduce the numerical effort as much as 

possible. However, it was necessary to consider the rope 

with the suspended load as a nonlinear part of the model, 

because the rope exhibits significant rotations while 

swinging, thus constantly changing the direction of the 

force that acts onto the crane jib. In the conducted 

analysis, the static computation is done first to determine 

the statically deformed initial configuration. This is 

actually the configuration at time t=0 s. In Fig. 9, one may 

notice the difference in the static deflection of the crane jib 

computed by the present model and by Abaqus. This is 

clearly the consequence of the fact that the tower crane 

model alone determines this response and, in the presented 

approach, it a linear model, while the Abaqus model 

employs the rigorous geometrically nonlinear computation 

based on the updated Lagrange formulation.  

The results given in Fig. 9 show a relatively good 

agreement between the two formulations, particularly 

having in mind the difference in the initial configurations 

of both computations. It should be emphasized that the 

rigorous geometrically nonlinear computation in Abaqus 

was done with the model containing 1773 DOFs, while the 

model used with the presented formulation has only 13 

degrees of freedom (10 modes and the 3 displacements of 

the suspended load). In addition, Abaqus must solve the 

problem incrementally and iteratively, with the coupled 

system of equations solved in each iteration. 

Consequently, performing the both computations with the 

same time-step, the computational time in Abaqus was 

three orders of magnitude greater (measured in seconds) 

than the one needed for the presented combined 

formulation. 

 

   
Figure 9: Displacements of the crane jib tip: up - vertical 

displacement; down - horizontal displacement   
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3.2. Application to Adaptive Structures 

The general idea of adaptive/multifunctional 

structures consists in using advanced multifunctional 

materials in order to design and integrate active elements, 

i.e. sensors and actuators, into structures and thus provide 

the means for their adaptive behavior. The active elements 

can also be added as additional devices, if such a design 

suits the structure better. Sensors provide signals that 

contain information about the state of the structure. The 

sensor signals are transmitted to a controller that 

implements the control law, i.e. the desired structural 

behavior. Hence, the controller processes the sensor 

signals and determines what action should be performed 

by actuators in order to produce a desired structural 

behavior. The corresponding signal is then sent to 

actuators. In this manner, the active elements, sensors and 

actuators, are coupled to each other by means of a 

controller and an active structure becomes adaptive – it 

can actively react to external excitations in order to adapt 

its response, mainly with the objective to protect its 

integrity. In this way, the adaptive systems mimic actually 

the behavior of natural systems. 

The adaptive structural behavior can be used to 

achieve different objectives. The control of their dynamic 

behavior belongs to the most common objectives. This 

approach allows to improve many aspects of their dynamic 

behavior, such as comfort, robustness and safety. As 

vibrations in certain regimes of work (e.g. resonance) can 

give rise to serious structural damage, vibration 

suppression is quite a common objective of adaptive 

structural behavior. An example of adaptive structural 

behavior would be the adaptive car roof depicted in Fig. 

10. In this case, the adaptive behavior of the roof is used to 

suppress its vibrations with the final objective of 

diminishing noise in the car and thus improving driving 

comfort of passengers. 

 
Figure 10: Displacements of the crane jib tip: up - vertical 

displacement; down - horizontal displacement   

Control of complex structures with a large number 

of DOFs would be mathematically a very demanding task. 

It would be extremely difficult to design algorithms that 

would efficiently address such problems. Hence, an 

elegant idea to resolve the problem is needed. There is 

such an idea and it is closely related to the mode 

superposition technique discussed above. Its essence is to 

perform control within a specific frequency range by 

putting the focus onto the structural vibration modes 

(eigenmodes). It has been already seen that the structural 

modes are the DOFs in terms of which the structural 

response is determined. This fact is massively used in the 

control of such complex systems. Namely, the eigenmodes 

are simply regarded as degrees of freedom to be 

controlled. 

The same tower crane already seen above is used as 

an example. Without getting into details on exactly what 

kind of effect could be realistically used for this purpose, it 

is assumed at this point that a truss element can act as both 

a sensor and an actuator. As a sensor, the element can 

measure the strain in the element, and as an actuator, it 

may produce a desired force. Strain rate proportional 

active damping is implemented in the four active elements 

at the bottom of the crane (Fig. 11).  

 
Figure 11: Tower crane with active elements and 

excitation 

From the strains measured by the sensors in the 

four elements, the strain rate is determined and a force 

proportional to the strain rate and acting oppositely to the 

strain rate is induced in each active element. An external 

force is set to act at the jib tip as an impulse in duration of 

0.5 s. The active control is. The diagram in Fig. 12 shows 

the vertical displacement of the jib tip, with (blue line) and 

without (red line) active damping turned on after 3 s. The 

first ten eigenmodes are used for the simulation and such a 

simulation runs in real-time. 

 
Figure 12: Tower crane – vertical displacement of the jib 

tip with and without active damping 

The same concept is also demonstrated on another 

simple example, namely a plate structure depicted in Fig. 

13. The structure is meshed using 480 recently developed 

piezoelectric triangular shell elements [23]. Two load 

cases are considered, in both of which structure is exposed 

to a concentrated force acting as a short impulse. The load 

case 1 implies that only the excitation force F1 acts in the 

middle of the structure, while in the load case 2, it is only 
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the force F2 that acts (Fig. 13). The response is determined 

using the first 12 eigenmodes for the modal superposition 

technique. It is straightforward to recognize the motivation 

for changing the position at which the force acts in the 

second load case. Namely, in the first case, primarily the 

first eigenmode (first bending mode) is excited and it 

dominates the structural response, while the second case 

excites practically all the considered modes (although 

some of them to an extremely small extent).  

 
Figure 13: FE model of the plate: position of active 

elements (red elements) and two considered load cases 

The selected position of four pairs of active 

piezoelements is also depicted in Fig. 13 by red lines. The 

patches on the lower surface of the structure play the 

sensor role, while the patches on the upper (visible) 

surface act as actuators. The vertical displacement at the 

mid-point is observed during the simulation as a 

representative result. It is given for the case without active 

control (thin red line in Figs. 14 and 15) and with the 

active control started at t=5s (thick blue line in Figs. 14 

and 15). The structural response without active control is 

characterized by relatively small damping implemented in 

the model. The active control enhances damping 

significantly. As already said, in the first case, it is 

primarily the first eigenmode that is excited, which is also 

visible from the diagram, while in the second case 

practically all the considered modes are excited. It is easily 

recognized in the first response that there is only one 

frequency, whereas in the second response several 

frequencies can be noted. But the efficiency of active 

control is the same in both cases and the simulation runs 

easily in real-time. This example resembles the case of 

active noise reduction in a car (Fig. 10). Basically the 

same approach would be used, with the only difference in 

the selection of modes to be controlled.  

 
Figure 14: Mid-point deflection in the first load case with 

and without active control 

 
Figure 15: Mid-point deflection in the second load case 

with and without active control 

4. CONCLUSIONS 

The idea of physics based real-time simulation has 

gained in importance in the previous two decades. Besides 

applications such as various virtual-reality simulators, in 

which the demand for real-time simulation is crucial, also 

the classical engineering simulations would benefit from 

highly efficient, and, should it be possible, even real-time 

simulations. Among various ideas how to approach and 

deal with real-time simulations based on the Finite 

Element Method, the model reduction done by means of 

the modal superposition technique is addressed in this 

paper. Transformation to modal space has a great potential 

in this field. By carefully selecting the modes to be used in 

the simulation, the numerical effort needed for the 

simulation is reduced by several orders of magnitude. In 

this manner, the objective of real-time simulation is easily 

achieved. However, this nice property comes together with 

the limitation of the approach to linear analysis.  

The paper is further focused on two specific aspects 

of simulations performed using this technique. The first 

one is related to the above mentioned limitation to linear 

analysis. Several originally proposed methods to extend 

the approach so as to cover moderate geometrically 

nonlinear effects are briefly explained and demonstrated.  

Furthermore, the technique is applied to adaptive 

structures characterized by the ability to actively react to 

external excitations in order to produce desired behavior 

and thus protect their own integrity. By implementing the 

strain rate proportional active damping, it has been shown 

that structural vibrations can successfully be reduced, 

whereby the simulations run in real-time.  

The real challenge would be development of FE 

formulations that would allow real-time simulations based 

on full extent FE models and that would also cover 

nonlinear effects. The first steps in this direction have 

already been done by the author, but this is still a work in 

progress.  
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The Industry 4.0 model is based on integration of the Cyber Physical Systems (CPSs) and connection between 

Internet of Things (IoTs) and Cloud technology (CT). These are high-level methodologies for development of new 

generation factories, which are more intelligent, flexible and self-adaptable. Those models generate Big Data, horizontally 

by integration (network of machines, processes and sensors) and vertically by control (usually defined over five levels) 

which should be analytically processed and managed by the Cyber-Physical Manufacturing (CPM). Industry 4.0 is a new 

model of technology systems automation, based on the convergence of technologies that make up the concept of intelligent 

manufacturing, integrated with information and communication technologies that have been applied in a new way (cloud 

computing, big data analytics and AI), and based on distributed management. This approach has brought unprecedented 

opportunities to technology systems, from resource levels to supply chains, which are becoming more flexible, responsive 

to customer demands, and product quality is without defects. On the other hand, planning and control production in this 

model must have a specific concept that defines it. Also, model has its own development, and the subject of this paper is the 

analysis and synthesis of the follow two models: Industry 4.0 (I4.0) and enterprise resource planning (ERP) for Heavy 

Machinery Manufacturing. The paper also provides a research model for the ERP model in SMEs developing the Industry 

4.0 concept for Heavy Machinery. 

Keywords: Heavy machinery, Industry 4.0, Context

1. INTRODUCTION 

Industry 4.0 is today and strategic national program 

of scientific and technological development of the most 

developed countries around the world, which has been 

implemented since 2011. Today, thirty-seven countries 

have this program, whose primary objective is to increase 

the competitiveness, productivity and efficiency of 

national industries [1,2]. On the other hand, this model is 

the basic framework for research, development, designing 

and implementation of the next generation of 

technological systems, smart factories. One of the most 

important elements within them is the ERP model, which 

is considered in this paper from the following aspects: (i) 

historical development of the concept of planning and 

production control in the context of automation of 

manufacturing systems and the nature, type and volume of 

data in them, (ii) ERP data management and integration 

model in I4.0 concept, (iii) structure of the smart 

manufacturing model I4.0 with the place of the ERP model 

in it, and (iv) modelling with case studies for SMEs. 

Finally, some aspects of the future development of the 

ERP model for the I4.0 concept are given, especially from 

the perspective of new paradigms such as designing and 

production control.  

Industry 4.0 concept is so far the best model of 

technological system for managing the relationships 

between supply and demand of customers from the 

following aspects: quantity, variety, time of market 

appearance, price, quality and design [3,4], because it 

gives a model of analysis and synthesis the information 

during product life cycle, using cloud computing and big 

data analytics. This approach makes it possible to 

individualize each customer's requests, which has become 

the smart manufacturing paradigm. 

Industry 4.0 model is based on data-driven 

technology which is networked and decentralized, and 

realized in cyber space. Therefore, it is very important for 

the smart manufacturing model to explore nature, the type 

and size of databases used to plan and manage at the plant, 

factory and supply chain levels [5-7], from the perspective 

of the six technologies on which this production is based, 

and which containing elements of the ERP model. This 

overview is given in Table 1, with special reference to 

additional characteristics related to Industry 4.0.  

 

Table 1: Characteristics of data in smart manufacturing, including heavy machinery (adopted according to [6]) 

 Nature of data Data type Data volume 

Automation and 

manufacturing technology 
Prediction technology Numerical, string, bits, symbolic 

Medium. (Very large – big 

volume)1) 

Data storage technology 
Status and history of production 

equipment 

Numerical, symbolic, string, time 

series, text 

Very large. (Cloud 

computing) 1) 

Digitization technology Artifact characterization, status Numerical, symbolic, text Large. (Digital twin) 1) 

Cloud computing 

technology 

As-is data, transformed data, 

integrated data, models, 

algorithms 

Potentially data of types determined 

by the cloud design 
Very large. (SaaS) 1) 

Agent technology Application specific Application  specific Low. (AI) 1) 

Prediction technology Application specific Numerical, categorical, time series 
Medium. (Intelligent 

Maintenance) 1) 

 

P.9



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

V. D. Majstorović, R. M. Mitrović, Ž. Z. Mišković 

Information content and level connectivity in smart 

manufacturing is high and is implemented through 2M 

(man-machine) - computer communication, which is 

monitored by AI algorithms. In the smart manufacturing 

model, information flows are realized through cloud and 

physical layers. Cloud layer includes models and 

algorithms related to: operations and configuration 

management, process and service models and condition 

monitoring. ERP covers this last layer. The physical layer 

includes equipment and sensors. In this way, divided 

virtual-physical systems through cloud computing perform 

resource sharing, managed through the ERP model.   

The planning of production and technological 

resources in the production control model (MRP / ERP) 

has a long history, and this development has taken two 

directions: (i) business aspect (from stock planning at the 

plant level to the whole chain (request for offer - delivery 

of the finished product) at the company level, and (ii) 

technological aspect (from the software package to the 

client server architecture). An overview of the 

development of this model is given in Table 2 [3,8,9]. 

 

Table 2: History of ERP model development [3,8,9] 

Year / model / Level Characteristics of MRP/ERP model Aspects of function 

1960s / IC / I level Inventory management and control Warehouse control 

1970s / MRP I / II 

level 
Material Requirements Planning Bill of product 

1980s / MRP II / III 

level 
Manufacturing Resources Planning Bill of manufacturing process 

1990s / ERP / IV 

level 
Enterprise Resource Planning 

Integrate business activities across 

organization units 

2000s / ERP II / V 

level 
Enterprise Resource Planning by Internet Services Oriented Architecture (SOA) 

2010s / Cloud based 

ERP / VI level 
Cloud based ERP ERP as software a service (SaaS) model 

2020s / I4.0 ERP / 

VII level 
ERP of Industry 4.0 model I4.0 concept introducing 

 

 

Information system for control the appropriate level 

of stock in a warehouse (material, spare parts) was been 

the first level in this area [9]. Material requirement 

planning (MRP I) used software applications for 

scheduling manufacturing processes and for operations 

raw material purchases, level two. Now, for the first time, 

they are introducing into production planning and control 

bill of structure, materials (BOM) and quantity. 

Manufacturing Resource Planning (MRP II) used software 

for coordinating manufacturing processes from product 

planning, parts purchasing, inventory control to product 

distribution, level III. Enterprise resource planning (ERP) 

uses a multi-module application software system, for 

improving the performance of the internal business 

processes, based on integrate business activities (planning, 

purchasing and distribution) across functional departments 

(marketing, design, accounting, HR), level IV. ERP II 

using internet web-browsers, with Services Oriented 

Architecture (SOA) and mobile devices were made 

possible, is level V. Cloud ERP, level VI are business 

applications are delivered as a service (SaaS) model, 

suitable for SMEs as well. Finally, the last seventh level 

refers to the ERP model for Industry 4.0. The previous 

analysis shows that the development of the first four levels 

of the ERP model was based on the development of 

information systems, and after that IT technologies 

involved in the development of this model. The latest 

model is an internet-oriented networking concept, based 

on cloud computing and AI tools in Industry 4.0 model. 

2. ERP MODEL FOR INDUSTRY 4.0 IN HEAVY 

MACHINERY MANUFACTURING 

Digitized and networked technology systems, with 

Internet of Things as per Industry 4.0 concept, have the 

ability to assign production control tasks to "intelligent" 

objects: machines, products and parts [10]. In this way, 

greater flexibility and adaptability of the manufacturing 

system itself, through the ERP model, is achieved. This 

approach defines new paradigms of production planning 

and control, which is based on a hybrid model of transition 

at centralized to a decentralized management concept. On 

the other hand, the optimization of ERP parameters is 

performed at a centralized (supply chain) and / or 

distributed (part) control level, which means that decisions 

regarding production planning and control are made 

globally or locally, according to Kanban (pull) or Holon 

model.     

Data became the key elements in planning, control 

and executing all activities along supply chain in I4.0 

model. For these reasons, an organization must carefully 

treat and properly use all data to create an effective basis 

for decision making [11]. The main challenge is 

innovative data management on the Industry 4.0 platform, 

which includes storage, exchange and use of data. The 

development and implementation of such concepts must 

be stimulated because only data that is error-free, up-to-

date, accessible and usable can contribute to the success of 

the company, Table 3. 
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Table 3: Framework of ERP model for Industry 4.0, including Heavy Machinery Manufacturing 

 (extended approach according to [11]) 

Characteristics / I4.0 

challenge 

Desirable features of 

an ERP systems 
Example Goals I4.0 approach 

Data storage / balance 

centralized and  

decentralized approach. 

Simplification of data 

model. 

Simple table structures for the logical 

data model. 
Data on time. 

Cloud computing 
Decentralized data 

management. 

Distributed storage of data in different 

systems. 

Bidirectional (ERP-MES1-

PLC2) loading of data. 

Data flow / the 

connection   of  the ERP 

system in two directions – 

horizontal and vertical. 

Linkage to previous 

systems. 

Exchange data  (vertical and  

horizontal) and processing of  different 

systems. 

Integration of systems for a 

flexible planning and 

control. Interoperability 

Speed of data access 
ERP system should deliver requested 

data within short response times. 
Fast reaction to changes. 

Data used / virtual and 

real models of 

intelligent products. 

Visualization 
The    user  interface  of  the  ERP systems  

should    display  information     adequately. 

Improvement of human-

machine interaction. 

Big data analytics, AI 
Integration and 

Intelligence 

ERP system should connect data from 

different sources and hence create new 

information 

Generation of new 

information. 

Automation 
ERP system should use the data to 

trigger automated processes. 

Reduction of errors and 

increase in efficiency. 

 

Industry 4.0 is building smart factories in 

deployment that have four dimensions [12-14]: (i) smart 

manufacturing based on advanced digital-oriented 

technologies (Additive manufacturing, Cloud computing 

and Internet of things). It has automated flexible lines that 

adapt production processes with changed conditions to the 

type of product, while sometime maintaining high quality, 

high productivity and flexibility, as well as production 

volume, with optimal consumption of resources; (ii) smart 

products (advanced production mode and new 

characteristics). They generate and send to the 

manufacturer exploitation feedback information, which is 

used primarily in the field of customer service. On this 

way increases the value added of the product, and the 

manufacturer develops a new business model (product + 

service); (iii) new ways workers perform their activities, 

based on advanced digital-oriented technologies (smart 

working), and (iv) smart supply-chain (procurement of raw 

materials and delivery of finished products). Bidirectional 

exchange of information in collaborative production, using 

it exchange also for digital platforms of design of the 

innovative products, Figure 1. 

 

 
Figure 1: Framework for Industry 4.0 model for Heavy Machinery Manufacturing (adopted according [12]) 
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This framework of a smart factory is also based on 

four dimensions of basic technologies for Industry 4.0: (i) 

cloud manufacturing, (ii) internet of things for 

manufacturing, (iii) big data (for manufacturing), and (iv) 

analytics (for manufacturing). For our analyses, relate to 

the ERP model, the dashed line marks elements of both 

structures. On the other hand, the smart supply chain in the 

I4.0 concept has a special function - to create added value 

for the customer, which gives them digital platforms for 

planning and designing of product and production, 

procurement and sales, creating a management framework 

product over the life of the product. This creates a new 

business model for the organization in the circular 

economy - eco sustainable smart production [15,16]. In 

this concept, the ERP model is a key element of the 

vertical integration model, but is also whole part of the 

smart chains and core technologies for Industry 4.0, as it is 

shown in Figure 2. There are three integration concepts in 

the Industry 4.0 model that apply [7,17,18]: (i) vertical 

integration (from process - sensor, to organization 

(corporate planning) - ERP). The center of integration at 

this level is the cyber-physical system, which production is 

realized; (ii) horizontal - from request for offer to delivery 

note of finished product (marketing, designing, 

production, delivery). Integration center is an intelligent 

product, with added value; and (iii) supply chains and 

sustainable production with a customer relationship 

management (CRM) integration center. Thus, the 

organization builds a new business model of its Industry 

4.0 concept, the center of which is a large database and its 

reporting. The ERP model plays a key role in this. 

3. RESEARCH AND DEVELOPMENT OF ERP

MODEL FOR SMES IN HEAVY MACHINERY

The Industry 4.0 model currently has forty-five 

elements that make up its full structure applicable in large 

organizations. Our research shows that this model for 

SMEs should have between fourteen and twenty-two 

elements depending on the type of production that the 

SME is engaged. But one of the basic elements without 

this model cannot be applied is modelling - the virtual 

part. 

Modelling is one of the most important elements of 

the I4.0 model, especially for the digital twin. This aspect 

is particularly expressive in the smart manufacturing 

model, where knowledge modelling is the most important 

element. In the digital era, the management of 

technological systems including their elements, 

encountered in the following forms [19-21]: (i) centralized 

hierarchical model, where we have an integrated computer 

system of production and management; (ii) distributed 

heterarchical model, which builds the symbiosis of the two 

models (computer-aided manufacturing and management) 

on the principles of biologically inspired models; (iii) CPS 

based distributed control [22], and (iv) IoT based 

distributed control [23,24]. The last two models are 

important for our research, and they are realized in the I4.0 

concepts through the models: agent based, multi-agent 

based and holonic based, type of control.  

The ERP model in these concepts builds as an 

innovative model on new paradigms, such as: 

collaborative control, product-driven agents, IoT agents, 

which makes the infrastructure of the model itself. The 

ERP model for smart factories is used to manage all 

business and technology processes in real time across the 

whole supply chain, based on a fast and flexible response 

to its customers' requirements. For the first time the 

Industry 4.0 model allows us do this, and the ERP model 

permeates the infrastructure of the entire model shown on 

Figure 2 [25].  

Figure 2: ERP Industry 4.0 model, including Heavy Machinery Manufacturing (adopted according to [25]) 
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The model has three parts: (i) virtual whole, which 

is based on the cloud computing (SaaS) model. It contains 

a virtual model of an ERP system, linked through IoT all 

business (procurement, sales, management, finance), 

production (workshop) and technological (designing) 

processes, with large databases that are generating. Their 

analysis, optimization and decision making are perform 

using AI and machine learning techniques; (ii) interfaces 

(suppliers, services and CRM). Their function is to provide 

to user the on-line user necessary information related to 

procurement, sales and other services (for example 

maintenance) that help us track the dynamics of smart 

manufacturing, and (iii) core model, which includes the 

business-technological and managerial functions of the 

organization as well as the production itself, a total of ten 

units. 

In the smart factory model, the following functions 

are realized using an intelligent ERP system [25,26-29]: (i) 

management of customer requirements. Real time creating 

the information content of request or offer using: 

Electronic Data Interchange (EDI) tools, web portals, 

forecasts and customer MRPs. Also managing the “Master 

Production Schedule” (MPS), with open orders and 

framework agreements, the procurement activities can be 

scheduled (purchases and production of finished or semi-

finished goods); (ii) production planning (MRP 1). The 

model calculates the needed quantities of raw materials to 

be procured for the accepted requirements from the 

previous point, taking into account: accepted offers, 

existing stock, quantities reserved for production orders in 

progress and sales plans; (iii) manufacturing scheduling 

(MRP 2). Production resource planning for MRP 1 orders, 

taking into account: machines capacity, labour force, 

maintenance plans, delivery times. Technology 

documentation (machining operations, tools and controls 

plans) are elements of this module; (iv) management 

production (Manufacturing Execution System – MES). 

Monitoring and managing the complete work order at all 

stages of production, both at the manufacturing plant and 

at the subcontractors, including planned maintenance 

orders; (v) integration and communication between 

technical departments and customers. This is related for 

connecting and integrating about a product (in the factory) 

– PDM (Product Data Management) and product (along

lifecycle) – PLM (Product Lifecycle Management), for all

stages of product planning and designing (bills of

products) from all aspects of defining and reconsidering;

(vi) Quality Management System (QMS), EMS and

OH&S. These models manage quality information (quality

management and traceability), ecology and health

protection; (vii) management warehouses and stock,

logistics management. All changes to the storage are

monitored online via bar code or RFID, and the ERP

model takes care about required / planned quantities.

Likewise, internal transport as well as all shipments of

finished products, are monitored in the same way, and

(viii) administration and financial management.

Production accounting management to determine all costs

and productivity parameters, by different areas and bases.

In Serbia, intensive work is being done to develop 

and implement ERP models for SMEs [29], through the 

national Platform for Industry 4.0 [1], Figure 3.  

Figure 3: Framework of a smart manufacturing system for Industry 4.0 in SMEs for Heavy Machinery 
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On the smart workshop where real production takes 

place as the creating point of manufacturing data. Virtual 

shop floor of a physical one using agent technology, where 

each agent has: identification, authorization, configuration, 

capability, operation and status data, and transmits them 

and their metadata. Data warehouse is an information hub 

that stores and exchanges manufacturing data. Data 

analytics center is the model creation, storage, retrieval 

and uncertainty which provides machine learning, 

statistical, or stochastic based models that build on 

mathematical functions needed to create data driven 

models. Each agent retrieves such models through a broker 

agent and decides predictive operations and controls, 

based on the results that models output. Manufacturing 

application include applications, such as CAD, CAM, 

CAQ, ERP systems. These applications communicate with 

the platform through their application interfaces because 

they eventually supervise and manage all activities and 

events occurring on the physical workshop. Agent 

manager searches adequate agents, and manages them 

during their lifecycles. Data governor manages master data 

as well as the lifecycle and quality of raw data. Workflow 

manager controls workflows to automate the tasks 

performed on the platform, manages the rules designed to 

handle workflow appropriately, and engages in model 

representation. Security controller protects against 

computer viruses and hacking, and controls electronic 

authorization and authentication, because data and models 

that incorporate manufacturing experience and knowledge 

are valuable and, thus, must be protected.   

For SMEs, the integral model of smart 

manufacturing and ERP is researched and defined, based 

on the base elements of Industry 4.0: Cyber physical 

systems (CPS), M2M – Man-machine communication / 

MMI – Man-machine interaction, Operation management 

for I4.0, Digital Twins, Horizontal & Vertical Integration, 

Using Light Signals, Smart / Mobile Maintenance, 

Condition Monitoring, VR - Virtual Reality, QR Code, 

Data Security, Open Communication Protocols (OPC-

UA), IoT - Internet of Things (IIoT - Industrial Internet of 

Things) ), Real-Time Communication, Big Data, Cloud, 

Automation Pyramid, Resource Planning (ERP), Work 

Order Management (MES), Supplier Relationships, 

Intelligent Logistics, Customer Relationships, WWW [29]. 

The SMEs for which this project is implemented are from 

the field of metal industry and produce parts, 

subassemblies and assemblies for factories from Italy, 

Switzerland, Austria, Germany and the Netherlands. 

4. CONCLUSIONS 

The concept of Industry 4.0 has a special place and 

role for the design engineer and production planner, which 

is still irreplaceable, but now has a different role, namely a 

new paradigm. It is particularly reflected in the 

construction and management of the digital twin model of 

the smart factory, and thus of the ERP module. In [30,31], 

this approach is explored in detail, and a five-level model 

of the pyramid of the industrial internet is proposed: (i) 

smart object (physical objects and embedded intelligence), 

(ii) industrial internet of things (level 1 and network, (iii) 

cyber-physical production system (level 2 and integration 

previous levels), (iv) service-oriented digital twin 

(ubiquitous knowledge and level 3), and (v) smart factory 

(manufacturing employees and level 4). From an ERP 

perspective, the specificities of executives monitoring 

CPSs, facility managers and engineer resource planners 

are specifically referenced and used here, as outlined in 

Levels 4 and 5. One of the future directions of ERP 

development is the open source model. 

Research on the project [29] in the forthcoming 

period will focus on the development of demonstration 

models for individual I4.0 segments for SMEs (designing - 

digital twin, procurement, customers, MES, etc.). 

The research presented in this paper will be also 

very useful for improvement of other heavy machinery 

systems, such as mining or transportation machinery. 

Some steps in this direction are already made i.e. an 

improvement of the maintenance system of auxiliary 

mining machinery in the energy sector of the Republic of 

Serbia (JP EPS Company, TE-KO Kostolac) [32].  

The improved system can provide more efficient 

and cost-effective support to the operation of basic mining 

heavy machinery. More specifically, the level of system 

reliability, as well as system availability and readiness, 

will be significantly raised. So far, a process approach and 

modern technical knowledge, new ICT technologies, as 

well as specific elements of Industry 4.0 have been 

applied. The possibilities of further application of Industry 

4.0 context in the maintenance and other power production 

systems in order to address various challenges such as 

those of productivity, safety, ecology and environmental 

protection are planned to be analysed in the next period of 

the presented research. 
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Ways to Improve the Efficiency of Dump Trucks for            
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The system of operational quality control of asphalt concrete road surface during its transportation is considered. 

The implementation of information technology is carried out with the help of GLONASS / GPS satellite system, which in 

real time mode allows you to capture the required parameters. Then this information is transferred to the integrated 

management system of asphalt concrete plant (АСР). The system for monitoring parameters of asphalt concrete mixture is 

mounted on the basis of dump truck. 

The developed integral monitoring of quality control of an asphalt-concrete with the use of GLONASS / GPS  system 

provides to increase productivity and quality of work performed, can reduce the influence of the human factor on the 

quality of finished road surface, provides remote monitoring of main parameters of not only the technical means but  also 

laying material, provides during non standard situation adjustment of system parameters АСР – DUMP TRUCK – 

ASPHALT CONCRETE. 

Keywords: Monitoring, GLONASS / GPS, Road-construction machines, Asphaltic concrete, Quality

1. INTRODUCTION 

Highways are a complex engineering and technical 

constructions, one of the most critical elements of which is 

the road surface. It is the condition of the road surface that 

determines the quality and service life of the road, and also 

ensures safe movement of vehicles. 

One of the promising areas for improving the 

quality of roads is the comprehensive monitoring of the 

parameters of road-construction machines as well as 

stacked material in the process of performing construction 

operations. 

The concept of monitoring in relation to control 

systems of road-construction machines includes a remote 

contactless method of parameter control. In monitoring 

systems, satellite systems are assigned the function of 

transmitting information in the forward and reverse 

direction from operating machines to remote control 

centers. The monitoring systems allow is accumulation of 

large volumes of information, which makes it possible to 

use tools to improve efficiency. To solve the above issues. 

it is  necessary to modernize existing dump trucks or 

create a new specialized truck. 

2. THE OBJECT OF THE STUDY 

When considering issues related to improving of 

the quality of asphaltic concrete pavements, it should be 

taken into account that asphaltic concrete is a 

multicomponent structure, the final operational properties 

of which are affected by both factors related to the 

production of asphaltic concrete mixture at an asphaltic 

concrete plant (AСР), as well as an external ones, in 

relation to production factors [1], namely: 

Internal (production) factors 

- Properties of the asphalt mixture components and 

their types; 

- Recipe and structure of the mixture; 

- Technology of the production of asphalt mixture; 

External factors 

- The quality of the road cover project; 

- Quality of the road base; 

- Technology of transportation, laying and 

compaction of the mixture. 

Figure 1 shows a generalized process for the 

formation of the quality of asphaltic concrete pavement.

 
Figure 1: The generalized process of quality formation of an asphaltic concrete pavement 
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Now consider the individual components of the 

presented technological chain, significantly affecting the 

quality of the finished coating. 

MATERIALS.  

This part provides the information on the properties 

of all components of the asphalt mixture. It consists of the 

information contained in the passports for the components 

of materials, and the results obtained by the factory 

laboratory in the course of experimental studies on the 

actual properties of materials [2].  

TECHNOLOGICAL PROCESS 

This part provides information on the actual values 

of the process parameters [3], among which the most 

important are: 

- Granulometric composition of each components 

of the asphalt mixture. 

- Dosing error. 

- Actual mixture composition for each batch. 

- Temperature of bitumen, mineral materials, 

finished mixture at the outlet. 

- Accuracy of control. 

- Frequency of control. 

- Systematic error of the control system. 

- Methods and algorithms for processing of 

measurement results. 

TRANSPORT 

During the transportation of asphaltic concrete 

mixture, the following operations are carried out: : 

- Monitoring of the vehicle parameters - dump 

truck (cargo mass, speed and direction of movement); 

- Monitoring of the parameters of asphalt mixture 

(temperature in the upper and lower parts of the dump 

truck’s body, in its side parts); 

- The time of loading, delivery and unloading of the 

mixture; 

- The rhythm of supplies; 

- Fuel consumption level; 

- Environmental conditions. 

LAYING AND COMPACTION of asphaltic concrete 

mixture: 

- Monitoring of paver’s parameters (paving speed, 

fuel consumption level); 

- Monitoring of the parameters of the asphalt 

mixture during installation (temperature and thickness of 

the layer to be laid); 

- Monitoring of the parameters of the compacting 

machines (speed of the rollers, amplitude-frequency 

characteristics, the number of passes on one track, the 

level of fuel consumption); 

- Monitoring of the parameters of the asphalt 

mixture during compaction (temperature, density); 

- Environmental conditions. 

To implement the above program, the dump truck 

must have  the following additional equipment: 

- Computer control unit 

- Falcom F 35-XXL and antenna system Glonass / 

GPS; 

- Dump truck position control subsystem; 

- Dump truck identification subsystem; 

- Communication subsystem; 

- Mixture temperature control subsystem; 

- Ambient temperature control subsystem; 

- Wind speed sensor; 

- Automatic system for covering the mixture with a 

tarpaulin in the body of a dump truck; 

- Memory bloc; 

-Manual data entry unit 

The collected information from the dump truck is 

transmitted to the Central computer server of the asphalt 

concrete plant. This server, taking into account the current 

situation along the route of vehicle, as well as during the 

laying and compaction of the mixture, adjusts the 

operation mode of the factory equipment and ensures that 

the required quality of asphalt mixture is obtained at the 

outlet of asphaltic concrete plant. Figures 2 and 3 show the 

interaction in the process of monitoring of an integrated 

cjntrol system with the subsystems «Transport» and 

«Laying and compaction». 

By means of GLONASS/GPS system, you can 

determine the coordinates for both moving and stationary 

vehicles, calculate the maximum and average speed of 

movement, calculate the time after which the dump truck 

will be in a given place, find out the distance to the 

destination. 

Currently, GSM cellular networks are an 

inexpensive alternative to traditional radio communication 

channels. In addition to reduction of the cost of use due to 

the absence of a license fee, such a solution simplifies and 

speeds up the development process, since it uses standard 

protocols and methods for transmitting information. 

Information in GSM cellular networks can be 

transmitted: 

• Via GSM voice channel; 

• using GPRS; 

• using SMS. 

Advantages of GSM technology: 

• the ability to quickly deploy the system anywhere 

with GSM coverage; 

• high data rate; 

• the principle of payment independence from the 

time of information transmission in the GPRS mode 

(payment is carried out not for the time, when the terminal 

is in the receiving-transmitting state, but for the amount of 

transmitted or received information). 

• low cost when using SMS mode; 

• easy customization; 

• remote control capability. 

There are two types of GSM modems: 

• modules that are designed for direct installation in 

devices. 

• modems that have their own enclosure. 

If we compare modems with mobile phones, the 

former have a longer service life, higher reliability and 

sensitivity to the mobile network. Built-in modules and 

modems are designed to be embedded in the developer's 

end systems. In the simplest case, the presence of a built-in 

microcontroller assumes that the PC board should have 

only the appropriate circuits for matching with the 

environment - the power supply system (voltage converter, 

protection, filtering), transmitters, sensors, actuators, data 

reception/transmission interfaces (RS232, RS485, CAN). 

It significantly reduces the cost of the project and time 

expenditures. 
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GPRS modems often have a phase of several user 

inputs and outputs that fully support standard interfaces 

RS-232, USB, etc., as well as connectors for connecting an 

external antenna and other devices. In addition, modems 

have extensive capabilities for remote configuration of 

parameters and prompt programmed control of their 

operation. On the other hand, modems are made as easy as 

possible by eliminating such parts that are not used in this 

case, such as a microphone, speaker, display, keyboard, 

etc. 

Among the GSM/GPRS/GPS modules and modems 

currently available on the market, there are several main 

series of remote collection and monitoring devices 

developed by both Russian and foreign specialists. Russian 

developments are represented by products of OOO Rateos, 

for example, the navigation controller «Azimut»; sensors 

for measuring asphalt-concrete mix temperature TSP/1-

1288; environmental temperature sensors TSP/1-8045. 

Among the foreign equipment, we can name 

Falcom F35-XXL-SI terminal; the autonomous route 

recorder «Course GPS»; the GSM/GPRS modem Falcom 

SAMBA. 

                   

 
Figure 2: Interaction of an integrated management system with the subsystem «Transport» 

 
Figure 3: Interaction of an integrated management system with the subsystem «Laying and compaction» 

.
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Figure 4: KamAZ 55118 dump truck with a system for monitoring parameters of asphalt concrete mixture during its 

transportation.

Figure 4 shows a KamAZ 55118 dump truck with a 

system for monitoring parameters of asphalt concrete 

mixture during its transportation. 

It should be noted that as a result of monitoring, a 

significant array of data is generated, and its processing 

requires lengthy computing resources. So, for each truck 

after receiving its actual coordinates, it is necessary to 

determine the position on the ground, the average speed in 

the last segment, the average speed from the start of 

movement, as well as the presumable total delivery time 

and temperature fields in the truck body. 

Figure 5 presents a generalized algorithm for 

controlling the transportation of asphalt-concrete mix. This 

algorithm includes three subroutines: 

- mix loading;

- monitoring the parameters of the dump truck and

the mix during its transportation; 

- monitoring the car parameters during the return to

the ACP. 

After loading the car in the integrated management 

system of ACP, a route chart is formed with the following 

parameters: the car number, the object, the initial 

characteristics of the asphalt-concrete mix. 

The main subroutine in the algorithm is the 

monitoring of parameters during the movement of the 

dump truck (Fig. 6). When starting the subroutine, the 

following parameters are determined: the location 

coordinates, the readings from the temperature sensors of 

the mix and the environment. The collected data are 

formed into a batch and transmitted to the integrated 

management system of ACP (соntrol point). 

Upon receiving these data, the control point sends a 

confirmation of receipt. The received materials are 

processed using the TranMaster program. Then the 

position of the dump truck on the map is determined and 

the temperature of the asphalt-concrete mix is monitored. 

If the temperature does not correspond to the set value for 

this mix grade, the control point corrects the route and 

parameters of the car movement or may decide to return it 

to the ACP. 

The software allows the user to receive the satellite 

 monitoring data from the «AСР–DUMP TRUCK–

ASPHALT CONCRETE» system in the form of visual 

reports, graphs and tables. 

Фиг 5
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3. CONCLUSION 

Integrated monitoring of the parameters of dump 

truck and asphalt mixtures with using of the GLONASS 

system provides an increased productivity of the work 

performance, reduces the influence of the human factor on 

the quality of the finished road surface, and it becomes 

possible to carry out the remote control of the main 

parameters of not only the vehicles, but also the laid 

material, as well as operational response to the adjustment 

of the «ACP–DUMP TRUCK–ASPHALT CONCRETE» 

system parameters in case of emergency. 

The system for monitoring parameters of dump 

truck for transporting asphalt mix, developed at the 

Moscow Automobile and Road Construction University, is 

being successfully implemented at construction sites of 

Russian Federation. 
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Abstract. The article provides a detailed analysis of the influence of the combination of performance indicators of 
mobile lifts with working platforms (MLWP) at the stage of stopping and the process of vibration damping after stopping 
the working platform. 

On the basis of the results of experimental research and processing of the obtained data, an analysis was made of 
the influence of the angles of inclination of the upper and lower sections of the boom and the mass of the load in the 
working platform on the maximum amplitude of oscillations of accelerations when the working platform is locked, the 
period of oscillations and the time of their damping. 

As a result of the analysis, the spectrum of the response surfaces of the maximum amplitude of acceleration 
oscillations when the working platform is locked, the period of oscillations and the time of their damping from the working 
mass and the angles of inclination of the lower and upper boom sections was obtained, on the basis of which it can be 
concluded that the value of the maximum amplitude of acceleration oscillations in the locking time of the working platform 
is most influenced by the mass of the load in the working platform. 

Keywords: Mobile lift, Working platform, Locking, Vibrations, Operational performance, Response surface.
1. INTRODUCTION

During the MLWP operation, oscillatory processes 
are observed that occur after the working platform is 
locked. This operating mode is emergency and is observed 
in the event of a break in the hydraulic drive of the 
working equipment or an abrupt stop of the working 
platform. 

There is a need for a detailed study of the process 
of locking the working platform of the MLWP and 
identifying the performance of the machine and options for 
their combination, most significantly affect the maximum 
amplitude of oscillations of accelerations when locking the 
working platform, the period of oscillations and the time 
of their damping. 

2. ANALYSIS OF RECENT RESEARCH AND
PUBLICATIONS 

In recent years, a large number of studies have 
appeared aimed at studying the processes observed in MPP 
during operation. In the works [1-2], the issues of 
theoretical development of control systems for the 
movement of the working platform of hydraulic lifters are 
considered, in addition, a large number of studies are 
devoted to the study of processes occurring in the 
volumetric hydraulic drive of machines [3-4]. The analysis 
and study of the MLWP load modes are given in [5-6], 
however, there is currently no comprehensive study 
regarding the appearance of oscillatory modes during 
operation and stopping of the machine. 

In [7], the issues of determining the parameters of 
motion of an auto-hydraulic lift with a rotary joint are 
considered, however, insufficient attention is paid to the 
experimental study of the process of locking the working 
platform in modern works. 

The purpose of the article is to study the influence 
of the combination of the operating parameters of a mobile 
lift on the maximum amplitude, period and time of 
damping of oscillations of the working platform after its 
locking. To achieve this goal, the following tasks have 
been identified: 

- to carry out a statistical analysis of the
experimental data and, on the basis of the data obtained, to 
construct the response surfaces of the maximum 
amplitude, period and time of damping of oscillations of 
the working platform after it is locked from the operational 
indicators of the working process; 

- to determine the degree of influence of the
combination of operational parameters of the MP on the 
oscillatory processes that occur after the working platform 
is locked; 

- based on the data obtained, draw conclusions and
make recommendations.

3. PRESENTATION OF THE MAIN MATERIAL

For a more detailed study of the locking stage and
the process of vibration damping after stopping the 
working platform, a statistical analysis of the vibrations of 
the working platform after it stopped was carried out. The 
analysis was carried out according to the maximum 
amplitude of the oscillations of the accelerations when the 
working platform was locked, the period of oscillations 
and the time of their decay, depending on the performance 
indicators. As a result, the response surfaces of the 
maximum amplitude of acceleration oscillations at locking 
of the working platform, the period of oscillations and the 
time of their damping from the working mass and the 
angles of inclination of the lower and upper sections of the 
boom were obtained. 

A.1



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

I. Kyrychenko, O. Reznikov, D. Klets, A. Kholodov

a 
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Figure 1: Response surface of the maximum amplitude of oscillations of the working platform from the angles of inclination 
of the lower and upper sections of the boom: a - with a load mass of 35 kg b - with a load mass of 70 kg c - with a load 

mass of 105 kg 
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b 

c 
Figure 2: Response surface of the maximum amplitude of oscillations of the working platform from the angle of inclination 
of the upper sections of the boom and the mass of the load: a - at an angle of inclination of the lower section of the boom 
15 °; b - at an angle of inclination of the lower section of the boom 30 °; c - at an angle of inclination of the lower section 

of the boom 45 °. 
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Figure 3: The surface of the response of the maximum amplitude of oscillations of the working platform from the angle of 
inclination of the lower sections of the boom and the weight of the load: a - at an angle of inclination of the upper section 
of the boom 15 °; b - at an angle of inclination of the upper section of the boom 30 °; c - at an angle of inclination of the 

upper section of the boom 45 °. 
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c 
Figure 4: The surface of the response of the oscillation period of the working platform from the angles of inclination of the 
lower and upper sections of the boom: a - with a load mass of 35 kg b - with a load mass of 70 kg c - with a load mass of 

105 kg. 
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Figure 5: The surface of the response of the oscillation period of the working platform from the angle of inclination of the 
upper sections of the boom and the weight of the load: a - at an angle of inclination of the lower section of the boom 15 °; b 

- at an angle of inclination of the lower section of the boom 30 °; c - at an angle of inclination of the lower section of the
boom 45 °. 

A.6



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

Experimental Study of the Influence of a Combination of Operating Parameters of a Mobile Lift on Oscillatory Processes Occurring After 
Locking the Working Platform

a 

b 

c 
Figure 6: The surface of the response of the oscillation period of the working platform from the angle of inclination of the 

lower sections of the boom and the weight of the load: a - at an angle of inclination of the upper section of the boom 15 °; b 
- at an angle of inclination of the upper section of the boom 30 °; c - at an angle of the upper lower section of the boom 45

°. 

A.7



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

 I. Kyrychenko, O. Reznikov, D. Klets, A. Kholodov 

 
a 

 
b 

 
c 

Figure 7: The surface of the response of the damping time of oscillations of the working platform from the angles of 
inclination of the lower and upper sections of the boom: a - with a load mass of 35 kg b - with a load mass of 70 kg c - with 

a load mass of 105 kg. 
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Figure. 8: Response surface of the damping time of oscillations of the working platform from the angle of inclination of the 
upper sections of the boom and the weight of the load: a - at an angle of inclination of the lower section of the boom 15 °; b 

- at an angle of inclination of the lower section of the boom 30 °; c - at an angle of inclination of the lower section of the
boom 45 °. 
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Figure 9: The surface of the response of the damping time of the oscillations of the working platform from the angle of 
inclination of the lower sections of the boom and the weight of the load: a - at an angle of inclination of the upper section 

of the boom 15 °; b - at an angle of inclination of the upper section of the boom 30 °; c - at an angle of the upper lower 
section of the boom 45° 
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As a result of the analysis of the response surfaces 
of the maximum amplitude of acceleration oscillations 
when the working platform is locked, the period of 
oscillations and the time of their damping from the 
working mass and the angles of inclination of the lower 
and upper sections of the boom, it can be concluded that 
the value of the maximum amplitude of acceleration 
oscillations when the working platform is locked is most 
influenced by the weight of the load in the working 
platform. It should be noted that with a combination of 
factors such as the angle of inclination of the lower and 
upper sections of the boom (Fig. 1), the amplitude of 
oscillations of acceleration when the working platform is 
locked acquires maximum values at an angle of inclination 
of the lower section of the boom of 45 ° and an angle of 
inclination of the upper section of the boom of 15 °. With 
an increase in the mass of the load, the maximum 
amplitude of acceleration oscillations when the working 
platform is locked increases by 28% (from 0.29 m/s2 with 
a load mass of 35 kg to 0.4 m/s2 with a load mass of 105 
kg). 

The response surface of the maximum amplitude of 
acceleration oscillations when the working platform is 
locked from the working mass and the angle of inclination 
of the upper section of the boom acquires maximum 
values with a weight of 105 kg and an angle of inclination 
of the upper section of the boom 15 ° (Fig. 2). With an 
increase in the angle of inclination of the lower section of 
the boom, the maximum amplitude of acceleration 
oscillations when the working platform is locked increases 
by 35% (from 0.26 m / s2 at an angle of inclination of the 
lower section of the boom 15 ° to 0.4 m / s2 at an angle of 
inclination of the lower section of the boom 45 ° ). 

With a combination of such factors as the working 
mass and the angle of inclination of the lower section of 
the boom, the response surface of the maximum amplitude 
of oscillations of acceleration when the working platform 
is locked (Fig. 3) acquires maximum values with a load 
mass of 105 kg and an angle of inclination of the lower 
section of the boom of 45°. At the same time, with a 
change in the angle of inclination of the upper section of 
the boom from 15 ° to 45 °, the maximum amplitude of 
oscillations of acceleration when locking the working 
platform decreases by 10% (0.4 m/s2 at an angle of 
inclination of the upper section of the boom 15 ° to 0.36 m 
/ s2 at angle of inclination of the upper boom section 45 °). 

The period of oscillation of the working platform 
after stopping with a combination of factors such as the 
angle of inclination of the lower and upper sections of the 
boom (Fig. 4) acquires maximum values when the angle of 
the lower section of the boom is 15 ° and the angle of 
inclination of the upper section of the boom is 45 °. With 
an increase in the mass of the load in the working platform 
from 35 kg to 105 kg, the oscillation period increases by 
37% (from 0.79 s with a load mass of 35 kg to 1.25 s with 
a load mass of 105 kg). 

The response surface of the oscillation period of the 
working platform after locking from the working mass and 
the angle of inclination of the upper section of the boom 
acquires maximum values with a weight of 105 kg and an 
angle of inclination of the upper section of the boom 45 ° 
(Fig. 5). With an increase in the angle of inclination of the 
lower section of the boom from 15 ° to 45 °, the period of 

oscillation of the working platform after locking decreases 
by 36% (from 1.25 s at an angle of inclination of the lower 
section of the boom 15 ° to 0.8 s at an angle of inclination 
of the lower section of the boom 45 °). 

With a combination of factors such as the operating 
mass and the angle of inclination of the lower section of 
the boom, the response surface of the oscillation period of 
the working platform after locking (Fig. 6) acquires 
maximum values with a load weight of 35 kg and an angle 
of inclination of the lower section of the boom of 45 °. At 
the same time, with a change in the angle of inclination of 
the upper section of the boom from 15 ° to 45 °, the period 
of oscillation of the working platform after locking 
increases by 22% (0.98 s at an angle of inclination of the 
upper section of the boom 15 ° to 1.25 s at an angle of 
inclination of the upper section of the boom 45 °). 

The damping time of vibrations of the working 
platform after stopping with a combination of factors such 
as the angle of inclination of the lower and upper sections 
of the boom (Fig. 7) acquires maximum values at an angle 
of inclination of the lower section of the boom 15 ° and an 
angle of inclination of the upper section of the boom 15 °. 
With an increase in the weight of the load in the working 
platform from 35 kg to 105 kg, the vibration damping time 
increases by 23% (from 24 s with a load weight of 35 kg 
to 31 s with a load weight of 105 kg). 

The response surface of the damping time of the 
oscillations of the working platform after stopping from 
the working mass and the angle of inclination of the upper 
section of the boom acquires maximum values with a 
weight of 105 kg and an angle of inclination of the upper 
section of the boom 15 ° (Fig. 8). With an increase in the 
angle of inclination of the lower section of the boom from 
15 ° to 45 °, the damping time of oscillations of the 
working platform after stopping increases by 25% (from 
24 s at an angle of inclination of the lower section of the 
boom of 15 ° to 31 s at an angle of inclination of the lower 
section of the boom of 45 °). 

With a combination of factors such as the operating 
mass and the angle of inclination of the lower section of 
the boom, the response surface of the damping time of 
oscillations of the working platform after locking (Fig. 9) 
takes on maximum values with a load mass of 105 kg and 
an angle of inclination of the lower section of the boom 45 
°. At the same time, with a change in the angle of 
inclination of the upper section of the boom from 15 ° to 
45 °, the damping time of oscillations of the working 
platform after locking is reduced by 19% (from 31 s at an 
angle of inclination of the upper section of the boom of 15 
° to 25 s at an angle of inclination of the upper section of 
the boom of 45°) 
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oscillations of the working platform after it is locked from 
the operational indicators of the working process indicates 
that the highest indicators of oscillatory processes are 
observed when the working platform is lowered when the 
load mass and horizontal reach are maximum. 

3. To prevent accidents that may arise during the
locking of the MPP working platform, it is advisable to 
use a proportional hydraulic drive and a number of safety 
devices, which together will reduce the vibrations of the 
working platform, significantly increase the safety and 
ergonomics of the machine. 
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The paper deals with the mathematical modelling of the dynamic behaviour of the structure of the ship unloader. It 
is given the procedure for formulation of the reduced dynamic model which retains the main aspects of the behaviour of the 
structure and yet is simple enough to be performed with standard engineering tools. The approach is applied on the real 
bridge-type grab ship unloader but can also be used on similar complex structures. Initially, the complete structure is 
modelled with finite element software where the natural frequencies were obtained. This 3D model is reduced to an 
equivalent plane model of the sea-side part of the boom. The postulation of the analytical approach is based on the model 
of a simple beam with an overhang where dynamic analysis is concerned with the Rayleigh Ritz method for estimating the 
adopted admissible functions. The results of the modal analysis of the reduced mathematical model showed a small 
difference from the results of finite element analysis which stands for the verification of the presented approach. 

Keywords: Ship unloader, FEM analysis, Mathematical modelling
1. INTRODUCTION 

Ship unloaders are machines located in ports and 
docks to facilitate bulk material exportation. These cranes 
are used to transfer, continually, solid bulk material from 
the ship to the shore and conversely such as iron ore, coal, 
fertilizers, and grains. 

Over time, from 1959 [1] until today, the size, 
mass, and strength of the crane structures have increased 
due to the increasing size of ships and the constant growth 
of goods traffic in ports. However, the structures of the 
cranes remained relatively slender, i.e. their stiffness did 
not increase proportionally. Therefore, the movement of 
the trolley over the boom, as well as the lifting of the grab 
with material, can cause unacceptable deflection of the 
structure, especially in the vertical plane, [2]. According to 
these facts, the dynamic analysis is necessary in process of 
projecting in order to prevent the occurrence of unwanted 
stress states and deformations that can greatly reduce the 
productivity of these systems. 

A detailed numerical analysis of the moving load 
problem for the lifting boom of a ship unloader is given in 
[3,4]. To analyze the dynamic response of the crane boom 
structure due to moving mass, the first step should be to 
create a reliable finite element (FE) model which will give 
corresponding natural frequencies and the vibration mode 
shapes of the crane structure, [5]. 

Creating a mathematical model plays an important 
role when it is impossible to perform experimental 
analyzes of the dynamic behaviour of the structure, and 
can also enable the optimization of the structure by 
varying the design parameters of the crane while 
maintaining maximum utilization of its capacity, [6]. 

In this paper, a numerical and mathematical model 
of the real construction of a ship unloader for obtaining its 
natural frequencies is developed. It is a project of the 
company Ceretti Tanfani S.p.A. Milano [7] for the needs 
of the Port of Bar. The construction of the boom is made 
of two girder (double girder boom) and box cross-section, 
which is connected to the pillar with one forestay and one 
backstay. Main technical characteristics of this crane is 
given in Table 1. 

Table 1: Main technical characteristics of observed ship 
unloader 

Capacity, (𝑄𝑄) 400 𝑡𝑡/ℎ 
Maximum load capacity, (𝑀𝑀) 12 𝑡𝑡 

Lifting height above the rail level, (𝐻𝐻1) 20 m 
Reach from water side leg, (𝐿𝐿𝑤𝑤) 32 m 
Reach from land side leg, (𝐿𝐿𝑙𝑙) 26 m 
Span between the legs, (𝐿𝐿𝑠𝑠) 28 m 
Width between the legs, (𝐵𝐵) 14 𝑚𝑚 

Total height, (𝐻𝐻) ≈ 51 m 

2. NUMERICAL MODEL 
In order to perform a modal analysis of the 

mathematical model of the ship unloader, it is necessary to 
form its numerical model on the basis of which the natural 
frequencies will be obtained, which will later be used to 
verify the results of the mathematical model. 

Initially, a 3D FE model – Model 1 of the entire 
crane was developed (Figure 1). This model is used as a 
reference for the verification of reduced numerical models. 
The values of natural frequencies of the structure for the 
first five modes are given in Table 2. 

 
Figure 1: View of the Model 1 
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Table 2: Values of the natural frequencies for the first five 
modes 

MODES Frequencies [Hz] Periods [s] 
I 0.5308 1.8839 
II 0.6049 1.6532 
III 1.108 0.9025 
IV 1.7362 0.576 
V 2.1569 0.4636 

Figure 2 shows that in the fifth mode, the boom 
vibrates practically independently from other parts of the 
structure. Based on this the part of the boom on the 
waterside leg can be adopted as a representative to 
describe the behavior of the entire crane structure, [8]. 

Figure 2: The fifth mode of the vibration of the ship 
unloader 

According to the previous assumption Model 2 was 
created as an equivalent 2D, non-linear FE model of the 
boom from the hinge to its end and forestay (Figure 3). 
Support A is modelled as a hinge and represents the real 
connection between the boom and the rest of the structure. 
Table 3 gives all the geometric and physical characteristics 
of Model 2. 

Figure 3: Equivalent 2D FE model of the ship unloader – 
Model 2 

In Figure 1 it can be seen that the stiffness of the 
pillar in the horizontal and vertical directions is not 
negligible, so it is taken into account in Model 2 through 
the springs of the corresponding equivalent stiffnesses 𝑐𝑐𝑝𝑝,𝑥𝑥 
and 𝑐𝑐𝑝𝑝,𝑦𝑦. By introducing external unit loads (force 𝐹𝐹�) into 
the corresponding nodes of Model 1, the displacements of 
the structure 𝛿𝛿𝑝𝑝,𝑥𝑥1 , 𝛿𝛿𝑝𝑝,𝑦𝑦1 and  𝛿𝛿𝑝𝑝,𝑥𝑥2 , 𝛿𝛿𝑝𝑝,𝑦𝑦2 in the 
corresponding directions were obtained. By calculating the 
arithmetic values (1) and (2) of the obtained 
displacements, the stiffness values 𝑐𝑐𝑝𝑝,𝑥𝑥 and 𝑐𝑐𝑝𝑝,𝑦𝑦 (3) and (4) 
were determined. 

𝛿𝛿𝑝𝑝,𝑥𝑥 =
𝛿𝛿𝑝𝑝,𝑥𝑥1 + 𝛿𝛿𝑝𝑝,𝑥𝑥2

2
= 6.9351902 ∙ 10−8 m (1) 

𝛿𝛿𝑝𝑝,𝑦𝑦 =
𝛿𝛿𝑝𝑝,𝑦𝑦1 + 𝛿𝛿𝑝𝑝,𝑦𝑦2

2
= 6.32639674 ∙ 10−9 m (2) 

𝑐𝑐𝑝𝑝,𝑥𝑥 =
𝐹𝐹�
𝛿𝛿𝑝𝑝,𝑥𝑥

= 14419200
N
m

 (3) 

𝑐𝑐𝑝𝑝,𝑦𝑦 =
𝐹𝐹�
𝛿𝛿𝑝𝑝,𝑦𝑦

= 158067900
N
m

(4) 

Table 3: Geometric and physical characteristics of Model 
2 

Boom length, (𝐿𝐿) 34.13 m 
Distance from support A to support 
of the forestay, (𝐿𝐿1) 18.464 m 

Forestay length, (𝐿𝐿𝑓𝑓) 25.025 m 
Equivalent mass per unit meter of 
the boom, (𝑚𝑚𝑏𝑏(𝑥𝑥)) 1007 

𝑘𝑘𝑘𝑘
𝑚𝑚

Equivalent mass of the forestay, 
(𝑚𝑚𝑓𝑓) 4010 𝑘𝑘𝑘𝑘 

Young's modulus of elasticity, (𝐸𝐸) 2.1 ∙ 1011
N

m2

Equivalent section area of the 
boom, (𝐴𝐴𝑒𝑒𝑒𝑒,𝑏𝑏) 0.09504 m2 

Equivalent section area of the 
forestay, (𝐴𝐴𝑒𝑒𝑒𝑒,𝑓𝑓) 0.01562 m2 

Equivalent axial moment of inertia 
of the boom, (𝐼𝐼𝑧𝑧) 0.0207498 m4 

The next reduction is the approximation of the 
forestay by a spring (Model 3) which stiffness is 
determined by the characteristics of the forestay geometry 
(5). The forestay mass is reduced to the points of its 
supports. Model 3 is shown in Figure 4. 

𝑐𝑐𝑓𝑓 =
𝐸𝐸 ∙ 𝐴𝐴𝑒𝑒𝑒𝑒,𝑓𝑓

𝐿𝐿𝑓𝑓
= 131076923,1

N
m (5) 

Figure 4: View of the Model 3 

Model 4 (Figure 5) is a model in which a three-
spring system is replaced by a single spring of equivalent 
stiffness. Since the stiffness of the springs is a 
characteristic of the system and does not depend on the 
mass and stiffness of the boom and the mass of the 
forestay, all masses are neglected, while the stiffness of 
the boom is taken as an infinite value. By entering the unit 
load in the direction of the forestay, the displacement in 
the same direction 𝛿𝛿𝑓𝑓,𝐹𝐹 is obtained, on the basis of which 
the values of equivalent stiffness 𝑐𝑐1,𝑒𝑒𝑒𝑒  can be determined 
by (6). 

𝑐𝑐1,𝑒𝑒𝑒𝑒 =
𝐹𝐹�
𝛿𝛿𝑓𝑓,𝐹𝐹

= 18773134.72
N
m

(6) 
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Figure 5: View of the Model 4 

Model 5 is a reduced model in which the spring 
with the stiffness 𝑐𝑐1,𝑒𝑒𝑒𝑒  is divided into two springs with the 
stiffnesses 𝑐𝑐1,𝑒𝑒𝑒𝑒,𝑥𝑥 and 𝑐𝑐1,𝑒𝑒𝑒𝑒,𝑦𝑦 in the horizontal and vertical 
directions, respectively. The concentric mass of the 
forestay in the upper support is neglected, which is shown 
in Figure 6. The procedure for determining the stiffnesses 
of the new springs is the same as in Model 4, while their 
numerical values are determined according to: 

𝑐𝑐1,𝑒𝑒𝑒𝑒,𝑥𝑥 =
𝐹𝐹�𝑐𝑐1,𝑥𝑥

|𝛿𝛿31 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼 − 𝛿𝛿21 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼| = 50760449.52
𝑁𝑁
𝑚𝑚

(7) 

𝑐𝑐1,𝑒𝑒𝑒𝑒,𝑦𝑦 =
𝐹𝐹�𝑐𝑐1,𝑦𝑦

|𝛿𝛿31 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 𝛿𝛿21 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼| = 9181334.46
𝑁𝑁
𝑚𝑚

(8) 

where 𝐹𝐹�𝑐𝑐1,𝑥𝑥 is projection of the force in the spring on the 
𝑥𝑥-axis, 𝐹𝐹�𝑐𝑐1,𝑦𝑦 is projection of the force in the spring on the 
𝑦𝑦-axis, 𝛿𝛿31 ∙ sin𝛼𝛼 is projection of the corresponding 
displacement perpendicular on the forestay direction on 
the 𝑥𝑥-axis, 𝛿𝛿21 ∙ cos𝛼𝛼 is projection of the corresponding 
displacement parallel on the forestay direction on the 
𝑥𝑥-axis, 𝛿𝛿31 ∙ cos𝛼𝛼 is projection of the corresponding 
displacement perpendicular on the forestay direction on 
the 𝑦𝑦-axis, 𝛿𝛿21 ∙ sin𝛼𝛼 is projection of the corresponding 
displacement parallel on the forestay direction on the 𝑦𝑦-
axis and 𝛼𝛼 is an angle between forestay and boom. 

Figure 6. View of the Model 5 

By applying a unit force 𝐹𝐹� in the vertical direction 
at support B, the displacement in the same direction 𝛿𝛿𝑣𝑣 is 
obtained. This reduces the system of two springs to one 
equivalent spring whose stiffness 𝑐𝑐𝑒𝑒𝑒𝑒  is determined 
according to (9). The newly made system - Model 6 is 
shown in Figure 7. 

𝑐𝑐𝑒𝑒𝑒𝑒  =
𝐹𝐹�
𝛿𝛿𝑣𝑣

= 11900399.16
𝑁𝑁
𝑚𝑚

(9) 

Model 6 represents a beam with an overhang of 
total length 𝐿𝐿 =  34.1 m whose left support A presents a 
cylindrical joint while at a distance of 𝐿𝐿1 =  18.5 m it is 
supported by a vertical spring. 𝑀𝑀1 = 8695 kg is lumped 
mass originating from the forestay weight and forestay 
support construction. The boom is modelled as a system 
with distributed mass where 𝑚𝑚𝑏𝑏 is mass per unit length 
and 𝐸𝐸𝐼𝐼𝑧𝑧  is the flexural rigidity of the boom structure. 

Figure 7: View of the Model 6 

Model 2 - Model 6 were verified by comparing the 
obtained oscillation period of the first mode in the vertical 
direction with the corresponding mode of Model 1 (mode 
V from the Table 2). Oscillation period values and relative 
deviations are shown in Table 4, where relative deviations 
are obtained according to: 

�𝑇𝑇𝑛𝑛−𝑇𝑇1
𝑇𝑇1

� ∙ 100%,     𝑛𝑛 = 2,3,4,5,6. (10) 

where 𝑇𝑇𝑛𝑛 is oscillation period of corresponding reduced 
numerical model and 𝑇𝑇1 is oscillation period of Model 1. 

Table 4: Comparative table of values of the oscillation 
period for the first mode of oscillation in the vertical plane 

Model Period [s] Dev. [%] 
2 0.4405 4.98 
3 0.4405 4.98 
4 0.4363 5.89 
5 0.432 6.81 
6 0.48 3.54 

As can be seen from Table 4, the relative deviations 
are acceptable from the aspect of engineering accuracy on 
the basis of which Model 6 can be adopted as a reference 
model for forming a mathematical model of ship unloader. 

The first mode in the vertical plane of Model 6 is 
shown in Figure 8, while the higher frequency modes are 
shown in Figures 9-12. 

Figure 8: First mode in vertical plane – Model 6, 
𝑓𝑓 = 2.0926 𝐻𝐻𝐻𝐻, 𝑇𝑇 = 0.48 𝑠𝑠 

Figure 9: Second mode, 𝑓𝑓 = 4.8963 𝐻𝐻𝐻𝐻, 𝑇𝑇 = 0.2042 𝑠𝑠 

Figure 10: Third mode, 𝑓𝑓 = 13.854 𝐻𝐻𝐻𝐻, 𝑇𝑇 = 0.0722 𝑠𝑠 

Figure 11: Fourth mode, 𝑓𝑓 = 27.357 𝐻𝐻𝐻𝐻, 𝑇𝑇 = 0.0365 𝑠𝑠 

Figure 12: Fifth mode, 𝑓𝑓 = 46.31 𝐻𝐻𝐻𝐻, 𝑇𝑇 = 0.0216 𝑠𝑠 

A.15



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

N. Zrnić, V. Gašić, M. Urošević, A. Arsić

3. MATHEMATICAL MODEL

As the system shown in Figure 6 is not a “classical” 
system whose ready-made analytical solutions can be 
found in the literature, it is necessary to use one of the 
approximate methods for determining the natural 
frequencies of the model. In the following text, the 
procedure for solving this problem using the Rayleigh-Ritz 
method will be presented. 

The Rayleigh-Ritz method is based on solving the 
equation of the form (11), which also represents the 
function of moving the points on the structure. 

𝑦𝑦𝑛𝑛(𝑥𝑥) = �𝑎𝑎𝑖𝑖 ∙ ∅𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 (11) 

In (11) 𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛 are unknown coefficients 
determined from the boundary conditions, and 
∅1,∅2, … ,∅𝑛𝑛  represent 𝑛𝑛 linearly independent admissible 
functions. By this procedure, a continuous system with an 
infinite number of degrees of freedom (DoF) is reduced to 
a discretized system with 𝑛𝑛 DoF. 

The Rayleigh-Ritz method is an extension of the 
Rayleigh method which determines the fundamental 
frequency of the system. In the first approximation, the 
Rayleigh method can adopt a test admissible function in 
the form ∅1(𝑥𝑥) = 𝑥𝑥

𝐿𝐿
 which represents the upper limit of the 

first eigenvalue, as shown in [9]. In the next 
approximation, the Rayleigh-Ritz method performed an 
additional reduction of the obtained value of the basic 
function as well as the formation of a test function that is 
sufficiently close to the form of the first mode of 
oscillation of the adopted mathematical model. 

The determination of higher frequencies of the 
system is based on the definition of additional permissible 
functions, which reduces the system to a system with a 
finite number of DoF. According to [10] from an 
engineering point of view the number of 5 admissible 
functions describes the dynamic behavior of the system 
with sufficient accuracy. 

After several iterations, the admissible functions 
that satisfy all geometric boundary conditions were 
adopted, while some of them also satisfy the natural 
boundary conditions in the left support A of the boom and 
have the following shape: 

∅1(𝑥𝑥) =
𝑥𝑥
𝐿𝐿 (12) 

∅2(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜋𝜋𝜋𝜋
𝐿𝐿  (13) 

∅3(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠
2𝜋𝜋𝜋𝜋
𝐿𝐿  (14) 

∅4(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠
3𝜋𝜋𝜋𝜋
𝐿𝐿  (15) 

∅5(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠
4𝜋𝜋𝜋𝜋
𝐿𝐿  (16) 

It can be shown that the coefficients of mass and 
stiffness are obtained through the kinetic and potential 
energy of the system in the form: 

𝑚𝑚𝑖𝑖𝑖𝑖 = �𝑚𝑚𝑏𝑏𝜙𝜙𝑖𝑖(𝑥𝑥)𝜙𝜙𝑗𝑗(𝑥𝑥)𝑑𝑑𝑑𝑑 + 𝑀𝑀1𝜙𝜙𝑖𝑖(𝐿𝐿1)𝜙𝜙𝑗𝑗(𝐿𝐿1)
𝐿𝐿

0

 (17) 

𝑐𝑐𝑖𝑖𝑖𝑖 = �𝐸𝐸𝐼𝐼𝑧𝑧
𝜕𝜕2𝜙𝜙𝑖𝑖(𝑥𝑥)
𝜕𝜕𝜕𝜕2

𝜕𝜕2𝜙𝜙𝑗𝑗(𝑥𝑥)
𝜕𝜕𝜕𝜕2 𝑑𝑑𝑑𝑑 + 𝑐𝑐𝑒𝑒𝑒𝑒𝜙𝜙𝑖𝑖(𝐿𝐿1)𝜙𝜙𝑗𝑗(𝐿𝐿1)

𝐿𝐿

0

 (18) 

For the specific values of the parameters from 
Table 3, the following coefficients of mass and stiffness 
were obtained and presented in matrix form: 

𝑀𝑀 =

⎣
⎢
⎢
⎢
⎡ 1.401 ∙ 104 1.561 ∙ 104 −6.669 ∙ 103 −709.282 −421.673

1.561 ∙ 104
−6.669 ∙ 103
−709.282

2.574 ∙ 104
−2.194 ∙ 103
−7.989 ∙ 103

−2.194 ∙ 103
1.776 ∙ 104
2.05 ∙ 103

−7.989 ∙ 103
2.05 ∙ 103

2.466 ∙ 104

4.243 ∙ 103
−1.089 ∙ 103
−3.964 ∙ 103

−421.673 4.243 ∙ 103 −1.089 ∙ 103 −3.964 ∙ 103 1.93 ∙ 104 ⎦
⎥
⎥
⎥
⎤
 (19) 

𝐶𝐶 =

⎣
⎢
⎢
⎢
⎡ 3.482 ∙ 106 6.384 ∙ 106 −1.638 ∙ 106 −5.964 ∙ 106 3.168 ∙ 106

6.384 ∙ 106
−1.638 ∙ 106
−5.964 ∙ 106

1.704 ∙ 107
−3.003 ∙ 106
−1.093 ∙ 107

−3.003 ∙ 106
8.616 ∙ 107
2.805 ∙ 106

−1.093 ∙ 107
2.805 ∙ 106
4.425 ∙ 108

5.808 ∙ 106
−1.49 ∙ 106
−5.426 ∙ 106

3.168 ∙ 106 5.808 ∙ 106 −1.49 ∙ 106 −5.426 ∙ 106 1.369 ∙ 109 ⎦
⎥
⎥
⎥
⎤

 (20) 

The solution of the frequency equation has the 
form: 

𝛬𝛬 = 𝜔𝜔2 (21) 
where 𝜔𝜔 is a circular frequency and has a shape: 

𝜔𝜔 = �
𝑐𝑐𝑖𝑖𝑖𝑖
𝑚𝑚𝑖𝑖𝑖𝑖

(22) 

By further calculation, the following concrete 
values were obtained for the first five circular frequencies 
𝜔𝜔 [s−1], natural frequencies 𝑓𝑓 [Hz] and eigenperiods 𝑇𝑇 [s]: 

𝜔𝜔 =

⎣
⎢
⎢
⎢
⎡

12.921
30.006
84.672

176.348
310.909⎦

⎥
⎥
⎥
⎤
,   𝑓𝑓 =

⎣
⎢
⎢
⎢
⎡

2.056
4.776

13.476
28.067
49.483⎦

⎥
⎥
⎥
⎤
,   𝑇𝑇 =

⎣
⎢
⎢
⎢
⎡
0.486292
0.209395
0.074206
0.03563

0.020209⎦
⎥
⎥
⎥
⎤
 (23) 

Eigenvectors which also represent the coefficients 
𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3 , 𝑎𝑎4, 𝑎𝑎5 have the values: 

𝐸𝐸𝐸𝐸𝐸𝐸1 =

⎣
⎢
⎢
⎢
⎡

−0.96
0.28

3.03 ∙ 10−3
−6.679 ∙ 10−3
1.211 ∙ 10−3 ⎦

⎥
⎥
⎥
⎤
 (24) 

𝐸𝐸𝐸𝐸𝐸𝐸2 =

⎣
⎢
⎢
⎢
⎡

0.628
−0.777
−0.05

1.152 ∙ 10−3
−5.23 ∙ 10−4⎦

⎥
⎥
⎥
⎤
 (25) 

𝐸𝐸𝐸𝐸𝐸𝐸3 =

⎣
⎢
⎢
⎢
⎡
−0.685
0.355
−0.629
−0.094
0.016 ⎦

⎥
⎥
⎥
⎤
 (26) 

𝐸𝐸𝐸𝐸𝐸𝐸4 =

⎣
⎢
⎢
⎢
⎡

0.691
−0.517
0.284
−0.415
−0.048⎦

⎥
⎥
⎥
⎤
 (27) 

𝐸𝐸𝐸𝐸𝐸𝐸5 =

⎣
⎢
⎢
⎢
⎡
−0.691
0.506
−0.249
0.116
−0.437⎦

⎥
⎥
⎥
⎤
 (28) 

By substituting the specific values of the 
coefficients 𝑎𝑎1 - 𝑎𝑎5 as well as the adopted admissible 
functions in (11), the following functions 𝑦𝑦𝑛𝑛(𝑥𝑥) are 
obtained: 
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𝑦𝑦1(𝑥𝑥) = −0.96 ∙ 𝑥𝑥
𝐿𝐿

+ 0.28 ∙ sin 𝜋𝜋𝜋𝜋
𝐿𝐿

+ 3.03 ∙ 10−3 ∙ sin 2𝜋𝜋𝜋𝜋
𝐿𝐿
− 6.679 ∙ 10−3 ∙ sin 3𝜋𝜋𝜋𝜋

𝐿𝐿
+ 1.211 ∙ 10−3 ∙ sin 4𝜋𝜋𝜋𝜋

𝐿𝐿
 (29) 

𝑦𝑦2(𝑥𝑥) = 0.628 ∙ 𝑥𝑥
𝐿𝐿
− 0.777 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋𝜋𝜋

𝐿𝐿
− 0.05 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 2𝜋𝜋𝜋𝜋

𝐿𝐿
+ 1.152 ∙ 10−3 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 3𝜋𝜋𝜋𝜋

𝐿𝐿
− 5.23 ∙ 10−4 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 4𝜋𝜋𝜋𝜋

𝐿𝐿
 (30) 

𝑦𝑦3(𝑥𝑥) = −0.685 ∙ 𝑥𝑥
𝐿𝐿

+ 0.355 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋𝜋𝜋
𝐿𝐿
− 0.629 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 2𝜋𝜋𝜋𝜋

𝐿𝐿
− 0.094 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 3𝜋𝜋𝜋𝜋

𝐿𝐿
+ 0.016 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 4𝜋𝜋𝜋𝜋

𝐿𝐿
 (31) 

𝑦𝑦4(𝑥𝑥) = 0.691 ∙ 𝑥𝑥
𝐿𝐿
− 0.517 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋𝜋𝜋

𝐿𝐿
+ 0.284 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 2𝜋𝜋𝜋𝜋

𝐿𝐿
− 0.415 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 3𝜋𝜋𝜋𝜋

𝐿𝐿
− 0.048 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 4𝜋𝜋𝜋𝜋

𝐿𝐿
 (32) 

𝑦𝑦5(𝑥𝑥) = −0.691 ∙ 𝑥𝑥
𝐿𝐿

+ 0.506 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋𝜋𝜋
𝐿𝐿
− 0.249 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 2𝜋𝜋𝜋𝜋

𝐿𝐿
+ 0.116 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 3𝜋𝜋𝜋𝜋

𝐿𝐿
+ −0.437 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠 4𝜋𝜋𝜋𝜋

𝐿𝐿
 (33) 

4. RESULTS AND DISCUSSION
The oscillation forms of the mathematical model of 

the ship unloader obtained by the Rayleigh-Ritz method 
are presented in Figure 13. 

Figure 13: The first five modes of vibration obtained by 
Rayleigh-Ritz method 

Values of eigenperiods for the first five modes of 
oscillation in the vertical plane obtained by the Rayleigh-
Ritz method (23) were verified by their comparing with 
corresponding periods from the numerical results of FE 
Model 6 (Figures 8 - 12). Their percentage deviations are 
given in Table 5, while Figures 14-18 present the graphical 
comparisons of the corresponding modes of vibration. 

Table 5: Percentage deviations of the eigenperiods of 
Model 6 and mathematical model 

MODES Eigenperiods [s] Dev. 
[%] Math. model Model 6 

I 0.486292 0.48 1.31 
II 0.209395 0.2042 2.54 
III 0.074206 0.0722 2.78 
IV 0.03563 0.0365 2.38 
V 0.020209 0.0216 6.44 

Figure 14: Comparison of the normalized first mode of 
vibration of the mathematical and FE model 

Figure 15: Comparison of the normalized second mode of 
vibration of the mathematical and FE model 

Figure 16: Comparison of the normalized third mode of 
vibration of the mathematical and FE model 

Figure 17: Comparison of the normalized fourth mode of 
vibration of the mathematical and FE model 

Figure 18: Comparison of the normalized fifth mode of 
vibration of the mathematical and FE model 
As can be observed in Figures 14 - 18, there is very 

good matching of the first three normalized modes of 
oscillation between mathematical and numerical model, 
while slightly larger deviations occur only in the fourth 
and fifth modes. This shows that the adopted admissible 
functions can be considered as a sufficiently accurate 
approximation of the real eigenfunctions of the dynamical 
system and that the number of 5 adopted admissible 
functions is sufficient to obtain reliable results from the 
aspect of engineering accuracy. 

5. CONCLUSION
Given that this type of construction is not widely 

used as, e.g. overhead traveling cranes, the dynamic 
problems that occur during their exploitation are still not 
sufficiently examined and discussed in the available 
literature. The aim of this paper was to present the 
procedure of modal analysis which gives the first insights 
into the dynamic behaviour of the structure and as such 
can be used already in the design phase of these structures. 

The paper shows that the complex structure of a 
ship unloader can be reduced to a relatively simple 2D 

A.17



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

N. Zrnić, V. Gašić, M. Urošević, A. Arsić

system of a beam with an overhang, supported on one 
fixed and one elastic support, while completely preserving 
the nature of the behaviour of the real structure. As can be 
seen from Table 4 and Table 5 numerically and 
mathematically calculated results are in very close 
agreement which means that the presented approach can 
be considered acceptable from the aspect of engineering 
accuracy. 

The mathematical model formed in this way can be 
used as a basis for further analysis of dynamics problems 
that occur on structures of this type (moving load problem, 
fatigue, etc.). 
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One of the most frequently utilized crane types in industrial applications is the column-mounted jib crane. There are 
many different designs according to different requirements about lifting height, span, payload capacity, drive options, etc. 
Within the efforts to optimize the structure's mass, heavy-duty jib cranes with high payload capacity and extended reach 
often have their boom tapered.  Besides strength, deflection is the most considered design criteria, where the crane 
structure is subjected to the total payload capacity at the tip of the boom. The paper presents the application of the finite 
difference method (FDM) and MATLAB code for the deflection of the column-mounted jib crane with a tapered boom. 
Obtained results are very close to the results from the finite element method (FEM) model in Ansys. 

Keywords: Jib crane, Tapered boom, Deflection, Finite difference method. 

1. INTRODUCTION

Jib cranes are one of the most commonly installed 
crane types in industrial facilities. They are used for 
frequent load handling within a circular working space. 
They are suitable for applications requiring repetitive 
lifting and transferring of loads. The column-mounted jib 
crane is a piece of highly efficient hoisting equipment. It 
requires a small space for installation, and it is very safe, 
energy-efficient and easy to control during operation. The 
payload capacity usually goes up to 5 tons, while the reach 
usually goes up to 6 meters. 

An adequately designed jib crane should have 
increased the material handling efficiency and speed up 
the workflow. Modern industries require versatile, flexible 
and cost-effective material handling equipment with 
increased productivity. The requirements are usually 
related to payload capacity, span/reach, lifting height, 
drive options, etc. Therefore, there are many designs of jib 
cranes, depending on various requirements. Nevertheless, 
the typical column-mounted jib crane consists of the 
column, the boom or the jib, the boom support leg 
(optionally) and the hoist mounted on the trolley, which 
moves along the crane boom. An essential feature of the 
jib crane is its static and dynamic stability, dependent on 
the structure's deflection. 

Since the jib cranes are the most widespread in 
industrial facilities, many engineers tried to simplify the 
model and quickly define these cranes' basic parameters. 
FEM models of the jib cranes certainly give the results 
relevant for calculation and dimensioning but also require 
a longer time to set up the calculation model. 

Usually, during the design, the maximum 
displacement of the jib crane boom tip is critical. So, it is 
important to determine a simple expression for the boom 
deflection, based on which it is possible to define the basic 
parameters of the crane. In such a way, the basic geometric 
parameters can be defined quickly, which would shorten 
the design time. 

The structural analysis of the jib crane with 
different cross-sections was performed in the paper [01], 
where experimental tests and FEM were used to validate 
the results. 

Paper [02] gives a comparative analysis of several 
concept solutions of jib cranes by implementing the beam, 
plate and volume finite elements using several software 
packages. Several parameters (deformation energy over 
construction elements, kinetic and potential energy over 
mode shapes of natural frequencies, etc.) were used for 
local elements optimization. The goal was mass reduction 
and the increase of the natural frequencies. 

The paper [03] presented an analytical model of the 
lateral-torsional buckling behaviour of steel web tapered 
tee-section cantilevers when subjected to a uniformly 
distributed load and/or a concentrated load at the free end. 
The model check was performed through FEM.  

The elastic lateral-torsional behaviour of the 
cantilever is analysed in [04]. The obtained results in this 
research can be easily applied in designing the boom of the 
jib crane. A parametric study is carried out to examine the 
effectiveness of different types of restraint, the influence 
of the restraint stiffness and the interplay between these 
two aspects and the degree of web tapering. 

Paper [05] shows the stress and deflection analysis 
of the jib crane structure for different web thicknesses and 
heights. The structure locations with maximum deflection 
and maximum stresses were determined. 

The optimization of the jib crane by the 
evolutionary algorithm was carried out in [06], which 
enabled significant material savings. 

Paper [07] presents the length optimization of the 
boom support leg, which connects the jib with the column. 
The authors performed the analysis using FEM. The paper 
showed the influence of the leg’s height on the deflection 
of the structure. 

Based on the effect of self-weight different 
distribution and large deformation, a mathematical model 

A.19



Proceedings of X International Conference “Heavy Machinery-HM 2020”, Vrnjačka Banja, 23–25 June 2021 

N.B. Zdravković, B. Jerman, M. Savković, G. Marković, M. Todorović, G. Pavlović 

of telescopic jib displacement was established in [08]. 
Authors deduced a formula of endpoint displacement of 
large slenderness ratio telescopic jib structure. Also, the 
large-deformation finite element method is used as a 
criterion to evaluate the correctness and precision of the 
theoretical calculation formula. 

The stress and the deflection calculations were 
performed through finite element analysis (FEA) in [09]. 
Firstly, after using analytical expressions, the density of 
the mesh was corrected. In the second phase of the 
calculation, the height and thickness of the web were 
varied. 

The analysis of stresses and deflections was 
performed by using FEA in [10]. Also, the analysis of 
individual parts for the connection with the fundament was 
carried out.  

Using FEA and the direct integration method, the 
dynamic responses of the jib crane structure in vertical and 
horizontal directions were considered in [11]. Forced 
vibration responses of the jib structure due to equivalent 
moving forces were determined, where the mass matrix 
was time-dependent. 

Integrated FEA of whole jib crane model was 
established in [12] and arm-side deflection formula for this 
type of crane structure was derived. 

The paper [13] gave a refined expression for the 
deflection of the jib crane boom tip, taking into account 
the actual load position at the very end of the boom. 

The paper [14] shows the finite difference method 
(FDM) application procedure for the deflection 
determination on the simple elastically restrained 
cantilever beam with continuously varying box-like cross-
section and linear change of section height.  

This research applies the previous approach for 
determining the deflection of the column-mounted jib 
crane with a tapered boom. 

 
 

2. THE MATHEMATICAL MODEL BY FDM 
 

The structures of the heavy-duty cranes are 
optimized to achieve lighter designs and reduce production 
and operational costs. The column-mounted jib cranes 
with high lifting capacity and long reach have optimized 
booms with a variable cross-section (Fig. 1 [15]).  

The main parameters of the model and its cross-
sections are depicted in Fig. 2, while the detailed 
calculation model is presented in Fig. 3. 

 

 
Figure 1: Heavy-duty column-mounted jib crane with a 

non-uniform boom [15] 
 

 
Figure 2: The model and the cross-sections 

 

 
Figure 3: The calculation model with the finite difference 

scheme at point B 
Column 1 is a thin-wall pipe with a diameter of D 

and wall thickness δ. The non-uniform boom 2 is a web-
tapered I-beam with a linear change of its height along its 
longitudinal coordinate z2 (Fig. 2). It is better to use the 
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distance between the flanges' centroids h than the height to 
simplify the expressions. In terms of the centroids' 
distance at the boom start (hs) and centroids' distance at 
the boom tip (he), it has the following form: 

( ) 2
2( ) s s e

zh h z h h h
L

= = − − (1) 

where L – boom’s length. 
The web thickness is δ1, while the thickness of the 

flanges is δ2. The flanges of the I-beam have constant 
width b along the longitudinal boom axis. 
Hence, the moment of inertia of web-tapered I-beam can 
be written as follows 

3 2
1 2

2 2
6( )

12
h b hI z δ δ+

≈  (2) 

Further, the approximate but more straightforward 
expression for its cross-sectional area is 

2 2 2 1( ) 2A z b hδ δ≈ +  (3) 
So, the weight per unit length of the boom reads 

2 2 2 1( ) (2 )q z g b hρ δ δ≈ +  (4) 
where ρ – mass per unit volume for steel and g - gravity. 

Hence, the starting and ending weight per unit 
length of the boom are 

2 2 2 2 2 1( 0) ( 0) (2 )s sq q z gA z g b hρ ρ δ δ= = = = ≈ +  

2 2 2 2 2 1( ) ( ) (2 )e eq q z L gA z L g b hρ ρ δ δ= = = = ≈ +  
Static equilibrium of the structure gives the 

following expressions for forces and bending moments 

2 12
2

s e
B

h h
R F b gLδ δ ρ

+ = + + 
 

 (5) 

( ) ( )
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1A BR R q H= + (7) 

A BM M= (8) 
where 
q1=ρgA1 - the weight per unit length of the column 
A1 – cross-sectional area of the column 
H – the theoretical height of the column (taken along its 
longitudinal axis from the base plate bottom to the 
centroid of the boom’s cross-section centroid). 

Governing differential equation for bending of the 
column is: 

2
1 1 1 1 1 1

2
1 1 1 11

( ) ( ) ( ) A Ad y z M z M z M M
EI B B Bdz

−
= − = − = − = (9) 

where  
B1=EI1 - column bending stiffness, 

1 1( ) .AM z M const= − = - bending moment. 
According to FDM, the axial coordinate becomes 

z1=i·s and the second derivative of the deflection line has 
the approximate form: 

'' 1 1
1 1 2

2
( ) i i iY Y Y

y z
s

− +− +
≈ (10) 

where 
i – the point ordinal, 

s – the adopted distance between two adjacent 
nodes along the neutral axis in an undeformed state of the 
structure. Hence, Eq.(9) becomes transformed: 
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Bs

− +− +
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Boundary conditions 
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after transformation by FDM become 
0
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 The superscript index “f” stands for the 
displacement of a fictitious node (the node out of the curve 
domain). After introducing designation for characteristic 
node ordinal B=H/s, the deflection line of the column can 
be represented by the following set of algebraic equations: 

2
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2

1 2
1

2

1 1
1

0 2

1 2

2 1 2

A

A

A
i i i

M si Y
B
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B− +

= → =

= → − + =

= ÷ − → − + =

(14) 

Governing differential equation for bending of the 
tapered boom is: 

2
2 2 2 2

2
2 22

( ) ( )
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where 
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According to FDM, the axial coordinate becomes        
z2=(i-B)·s and the second derivative of the deflection line 
has the approximate form: 

'' 1 1
2 2 2

2
( ) i i iY Y Y

y z
s

− +− +
≈ (16) 

Boundary conditions 
2 2

2 2 1 1

( 0) 0
'( 0) '( )

y z
y z y z H

= =
= = =

(17) 

after FDM transformation yield the expressions for the 
displacements of the fictitious nodes before and after point 
B (Fig. 3)  

2
1 1

1

2
1 1 1

1

2

2 2

f A
B B B

f A
B B B B

MY s Y Y
B

MY Y s Y Y
B

+ −

− + −

= + −

= − − +
(18) 

Hence, the system of algebraic equations (14) now 
can be continued and complemented with the algebraic 
equations which are derived from governing differential 
bending equation for the boom: 
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3. THE COMPARISON WITH FEM MODEL RESULTS

Based on the system of algebraic equations (14) 
and (19), a MATLAB code was written, and the 
displacements for Yj, j=1,..., N=D nodes were calculated 
for the numerical example with the following data:  
E=2.1⸱104kN/cm2, H=400cm, L=600cm, F=30kN, 
a=80cm, d=50cm, δ=1.2cm, b=30cm, δ1=1.2cm, 
δ2=1.6cm.  

The value of the boom's starting section height hs 
was changed within interval 400÷600mm, while its ending 
section height he took values between 200mm and 300mm, 
both incremented by a 50mm step. The results for boom tip 
displacement YD for such input parameters are given in 
tables 1,2 and 3. Also, for comparison purposes, the FEM 
model was built in ANSYS for each test case. The relative 
error is displayed in the far-right column of the tables.  

Fig. 4 presents the test case in ANSYS for 
he=200mm and hs=500mm (bolded cell in table 1), Fig. 5 
shows the boom's tip displacement concerning the heights 
of the start and end section of the boom, while Fig. 6 is the 
graphical interpretation of results in table 1. 

Table 1:Boom tip displacement for he=200mm 
he=200mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 69.43 71.172 -2.45%

450 63.83 65.514 -2.57%

500 59.66 61.23 -2.56%

550 56.47 57.888 -2.45%

600 53.99 55.219 -2.23%

Table 2: Boom tip displacement for he=250mm 
he=250mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 66.91 68.669 -2.56%

450 61.88 63.535 -2.60%

500 58.12 59.702 -2.65%

550 55.24 56.64 -2.47%

600 52.99 54.208 -2.25%

Table 3: Boom tip displacement for he=300mm 
he=300mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 64.9 66.665 -2.65%

450 60.32 62.029 -2.76%

500 56.89 58.476 -2.71%

550 54.25 55.684 -2.58%

600 52.19 53.427 -2.32%

Figure 4: ANSYS test case for he=200mm and hs=500mm 

Figure 5: The boom's tip displacement in relation to its 
start and end section heights    
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Figure 6: The graphical interpretation of results in table 1 

4. THE CONCLUSION

The presented FDM method and applied algorithm 
yielded a compact system of algebraic equations, 
convenient for code writing and solving by MATLAB. 
The results obtained from the FDM model are in very 
good compliance with the results from the FEM model 
built in ANSYS. Relative error (less than 3%) is mainly 
caused by the approximate value for the boom’s moment 
of inertia (Eq. 2). The main advantage of the FDM and the 
proposed procedure is that it can show the influence of any 
design parameter on the boom’s tip displacement once 
written and solved, which makes it convenient for crane 
structure optimization. The presented FDM method is 
universal and can be applied to other types of cranes in the 
future. 
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Modelling of the dynamic behavior of elevators with high lifting velocities (contemporary elevators in building 
construction and mine elevators) is a complex task and an important step in the design process and creating conditions for 
safe and reliable exploitation of these machines. Due to high heights and lifting velocities, the standard procedures for 
dynamic exploitation are not adequate. With the purpose of identifying the basic parameters of the dynamic model (stiffness 
and damping), a unique method was applied, based on experimental measures for a concrete elevator. Due to the 
verification of this procedure, the experiment was conducted on a mine elevator in RTB Bor, Serbia. Simulations of the 
dynamic behavior of an empty and loaded cage are presented using the obtained computational-experimental results. 

Keywords: Mechanical characteristics of steel ropes, Data acquisition, Experimental research 
1. INTRODUCTION

The elevator quality is estimated according to 
several important indicators. Safety, comfort, and 
reliability are especially important features [1]. These 
indicators depend on, first of all, vibrations occurring 
while the elevator is in motion. Vibrations are a 
consequence of driving parameters, inertial characteristics 
and elasticity of the binding elevator elements.  

Judging by the dynamic impact on the vibration 
values, an elevator can be divided into two basic parts. The 
first part is a driving mechanism (engine, reductor, brake, 
and couplings), while the second part is a cabin lifting 
system, mostly made of steel ropes for lifting the 
counterweights on one end and cabin (cage) on the other 
end and their guide rails. The driving mechanism 
comprises elements that are much more rigid and have 
smaller mass compared to the cabin lifting system, which 
in turn causes the oscillations in smaller amplitudes and 
higher frequencies. As well as that, bearing in mind the 
oscillations are indirectly transferred to the cabin (cage), 
via ropes, it can be deduced that the lifting system has a 
much bigger influence on the comfort during the motion 
than driving mechanism elements does. 

While the elevator is in operation mode, the hoist 
ropes increase and decrease their free length, so the 
parameters, such as rope stiffness and damping are 
constantly being changed [2] and [3]. In high-speed 
elevators, a dynamic instability may occur during lifting 
(reduction of free length), due to an increase in relative 
deformation. This seriously impacts the safety of the 
passengers. Since classic models are based on elastic body 
(rope) oscillations with constant dynamic parameters 
(mass, stiffness and damping), it is necessary to form such 
dynamic models that will enable the analysis and 
definition of the dynamic behavior of elevators with 
variable parameters [4] and [5]. 

Due to the fact that special attention has to be paid 
to the accuracy of installing and making of cabin guide 
rails and counterweight in high-speed elevators, the 
following conclusion arises. Without the addition of 

external influences, it can be concluded that longitudinal 
oscillations are dominant, as opposed to transversal 
oscillations. 

Taking into consideration that up until this moment 
the problems in driving mechanism vibrations were the 
subject of a great number of scientific and research papers, 
with standard analyses as the most frequently applied 
method, it seems logical that the main focus of elevator 
dynamic research should be pointed towards innovative 
methods for analyzing the longitudinal oscillations with 
variable parameters [6]. 

The mine elevators are used to interconnect 
different mine horizons by using a mine cage (which is 
moved between at least two firmly set guide rails), whose 
dimensions and construction enable ore loading and are 
approachable to people. 

The mines use two systems, one with a drum and 
the other with a driving pulley (Köepe system). Fig. 1 
provides a scheme of the most applied lifting system in 
mine facilities with a friction mechanism (Köepe system). 

Figure 1: Exploitation facility in the mines with an 
underground shaft 

In the systems with a lifting drum, the carrying 
ropes are wound and stored on a drum. The drums are 
located in the machine room which is usually sideways of 
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the mine shaft, and the ropes go down from it over the 
deflector pulleys into the shaft next to the cabin. 

Friction lifting systems (Köepe) are mostly used in 
European mines. The drive is set above or sideways to the 
mine shaft. In the case when it is located sideways (Fig. 1) 
deflector pulleys are used and they are set above the mine 
cage (cabin) and the counterweight. The main advantages 
of the system are decreasing of a driving motor, i.e. 
necessary torque, a simpler usage of a higher number of 
steel ropes and the possibility of setting the driving pulley 
directly above the mine shaft. However, due to the 
limitations in contact pressure (1.75 MPa) and the limits of 
slipping (S1/S2≤1.4) between the ropes and the pulley, the 
advantages are lost, so in practice both systems are applied 
almost equally. 

2. FORMING A SUITABLE MODEL FOR THE
DYNAMIC ANALYSIS OF MINE ELEVATORS

2.1. Standard Models 
There has been a large number of researchers 

interested in studying longitudinal oscillations and their 
studies have been based on the general theory about the 
application of oscillation of elastic bars with constant 
parameters (mass, stiffness, and damping). These are the 
so-called standard models. Those models are acceptable 
for analyzing elevators with low lifting velocities and 
heights. Fig. 2a and 2b show models with one and two 
degrees of freedom and a rope of constant lengths, 
represented here as Hook’s, i.e. Calvin‘s body. 

A certain improvement has been made with the 
analysis of high-lift elevators (≥ 35 m) and low velocities 
(till 3 m/s) by using the model represented in Fig. 2c. The 
model represents a bar of a constant length with an equally 
spreaded mass q (kg/m), i.e. it is a model of an elastic 
body with an unlimited number of degrees of freedom and 
a concentrated mass at the bottom end as the boundary 
condition. 

Figure 2: Standard dynamic models; with one degree of 
freedom (a), with two degrees of freedom (b), and a 

“heavy” constant length bar (c) 

Based on the analysis which was shown in detail in 
[7] to [9], in the case when the free rope length is small
compared to the cabin mass, it is possible to significantly
simplify the dynamic model analysis.

In accordance with the above, when it comes to 
high-lift elevators and low velocities, it is approximately 
possible to create load oscillation models with one degree 
of freedom, with a “heavy” spring, which was studied in 
general literature. Also, it is necessary to replace the total 

mass (of both load and rope) with an equivalent mass Me = 
M+(1/3)∙qL, reduced in the cabin place, [10] and [11]. 

2.2. Dynamic Elevator Models with Variable Dynamic 
Parameters 

Fig. 3a shows the most common solutions of the 
lifting systems for high-speed elevators with a driving 
pulley, while the corresponding dynamic model is shown 
in Fig. 3b. 

Figure 3: Dynamic model of a high-speed elevator 
In order to secure comfort during the motion, 

control programs are used in contemporary elevators. They 
define the circumferential velocity of the pulley. Thus, 
they also define the cabin motion velocity (a kinematic 
condition), as opposed to the previous period when the 
motion velocity depended a great deal on the driving 
electromotor’s mechanical characteristics and brake 
system (the dynamic equilibrium condition). In the earlier 
periods, a replacement of one-speed engines with two-
speed engines was observed as a significant improvement. 
This bettered the motion comfort in braking instances and 
aided the accuracy of stopping the cabin. As for the 
process of a regular elevator, in cases when there is no 
slipping of the steel rope on the driving pulley and when 
the driving characteristic is represented via a rope velocity 
at the meeting point of the rope and pulley, the elevator 
model can be simplified and represented in the form 
shown in Fig. 4. 

Figure 4: Elevator model with a rope of a variable length 
with boundary conditions 

Upon observing just the upcoming rope end, the 
model can be represented as a system with an unlimited 
number of degrees of freedom; at one end it is rolling onto 
the pulley at a v(t) velocity, while on the other it is 
burdened with concentrated mass. Due to the variable rope 
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length during the motion, the stiffness (c=EA/L) changes. 
This is a characteristic of parametric oscillations and 
contributes to the possible occurrence of resonance. To 
this end, it is necessary to complete certain steps in the 
analysis of dynamic behavior. One needs to determine the 
critical lifting velocity, during which the unstable motion 
occurs, i.e. the rope strain is increased when its free length 
is reduced. 

The deformation of an arbitrary cross-section 
represents the function of the position x, and the time t, 
i.e.:

( , )u f x t= (1) 
Upon observing the equilibrium of the elementary 

part (dx), it can be deduced that: 
2

2
( , ) ( , ) ( , )q dx u x t S q dxS x t S x t dx q dx a

g x gt
⋅ ∂ ∂ ⋅

⋅ = − + + + ⋅ ± ⋅
∂∂

(2) 

By representing the rope as Calvin’s model, where 
the influence of internal friction can be taken into 
consideration via the so-called rope resistance force factor 
(bf), the dependence of the inner force in the rope on its 
deformation can be noted in this form: 

f
( , )( , ) ( , ) u x tS x t E A u x t b

x t
∂ ∂ = ⋅ ⋅ ⋅ + ⋅ ∂ ∂ 

(3) 

If the Eq. (2) is divided with q dx
g
⋅ and a 

replacement for S(x,t), this is obtained: 
2 2

f2 2
( , ) ( , )( , )u x t g E A u x tu x t b g a

q tt x
∂ ⋅ ⋅ ∂ ∂ = ⋅ + ⋅ + ± ∂ ∂ ∂

(4) 

By using the differential equation, (Eq. (4)) and the 
equilibrium condition of moments on the driving pulley, it 
is possible to form a system of equations that describes a 
dynamic equilibrium on the driving pulley in the case of a 
model shown in Fig. 4b in this form [12]: 

2 2
1 1

1 f2 2

( , ) ( , )( , ) 1q u x t u x t aE A u x t b q
g t x t g

 ∂ ∂ ∂ ⋅ = ⋅ ⋅ ⋅ + ⋅ + ⋅ ±  ∂ ∂ ∂   
 (5) 

2 2
2 2

2 f2 2

( , ) ( , )( , ) 1q u x t u x t aE A u x t b q
g t x t g

 ∂ ∂ ∂ ⋅ = ⋅ ⋅ ⋅ + ⋅ + ⋅ ±  ∂ ∂ ∂   
 (6) 
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i x Rb u l t u l t
t

η

− + 
∂ ⋅ = ⋅ ⋅ ⋅ − ⋅ ∂⋅ ∂ + − ∂ 

(7) 

with: 
u1, u2 - elastic deformation of the rope on the incoming 

and outgoing rope end, 
E - rope elasticity modulus, 
A - rope’s cross-section area, 
a - acceleration of the driving mechanism, 
Mm - driving motor torque 
i - gear ratio, 
η - driving mechanism efficiency, 
Jr - moment of inertia of rotational masses, reduced to the 

shaft of a driving pulley, 
R - driving pulley radius, 
q - rope weight per meter. 

3. DYNAMIC PARAMETERS DETERMINATION BY
SUMMARY DATA ACQUISITION 

Experimental studies shown in this paper represent 
the sequel of the research in [8]. The measuring was done 
on a mine elevator in RTB Bor, Serbia; the maximum 
projected cage lifting velocity was 16 m/s and the 

projected lifting height was 523 m in the first phase and 
763 m in the second phase of mining. The driving 
mechanism is shown in Fig. 5. The other significant 
characteristics of this exploitation machine can be seen in 
Tab. 1. 

Figure 5: Driving machine of a mine elevator and the 
connecting tools for connecting the hoist ropes and the 

cage 

Table 1: Mine elevator technical characteristics 

Driving 
electric motor 

Power: 1500/2860 kW, number of 
revolutions: 122.2 rpm, torque: 
117.2/233.4 kNm 

Cage (cabin) 
Mass: 13 t (it includes the cage 
and the connecting tools for 
connecting the hoist ropes), Fig. 8 

Counterweight Mass: 21 t 

Hoist ropes 

z = 6 pieces, 
d = 27 mm (150 wires per cross 
section). 
Lang’s lay ropes, three right hand 
lang’s lay ropes, and three left 
hand lang’s lay ropes. 
Breaking force: 561 kN, tensile 
strength of the wires: 1700 MPa. 
Unit mass: 3.02 kg/m. 

Compensation 
ropes 

z = 2 pieces, 
d = 50 mm (222 wires per cross 
section). 
Connected with the cage via 
rotating hooks to prevent 
unwinding. Unit mass: 9.64 kg/m. 

A mine shaft is like a round cross-section, with a 10 m 
diameter. The transfer of the driving moment to the hoist 
ropes is done through friction (Köepe system) from the 
grooved drum with a 2.5 m diameter. 

3.1. Equipment Used and the Method for Measuring Data 
Acquisition 

The following measuring equipment was used for 
the mine elevator experiment: 
• Universal 8-channel measuring amplifier (2 pieces),

QUANTUM X MX480B, pos. 10a and 10b (Fig. 6),
• A computer for storing the measuring signals, pos. 13

(Fig. 6),
• Antennas for the wireless transfer of the measuring

signal (2 pieces) NanoStation loco NS2L, made by
IBIQUITI NETWORKS; 5 km range with the antennas
optical visibility, pos. 12a and 12b (Fig. 6),
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• Incremental encoder - the number of revolutions sensor
AINS 41, made by Meyer Industrie-Electronic GmbH
– MEYLE; measuring range up to 6000 rpm and with
an allowed axial/radial load at the output shaft of 30/20
N, pos. 9 (Fig. 6),

• Optical measuring device for the number of revolutions
ROS type, made by Monarch Instrument; measuring
range varies from 1 to 250 000 rpm, pos. 1 (Fig. 6),

• Accelerometer HBM B12, pos. 2 (Fig. 6),
• Strain gauges HBM LY41-6/120, pos. 3 to 8 (Fig. 6),
• Software for acquisition and processing of measuring

signals, HBM catmanEasy-AP.

Figure 6: Schematic layout of the measuring places 
The experiment was done according to the principle 

of summary data acquisition via a wireless data transfer, 
by using the NanoStation loco NS2L antennas (pos. 12a 
and 12b, Fig. 6). This way, a complete synchronization of 
the collected data on the cage roof and machine room was 
achieved. The drum number of revolutions was measured 
with an AINS 41 incremental encoder (pos. 9, Fig. 6). It 
was set on the adaptive carrier with a 127 mm diameter 
measuring wheel, which was directly leaned onto the rim 
of the brake disc, Fig. 7a. The encoder measuring signal 
was led to the amplifier (pos. 10b, Fig. 6), and then via a 
LAN switch (pos.11b, Fig 6) and the antenna (pos. 12b, 
Fig. 6) wirelessly connected to the other radio antenna 
positioned on the cage (pos. 12a, Fig. 6). The measuring 
signal was stored in a common computer file (pos. 13, Fig. 
6) placed on the cage. It was done via another LAN switch
(pos. 11a, Fig. 6).

a)               b) 

Figure 7: The incremental encoder connected with the 
measuring wheel positioned on the rim of the brake disc 

(a), and the optical sensor (number of revolutions sensor) 
positioned on the cage (b) 

The lifting and lowering velocity of the cage was 
measured via a roller guide, whose change in the number 
of revolutions was registered with an optical sensor (pos. 
1, Fig. 6), positioned on a small magnet table, Fig. 7b. The 
change in the cage’s acceleration during the measuring 
process was registered by an HBM B12 accelerometer 

(pos. 2, Fig. 6), set on the connecting tools of the cage 
through a magnetic holder, Fig. 8a. The force changes in 
the hoist ropes were monitored by measuring the 
deformation of the connecting tools (pos. 3 to 8, Fig. 6). 
The deformations were measured on each connecting tool 
(out of 6 in total), by using the HBM LY41-6/120 strain 
gauges, Fig. 8b 

a)                 b) 
Figure 8: Measurements of acceleration (a) and 
deformations (b) on the cage connections tools 

All measuring signals were led to the other eight-
channel measuring amplifier (pos. 10a, Fig. 6) and they 
were recorded on the computer (pos. 13, Fig. 6) via an 
LAN switch (pos. 11a, Fig. 6). 

3.2. Results of the Experiment 
Experiment results and determination of the 

dynamic model parameters in this paper are shown in four 
characteristic motion cases (lifting and lowering) of the 
cage, with and without load. A significantly higher number 
of measurements was completed for different cases 
(different positions for starting and stopping the cage 
motion etc.) and the results are presented in [7]. Here, the 
results of lowering and lifting of an empty cage and a 
loaded cage (traction machine) are presented.  

Figure 9: Mine elevator parameters that are relevant for 
the analysis 

According to those, the system oscillation 
parameters are defined. The characteristics of 
experimental cases are as follows: 

I) Lowering an empty cage from position +104 m
to position +56 m (48 m). The action of stopping the cage 
was performed by suddenly switching off the driving 
electromotor (at a high velocity, Fig. 9a). 

II) Lifting of an empty cage from position +56 m to
a position +199 m (143 m). Stopping the cage was done 
just like in the case above, with the sudden switching off 
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the power to the driving electromotor, at a high velocity, 
Fig. 9b. 

III) Lifting a loaded cage (the traction machine for
wagons, mass ~9.35 t) from position a -71 m, to position 
+52 m (123 m). Stopping the cage was done at a low
speed, Fig. 9c.

IV) Lowering the loaded cage (the traction machine
for wagons, mass ~9.35 t) from position +52 m to -71 m 
(123 m). Stopping the cage was done at a low speed, Fig. 
9d. 

The results of the conducted experimental research 
can be seen in the following figures, which are showing 
the changes in the winding velocities of hoist ropes that 
were wound onto the drum; cage acceleration and changes 
in the forces in the hoist ropes, i.e. on the elements for 
connecting the ropes to the cage. The results are valid for 
all four chosen examples of motion. The diagram shows 
the character of the changes of the said parameters. It 
shows the cage oscillation amplitudes that occur after 
stopping the driving machine. This part of the diagram 
(after stopping the driving machine) is used to set the 
mechanical characteristics of steel ropes (harmonic 
oscillations). 

Figure 10: Diagram with the results obtained during 
lowering an empty cage and sudden stopping, at a “high” 

velocity (I motion case) 

Figure 11: Diagram with the results obtained during 
lifting the empty cage and sudden stopping, at a “high” 

velocity (II motion case) 

Figure 12: Diagram with the results obtained during the 
loaded cage lifting process (III motion case) 

Figure 13: Diagram with the results obtained during 
loaded cage lowering process (IV motion case) 

3.3. Main dynamic parameters 
Stiffness is the basic parameter of oscillatory 

processes and it represents a feature of a material that 
defines the ratio between load and deformation. It is 
viewed as a constant matter in most oscillatory processes 
with small amplitudes and elements made of steel and 
similar materials [13]. On the other hand, it is a case with 
some materials also used in mechanical engineering that 
the feature is not linear, which brings to the occurrence of 
the so-called non-linear oscillations whose analysis is 
more complex on numerous levels. A specific case of non-
linearity happens at the lifting machines with steel ropes 
and it refers to the fact that the stiffness changes together 
with the change in the ropes’ free lengths in the following 
relation: 

( )
( )

E Ac t
L l t

⋅
=

−
(8) 

Apart from the variable stiffness, attention should 
be paid to the elasticity modulus (E), which is much more 
difficult to define in comparison with the homogenous 
bodies since the steel rope is a complex structure, 
consisting of a large number of wires layered into strands, 
while the strands are stranded into a rope with the core 
made of steel or fibre. 

There are different expressions mentioned in the 
literature, for its calculation depending on the wire 
elasticity modulus and the angles at which the wires lay 
into a strand, and strands into a rope. These expressions 
only give approximate data because the real magnitudes of 
the elasticity modulus, apart from the above mentioned 
parameters, depend on the stress magnitude, core material, 
time spent in service (the number of load cycles), types of 
wire connections etc.  

Figure 14: Stress-extension curves for new stranded wire 
ropes with fibre core, after 10 loadings, [14] 
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Figure 15: Stress-extension curves for new stranded wire 
ropes with fibre core, after 10 loadings for the difference 

stress levels, [14] 
Fig. 14 and 15 show the experimental results [14] 

which show a noticeable difference in the results between 
the first loading of the rope (new rope), and after 10 
loadings (Fig. 14), and also the effect of the stress level 
with the loading and unloading in Fig. 15. 

Nevertheless, the application of the results 
generated in this way is disputable when it comes to 
dynamic processes. Adequate elasticity modulus values for 
the ropes in exploitation can be gained through direct 
measuring in the real working conditions of the elevator 
facilities.  

Damping. In a lot of practical systems, oscillation 
energy is gradually transformed into heat or sound, the 
effect mostly known as damping. Despite the fact that the 
quantity of such energy is relatively small, it is important 
to dedicate some attention to damping in order to predict 
the oscillatory systems response, such as the elevator 
systems considered in this paper. 

Damping at the elevator is complex and it happens 
because of the rope inner friction (viscous and hysteretic 
damping), Coulomb's friction on guide rails and damping 
due to the air flow around the cabin (cage) in the elevator 
shaft [8] and [10]. 

Since the presented experiment results (Tab. 2) 
refer to the moment of stopping the cage (v=0), damping 
as a consequence of air flow around the cage can be 
neglected. 

The friction on the elevator guide rails creates the 
damping force (Coulomb's friction) which is constant in its 
magnitude, but it is of the opposite direction compared to 
the motion of the oscillating load. Since this type of 
elevator requires special attention to be paid to the guiding 
accuracy and reducing the guide rails friction, in the 
example with centrical cabin load, the friction forces can 
be neglected in relation to the total load. Nevertheless, the 
influence can be of importance for cabin oscillation 
analyses. 

The size of the impact caused by rope damping and 
damping due to guide rails friction is possible to define via 
“overlapping” of the diagram measurement results and 
simulation results, as presented in Fig. 16. 

Figure 16: The impact of inner and Coulomb's friction on 
oscillating systems when b=5161 Ns/m (Table 2) 

Based on the theory about free harmonic damping 
oscillations, it is concluded that for determining the 
dynamic parameters, one should take the part of the cage 
oscillation diagram after the driving machine is stopped. 

By measuring the amplitudes and oscillating 
periods of free damping oscillations (changes in cage 
acceleration), the damping coefficient (δ) can be 
determined via a logarithmic decrement, and based on this, 
a resistance force coefficient (b): 

1

1ln ln    i i

i i n

x x DD T
x n x T

δ δ
+ +

= = = ⋅ → =



 (9) 

e2b Mδ= ⋅ ⋅ (10) 
with: 
xi, xi+1 and xi+n - measured oscillating amplitudes, 
T  - measured oscillating period of free damping

oscillations, 

e
1 ( )
3

M M q L t= + ⋅  - reduced oscillating mass, 

M - total mass hanging on hoist ropes (loaded cage and 
compensation ropes), 

( ) ( )dL t L v t t= − ∫  - hoist ropes’ free length

v(t) - circumferential velocity of the pulley (drum). 
Determining the stiffness coefficient (c) and 

elasticity modulus (E) of hoist ropes can be performed 
with the measured oscillation parameters (oscillating 
period, oscillating amplitudes, etc.): 

2
ec M ω= ⋅ (11) 
c LE

A
⋅

= (12) 

with: 
2 2ω ω δ= +  - circular frequency of free oscillations, 

2
T
πω =


 - damping oscillation frequency

Fig. 17 is an illustration of determining the said 
mechanical characteristics of hoist ropes based on the cage 
acceleration changes diagram (after the driving machine 
was stopped) in the III motion case. 
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Figure 17: The measured values of cage acceleration for 
III motion case 

Based on the diagram in Figs. 10 to 13 and the 
expressions (Eq. (9) and (12)), mechanical characteristics 

of steel ropes are defined, as shown in Table 2. Upon 
analyzing the measured results, it can be concluded that 
the data for elasticity modulus are in agreement with the 
data from the literature [14]. The higher values of 
elasticity modulus for loaded cabins are seen as a 
consequence of the rope that was constructed by putting 
the lays of wires in strands, and strands into a rope. This 
confirms the validity of the applied procedure, enabling us 
to define the real (exploitation) values in mine elevators. 
The damping coefficient values, for which there is no 
significant comparative data, are not constant in size, but 
appear to be different in the analyzed experiments. 

Table 2: Values obtained by measuring and parameters of hoist ropes 
L [m] Me [kg] δ [s-1] ω [rad/s] c [N/m] b [Ns/m] E [MPa] δ/ω 

I (Fig 9a) ↓ 409 18 797 0.33 4.67 409 163 12 222 98 440 0.070 
II (Fig. 9b) ↑ 266 20 525 0.21 5.69 663 329 8718 103 792 0.037 

III (Fig. 9c) ↑ 413 28 099 0.09 4.26 510 803 5161 124 095 0.022 
IV (Fig. 9d) ↓ 536 26 613 0.18 3.88 401 206 9639 126 498 0.047 

3.4. Computer simulations results 
In order to simulate the mine elevator operation 

process, the study has set the change in hoisting rope 
velocity at the point of winding onto the driving drum as 
the change (diagram), obtained by direct measuring on the 
driving machine via an incremental encoder (pos. 9, Fig. 
6). 

Slika 18: Cage acceleration diagrams in the motion case 
III (Fig. 9c) 

An oscillation diagram was separated with the 
purpose of verifying the dynamic model during the whole 
period while the cage was moving, as well as after the 
complete stop in the driving machine moving. The 
acceleration diagram in the III motion case is shown, 
“overlapping” the diagram with the measured results, Fig. 
18. 

Judging by the diagram in Fig. 18, it can be 
concluded that the dynamic model with dynamic 
parameters, determined by the measuring with satisfactory 
accuracy, shows the real behavior of a mine elevator. As a 
result, this makes computer simulations possible, which 
will analyze the real loads of the exploitation facility [7]. 
The described method is a new approach that will ensure 
the analysis of dynamic behavior in systems for vertical 
hoisting, which can be found in exploitation. 

As an illustration of the possibility of dynamic 
analysis, the following section shows diagrams that 
represent changes in individual values. They were created 
in specialized software for dynamic analysis, MSC 
ADAMS, using the experimental data shown in Table 2. 

Figure 19: Diagram showing the changes in cage position, 
velocity, and acceleration, for III motion case 

Figure 20: Comparative diagrams showing the changes in 
the elongation, stiffness coefficient, and resistance force 

coefficient of hoist ropes, for III motion case 
4. CONCLUSION

The paper presents an experimental method that 
can be used to determine dynamic parameters such as 
stiffness, elasticity modulus, and damping in exploited 
elevator steel ropes. Certain elasticity modulus values that 
are presented in Tab. 2 reveal the noticeable dependence 
on the load, i.e. rope stress. In addition, the damping 
coefficient in ropes is not a constant size, but it depends on 
the position of a cage. It can be deduced that ropes 
experience a combination of viscous damping and 
hysteretic damping, which should be further investigated 
in these systems. 

Mine elevators are used in the mines with 
underground exploitation at the depths as deep as 2000 m 
with the carrying capacity of maximum 30 t and the lifting 
velocities up to 20 m/s. Therefore, their analysis is of 
special interest because they define the quality basis for 
optimal projecting and their maintenance in relatively 
heavy working conditions. 
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Apart from the mentioned extreme parameters, the 
complexity of the dynamic analysis of these facilities is 
primarily due to these facts: 
• The basic model is an oscillatory problem with an

infinite number of DOF and it is influenced by a large
number of factors.

• The driving torque is a variable value (the function of
the pulley rotational speed and the operating load).

• The stiffness of the wire rope varies with the changes
in the cage position, causing parametric oscillations.

• Steel rope elasticity modulus is not a constant value, as
it is the case with homogenous bodies. It depends on
rope structure, stress level and how long the rope was
in service.

• Damping in the wire rope is a feature which has not
been sufficiently examined. It is a consequence of the
inner friction of a hysteretic type, depending on the
construction of the rope, stress in the rope, contact type
and friction between the wires, then lubrication,
oscillation amplitudes etc.

• The influence of friction in the guide rails on the
damping of the whole system cannot be ignored.
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The paper presents, in the first part, a mathematical model for determination of the load components of a rotating 
joint of a hydraulic steering mechanism for controlling the motion of a wheel loader. In the second part of the paper, 
results of research are given, of the steering mechanism load obtained by the numerical simulation of working cycle of the 
loader which has in mass 15000 kg. 

Keywords: Wheel loader, Mobile hydraulic, Steering mechanism 

1. INTRODUCTION
A wheel loader is mobile machine mainly used to 

load and unload bulk materials and for light excavation 
work. The general configuration of wheel loader kinematic 
chain consists of: the rear L1 (Fig. 1) and front L2 moving 
mechanism and the manipulator with arm L3 and bucket L4. 
The rear and front moving mechanism are connected by 
vertical joint thus forming articulated vehicle. Wheel 
loaders do not have axle suspension, the front wheels are 
attached directly to the front body, and the rear axle is 
allowed to oscillate around the longitudinal axis, thus allo-
wing all wheels to maintain contact with the ground. 

Steering of the wheel loaders and other vehicles of 
large capacity requires great physical effort from the ope-
rator and therefor are large number of different types of 
steering system. One of the most important requirements 
of easily steering is the reduction of control effort and less 
transmission of shock loads from wheels to the steering 
wheel and therefore to the body of operator. In order to 
enable easy steering of a large capacity vehicles  in the ste-
ering system are included power systems with a particular 
source of energy whose main task is to reduce the force re-
quired on the steering wheel, where by the energy parame-
ters of power steering systems, controlled by the input si-
gnal, performs the activation of valve-regulating members 
of the hydrostatic system.   

Compered with other types of steering system, two 
hydraulic cylinders arranged symmetrically on a frame has 
become a major form of steering mechanism for articula-
ted wheel loaders. Articulated steering mechanism provi-
des higher steering torque than conventional pivot steering 
systems of vehicles of the same weight [1]. A major 
disadvantage of off-road vehicles with articulated steering 
system is low maximum velocity. This is made by snaking 
phenomena considered as self-path changing and the stee-
ring of the vehicle is completed by the push and pull of the 
steering hydraulic cylinders.  

Research of steering mechanism of wheel loader 
and other articulated vehicle is related to design optimiza-
tion of steering mechanisms with objectiv function to mi-
nimize  pressure fluctuation, vibration noise, and a waste 
of torque during the process of steering due to the differe-
nce of stroke between two cylinders and the difference 
arm. The differences of stroke and arm are reduced based 
on a genetic algorithm and optimization validation is done 

by software package MSC Adams [2]. 
In a paper [3] dynamic model and validation of an 

articulated steering wheel loader on slopes and over 
obstacles is given. A scale wheel loader was designed and 
manufactured to validate the dynamic model in three 
conditions (turning on level ground, turning on slopes, and 
passing over obstacles). The developed dynamic model 
was found to be useful and could serve as an important 
tool for analysing the stability of wheel loaders. 

In a paper [4] mathematical model of steering 
kinematics is given. Turning resistance torque have been 
obtained experimentally and it was concluded that depends 
on geometrical parameters, mass distribution and a type of 
suspension system of an articulated body steer vehicle 
with a combination of a ground type. It is important how 
does a driving system is designed because of its influences 
on wheels torque while turning. 

The development and testing of a novel steering 
concept for vehicles with articulated steering are presented 
and explained in paper [5]. The opportunities are offered 
with respect to energy consumption, replacement of the 
hydraulic steering system, and stability of the angle of 
articulation are emphasized.  

In paper [6] analysis of a loads acting on steering 
mechanism during turning of an articulated vehicle is 
given. Load analysis is necessary for optimization of 
steering mechanisms and represent input parameter for 
optimal selection of hydrostatic steering drive mechanism. 

 

Figure 1: Physical model of wheel loader 
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2. HYDROSTATIC STEERING MECHANISM OF
ARTICULATED WHEEL LOADER

The function of the movement control system of
mobile machines is reflected in the mobility of the 
machine, which is characterized by: manoeuvrability, 
agility and possibility of the machine. 

Manoeuvrability is the ability to change the direction 
of the machine. Manoeuvrability is characterized by the 
ability of the machine to achieve curvilinear movement along 
the path of the largest possible curvature with a minimum 
overall surface area of movement, regardless of external 
movement restrictions. The possibility determines the 
conformity of the minimum overall surface of the machine 
movement with the external restrictions of the given path of 
movement. Mobility (manoeuvrability) of machines is 
achieved by its movement control system, which, in principle, 
consists of a mechanism and drive control. 

Kinematic chain of moving mechanism of articulated 
wheel loaders consists of rear moving mechanism L1 (Fig. 2) 
and a front moving mechanism L2 which are connected with 
vertical joint O2. 

The general power steering hydrostatic system of 
mobile machines build the following basic components: 
hydraulic pump 2 (Fig. 2), the rotary control valve 3 with a 
steering wheel 3.1 and steering pillar 3.2 and hydraulic 
cylinders 4. The system components are connected to an 
open hydraulic circuit. The drive of the rotary control va-
lve is performed directly with a hydraulic pump 2 or from 
the priority valve 2.1 (Fig.2), with a hydraulic pump 2 
which is used to drive some other system of the machine, 
for example, the brake system or drive system of the mani-
pulator. 

Rotary control valves.- At the hydrostatic steering 
system, rotary control valves has a dual function: a) as a 
rotary valve for the distribution of oil to the chamber of 
hydrocylinder of steering mechanism and b) as a hand 
pump in the case of failure of the main hydraulic pump, 
during spraying running lines or other malfunction of the 
steering system. The rotary control valve is powered by 
the operator with the steering wheel of the machine by 
which, depending on the installation space, it can be 
directly connected with rotary valve, or via a rigid or an 
articulated steering pillar 

It has been developed power steering systems with 
the closed and open center. The power steering system of 
open center with non reaction (OC/NR) has the hydraulic 
pump which is in the neutral position connected with a tank 
P-T. Wherein L and R lines of the power steering system 
blocked so that the external loads of wheels are transferred 
to the power steering system but the operator via the 
steering wheel does not feel. 

The rotary control valve in power steering has 
working lines indicated with L (left) and R (right) and 
does not like the rest of control valves A and B.  The 
power steering systems with the closed-center in 
hydrostatic control system mainly is driven by the 
hydraulic pump with the constant specific flow.  

At the power steering system of the open center 
with reaction (OC/R) in the neutral position lines L-R are 
connected to hydraulic cylinders of the steering 
mechanism. External forces that are acting on the 
hydraulic cylinder, the operator feels as reaction forces on 

the steering wheel. If the operator lets go the steering 
wheel after the rotation of machine in a road curve, the 
wheels and steering wheel correct themselves and the 
machine continues to move in a linear trajectory. 

3. LOAD ANALYSIS OF STEERING MECHANISM

For the articulated steering mechanism of the
loader during the movement and loading operation of the 
machine, the steering resistance torque Mo is determined 
according to the equation (Fig. 2): 


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WM 24
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where: Wmax – resistance that in intensity is equal to the 
maximum traction force of the machine, B4 - width of the 
bucket, l – wheelbase distance, l2 – distance from front axis to 
axis of articulated joint the moving mechanism. 
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Figure 2: Hydrostatic steering system of articulated 
moving mechanism of wheel loader [8] 
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For practical use, companies that manufacture co-
mponents of hydrostatic steering mechansim have develo-
ped empirical formulas for determination of articulated 
steering loads: 
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where: Ft - static load of one tire of the wheel loader under 
load: 
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nt - number of tires, μ - tire and ground friction coefficient, 
f - rolling resistance coefficient, ar, br  - reduced tire contact 
surface of tire and ground: 
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where: ae=(0,4÷0,45)·D - the length of the contact su-rface 
of the tire with the ground, be=(0,55÷0,6)·b - the width of 
the contact surface of the tire with the ground [7]. 

Authors in paper [2] have been concluded that 
steering resistance torque of pivot steering is usually 2–3 
times that of driving, thus, the pivot steering torque is 
taken as the calculated load. The following equation 
describes empirical formula for steering torque that comes 
from the test curve: 

( )( )6,2b1,0b3,06,0L1,0GM 2
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o +++⋅
⋅

=
η
µ    (5) 

where: G - vertical load on the tire, η - steering mechanism 
efficiency, μ - friction coefficient, L - wheelbase of the 
vehicle, b - tire width. 

When the wheel loader is fully loaded, the load of the 
front axle is greater than that of the rear axle. When the wheel 
loader is moving and steering, the wheels of the front axle, at 
same time, are rolling and slipping, and the rear axle wheels 
only have drag torque caused by the opposite rotation of the 
left and right wheels. During steering, the machine has to 
overcome three resistances due to: 

• wheel alignment,
• wheel rolling,
• wheel dragging.

A mathematical model of wheel loader steering is 
shown in Fig. 3. The model takes in consideration forces 
that acts on loader when is turning, neglecting wheel and 
air resistance, friction in the joint and rotating inertia 
forces.  

Firstly, is observed rear then front part of moving 
mechanism. For the correct selection of the components of 
the steering hydrostatic system, one of the conditions is 
that the drive torque Mp is greater than the load torque Mo: 

op MM ≥             (6) 
Based on force analysis, the load torque of rear 

moving mechanism L1 is [3]: 

( )1t11i12T1T2D1D1o xlFl)FF(
2
B)FF(M −⋅+⋅+−⋅−=  

The load torque of front moving mechanism L2 is: 

( )2t22i24T3T3D4D2o xlFl)FF(
2
B)FF(M −⋅+⋅+−⋅−=  

where: FD1, FD2, FD3, FD4 - driving forces, FT1, FT2, FT3, 
FT4 - lateral forces, Fi1, Fi2 - inertial forces of wheel loader, 
B - track width, l1, l2 - wheelbase of the wheel loader, xt1, 
xt2 - centar of mass coordinates of rear and front part. 

Drive torque of hydrostatic steering mechnism is 
obtained by: 
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where: Fc1 - the retraction force of hydraulic cylinder, Fc2 - 
the extraction force of hydraulic cylinder, D, d - diameter of  
the piston and the piston rod of hydraulic cylinder, p, po- 
pressure in the main and return lines of the hydraulic cyli-
nder, ηcm - mechanical efficiency of hydraulic cylinder r1, r2 
- transmission lenghts of the hydraulic cylinders in relation
to the vertical axis of the articulated joint.

One factor of significant importance in articulated 
steering of a vehicle is the track width B. Different driving 
forces FDi acting on a driven axle produce a torque around 
the vertical axis of each vehicle section. As both sections of 
a vehicle are connected by an articulated joint, opposite 
torques acting on the front and the rear section are 
required. The consequence is that steering requires to 
apply the driving force differences on an axle conversely 
in front and rear section. For instance, if higher traction 
forces exist on the right hand front side and the left hand 
rear side, the vehicle will buckle to the left. Fig. 3 shows 
the steering principle and the forces acting on the vehicle.  

Dynamic considerations show that lateral forces 
acting on the centers of mass of the two vehicle sections 
create a self-reinforcing or self-stabilizing characteristic, 
depending on the position of the center of mass. If the 
centers of mass of the two vehicle sections, compared to 
the respective axle, are located between this axle and the 
link, the vehicle tends to continue buckling on its own.  

4. SIMULATION OF WHEEL LOADER STEERING
In this part of the paper, the results of the numerical

simulation of loader steering within the entire working cy-
cle are presented. The general cyclic manipulation task of 
the loader consists of operations: loading (Fig.4) transfer 
and unloading of material or cargo and return to the 
beginning of a new cycle. During loading and unloading 
operations, the direction of movement of the loader is 
normal to the position of the gripping material or load, ie 
to the longitudinal axis of the vehicle into which the unloa-
ding is performed. Depending on the position of the place 
and the method of unloading, the paths of the loader du-
ring the transfer and return operations to the beginning of 
the new cycle are usually in the form of the letters V or Y. 

The numerical simulation was done in the software 
package MSC ADAMS (Automated Dynamic Analysis of 
Mechanical Systems) and firstly is simulated steering 
process of a loader which have in mass 15000 kg and a 
bucket volume of 2.3 m3, from a given θmin=45º to θmax=-
45º which does not move and which is loaded with a full 
bucket. The tire and ground friction coefficient is μ=0,7. 

Steering the wheel loader from θ=0º to θ=45º takes 
2.5 s (8-10.5 s in simulation), while turning from θ=45º  to 
θ=-45º takes 5 s (10.5-15.5 s in simulation) And such a 
duration of the turning cycle is an ergonomic requirement 
to turn the loader from θmin to θmin for 5 s making 4 turns of 
the steering wheel.  

Force components that are acting on articulated jo-
int are given on Fig. 5a. 

 Figure 4: Working cycle of wheel loader: a) cycle in the form of letter V, b) 3D model of loader in ADAMS 
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The results of the loader rotation simulation are 
given by the diagram in Figure 6a and it can be seen that 
the highest value of the steering torque resistance is 
Moz1=70000 Nm. 

As another way of steering, the real working cycle 
(Fig. 6b) of the loader in the shape of the letter V is given, 
which after loading and moving backwards for the length r1, 
rotate by the angle θ1=20º. The diagram in Figure 6b shows 
that then the steering torque resistance is Moz2-60 kNm.  

After that, the loader rotates by an angle of θ=60º, 
in oposit direction, where it rotates and at the same time 
moves in a straight line forward to the place of unloading. 
Then the loader also achieves a steering torque resistance 
of Moz2=60 kNm. It can be noticed that by moving and 
simultaneously steering, the loader achieves lower steering 
resistances then on stationary steering.  

CONSLUSION 

The load analysis of steering mechanism of wheel 
loader represents input of optimal synthesis of steering 
mechanism and right choice of hydrostatic system 
components. 

 

The analysis defined the components of the hydro-
static transmission with the most important component - 
rotary control valve. Two types of power steering systems 
have been developed with the closed and open center. 

For optimal synthesis and load analsysis of steering 
system it has been developed a general mathematical model 
of wheel loader with rear and front part of moving 
mechanism which are connected with vertical joint 
forming thus articulated vehicle. 

Using force analysis, the model has been developed 
which take in consideration forces that acts on loader 
when is turning, neglecting wheel and air resistance, 
friction in the joint and rotating inertia forces. Firstly, is 
observed rear then front part of moving mechanism. For 
practical use, companies and researchers have developed 
empirical formulas for determination of articulated 
steering loads. 

In the last chapter of the paper, the results of the 
numerical simulation of loader steering have been prese-
nted. The results of obtained simulation are given for  two 
case of wheel loader steering: stationary steering with full 
loaded bucket and for whole working cycle of loader in the 
V-shape path

 

 Figure 5: Force components acting on articulated joint: a) stationary steering, b) steering in cycle with V-shape path 

t [s] 

Fi1 
[N] 

t [s] 

Fx2 

Fy2 

Fz1 

Fi2 
[N] 

Fx1 

Fz2 

a) 

b) 

Fy1 

A.37



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

J. Pavlović, D. Janošević, B. Nikolić, V. Jovanović, N. Petrović

ACKNOWLEDGEMENTS 
This research was financially supported by the 

Ministry of Education, Science and Technological 
Development of the Republic of Serbia (Contract No. 451-
03-9/2021-14/ 200109)

REFERENCES 
[1] Wadephul, J., Engelmann, D., Kautzmann, P. et al.
Development of a Novel Steering Concept for Articulated
Vehicles. ATZ high world 11, 54–61 (2018).
https://doi.org/10.1007/s41321-018-0039-6

[2] Zhou, C.; Liu, X.; Xu, F. Design Optimization of
Steering Mechanisms for Articulated Off-Road Vehicles
Based on Genetic Algorithms. Algorithms 2018, 11, 22.
https://doi.org/10.3390/a11020022
[3] Li, X., Wang, G., Yao, Z., Qu, J.: Dynamic model and
validation of an articulated steering wheel loader on slopes
and over obstacles, Vehicle System Dynamics, Vol. 51,
No. 9, 1305-1323, 2013.
http://dx.doi.org/10.1080/00423114.2013.800893

 
 
[4] Skurjat, A.: Steering Kinematics and Turning
Resistance Experimental Investigation of Articulated
Rigid Body Vehicles, Experimental Mechanics of Solids,
Materials Research Proceedings, Vol. 12, pp. 131-138,
2019.
https://doi.org/10.21741/9781644900215-19

[5] Lopatka MJ, Rubiec A.: Concept and Preliminary Si-
mulations of a Driver-Aid System for Transport Tasks of 
Articulated Vehicles with a Hydrostatic Steering System, 
Applied Sciences, Vol. 10(17), pp. 1-16, 2020.   
https://doi.org/10.3390/app101 75747 

[6] Pavlović, J., Janošević, D., Jovanović, V., Petrović G.,
Spasović N.: Development of the power steering system in
mobile machines, In Proceedings of the sixth international
conference transport and logistics - TIL 2017, Niš, Serbia,
pp. 145-151, 2017. (M33)

[7] Danfoss: Hydraulische Lenkungskomponenten, Vollh-
ydraulisch and mechanisch-hydraulische Lenksysteme,
1989.

[8] Јаношевић, Д.: Пројектовање мобилних машина
(Design of mobile machines), Машински факултет Ниш,
Универзитет у Нишу, Ниш. 2018.

t [s] 

Mox2 

Moi2 
[kN] 

Moz2 

b) 

Moy2  

Mox1 

Moz1 

Moy1  

Moi1 
[kN] 

t [s] 

a) 

Figure 6: Torque components acting on articulated joint: a) stationary steering, b) steering in cycle with V-shape 
path 

A.38



X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

*Corresponding author: Faculty of Technical Sciences Čačak, Svetog Save 65, Čačak, aleksandar.jovicic@ftn.kg.ac.rs 

Improvement of Casting Technology of Continuous Tracks Segment 
Using CAD/CAE/CAM Software Tools 

Aleksandar Jovičić1*, Nedeljko Dučić1, Radomir Radiša2, Ivan Milićević1, Marko Popović1, Vojislav Vujičić1 

1Faculty of Technical Sciences Čačak, Department of Mechatronics and Department of Mechanical Engineering, 
University of Kragujevac, Čačak (Serbia) 

2Lola institute Ltd, Belgrade (Serbia) 
The casts of continuous track segments, used in the continuous track assembly, are very responsible components of 

the tanks drive system. Continuous track segments, are made by casting process, where casting can be considered an 
unsurpassed technological process for these parts. As a solution in such cases, the use of specialized CAD/CAE/CAM tools 
for simulation, optimization and geometric modelling of products and casting tools is imposed. By applying the mentioned 
tools, the time of development of a new product and its production process is shortened in relation to traditional methods 
with prototype testing. In this paper, the improvement of the casting process of continuous track segments, was carry out by 
using the software MAGMAsoft. The concept applied in this paper, includes virtual production, practical realization of the 
defined technological process, improvement of the existing technology with final check of the casting quality, through 
mechanical and metallographic tests. 

Keywords: Casting, Continuous track segment, CAD/CAE/CAM, Simulation
1. INTRODUCTION 

Continuous track segments are the main parts of 
continuous track assembly, which is the component of 
tanks propulsion and drive system [1]. For the production 
of continuous track segments, is used casting technology 
with high-alloy wear-resistant manganese steel.  

Metal casting is probably the oldest production 
technology, whose roots go back to the time when the first 
metals and metallurgy were discovered. Casting 
technology is constantly improving through the research 
process in the field of applied sciences and engineering. In 
the previous period, the basic source of innovation in 
casting technology has been primarily in multidisciplinary. 

The defence industry, ie production of weapons, 
tools and armoured vehicles for military needs, cannot 
exist without casting technology. From 30 to 70% of the 
mass of these products are parts made by casting 
technology. Many of them, are very important parts, and 
they can't be manufactured in rationally way by using 
alternative production technologies [1]. 

2. FORMATING PAGES MODERN TECHNOLOGY 
FOR DESIGN A PRODUCT AND MANUFACTURING 

PROCESSES  

Modern technology for design a product and 
manufacturing processes include: 
a)  Specialized CAE tools (MAGMASOFT and 

similar) intended for the simulation and 
optimization of casting processes (casting, 
hardening, cooling etc.) 

b) CAD tools for geometric modelling of a products 
and casting molds (model, mold cavity, etc.) 

c) CAE tools for analysis and simulation of the 
mechanical behaviour of castings in the static and 
dynamic domains, by using the FEM 

d) CAM tools for design of manufacturing process of 
the molds and models [1]. 
 

The development of the casting process is 
increasingly based on scientific results, obtained through 
the use of specialized modern software tools. This 
software enables virtual production based on simulations, 
in order to optimize process parameters, improve the 
quality of castings and reduce production costs. 

Nimbulkar and Dalu (2016) presented the 
application of Auto-CAST X1 software to simulate the 
casting process. In this paper, the authors emphasized the 
importance of the design of the infusion system and 
feeding system, for the correctness of the casting, using 
different simulations in the mentioned software [2]. Jie 
and co-authors (2014), applied the Pro Cast software to 
improve the aluminium alloy casting process. The general 
conclusion drawn by the authors, is that by increasing the 
casting temperature and casting speed, can solve problems 
of porosity [3]. Dabade and his associates (2013) used 
MAGMAsoft software to analyze various defects in the 
casting process. They detected the causes of casting 
defects, through simulations of different variants of casting 
and gating systems [4].  

Dučić and others (2017) presented a methodology 
for optimization of the gating system for sand casting, 
using a genetic algorithm. The subject of optimization was 
the geometry of the gating system, ie, the cross section of 
the pouring cup and the sprue height, while the goal of 
optimization was to minimize the casting time. In this 
case, the simulation was used to verify and evaluate the 
optimized inflow system geometry [5]. 

2.1. Casting in the sand molds 
For the production of continuous track segments, 

the casting in sand molds is used as the main technology. 
Casting in the sand molds, is suitable for production of 
continuous track segments, because this parts have 
complex geometry with high geometrical and dimensional 
accuracy. 

After the breakup of Yugoslavia, most of the 
technological knowledge disappeared, especially those that 

A.39



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

A. Jovičić, N. Dučić, R. Radiša, I. Milićević, M. Popović, V. Vujičić

existed in the former republics of Yugoslavia. The 
production of continuous track segments, was initially 
realized in Slovenia (Ravne), and then in Bosnia and 
Herzegovina (Jelšingrad). After that, this production was 
developed and continued in the former machine tool 
factory "Ivo-Lola-Ribar", but with limited success. For 
none of the mentioned production units, data on the 
applied technological production processes have been 
saved. During the search of the warehouse of the Serbian 
Army, only samples of continuous track segments were 
found [1]. 

3. CASTING DEFECTS
Verification of the proposed casting technology can 

be done by applying the simulation and optimization tool 
MAGMASOFT. This software is specialized in modelling 
and simulation of all phases of the metal casting process. 
For the imported CAD model (Figure 1), a simulation of 
the casting process was performed and the CO2 mold was 
made. On the base of this CO2 mold and in according to 
the previously given technological parameters, continuous 
track segment was cast. 

Figure 1: CAD model of continuous track segment 
The analysis of the sample casting part, which is 

obtained in according to the previously defined 
technology, revealed significant and visible casting 
defects. The criteria of porosity and microporosity, 
obtained by simulation on the model, with great reliability 
coincide with the real situation. 

For the simulation of the casting process, by using 
MAGMASoft, was create CAD 3D model of all elements 
of the mold cavity: gating system (pouring cup, sprue, 
choke, runner, and ingates), casting with cores, risers and 
gas vents and more. A properly designed gating system 
should ensure that the liquid metal pours into the mold 
cavity quickly and without turbulence [6]. 

Figure 2: Simulation model of casting technology applied 
in previous phases of development of continuous track 

segment 

The proposed solution showed an inadequate 
feeding system (Figure 2) (topology, position, geometry, 
etc.) and filtration. Williams' risers are obviously, 
oversized and dysfunctional in the critical phase of 
hardening. The Military Technical Institute, this 
technology declared as unsuccessful, because this 
technology did't give the casting part with required 
geometric and metallurgical characteristics. 

Figure 3: Hot spots in the casting part without influence of 
gating system and riser 

Auxiliary risers were also dysfunctional due to 
poor location - they were far from hot spots (Figure 3). By 
analyzing the simulation, it can be noticed vortex motion 
and level oscillations of the metal filling (multiple filling 
and subsequent melting of the metal that has already 
started to harden in the filling phase). Due to the long 
casting time, a cold zone appeared before the end of the 
casting process. Also, the fluidity of the molten metal in 
the final stage is very poor. Cold shuts and the final 
porosity appeared on the model of the casting part.Those 
phenomenons also was confirmed in the selected 
characteristic cross section of the real casting part (Figure 
4). 

Figure 4: The final porosity and cold shuts 
From all the above, it can be concluded that it is 

necessary to define the new casting parameters. The new 
casting parametars will be obtaion on the base of the 
knowledge gained in previous activities and through the 
casting process simulation and optimization of the new 
gating system (filling, hardening and cooling). 

4. CASTING TECHNOLOGY FOR PRODUCTION OF
CONTINUOUS TRACK SEGMENT 

In order to improve the casting technology of 
continuous track segment, test casting of continuous track 
segment members was performed in foundry IKL Guča. 
Using decades of experience in casting manganese steels 
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(steel X120Mn12 (DIN), or Hetfield steel of chemical 
composition: C = 1.1–1.25, Si = 0.30–0.50, Mn = 11.5–13, 
Crmax = 0.20, Smax ≤ 0.02, Pmax ≤ 0.035), in the 
foundry of IKL Guča with the application of modern CAE 
tools for simulation and optimization of the casting 
process (MAGMASOFT), a new solution of the casting 
system was proposed, after which a continuous track 
segment was cast from the mentioned material. Hatfield 
steel is characterized by the fact that in the process of 
exploitation, its surfaces become harder when in contact 
with other material, which significantly improves the 
performance of the casting part, in this case the continuous 
track segment. Through this improvement of the casting 
process, emphasis is placed on the casting of the casting 
without internal defects (porosity and the appearance of 
gas bubbles), as well as the mechanical and metallographic 
characteristics of the casting. If the mentioned 
characteristics are satisfactory, the geometric 
harmonization of the casting is performed. Based on the 
casting technological parameters given during the 
simulation process, a continuous track segment was cast in 
the sand molds (Figure 5). From the characteristic cross-
sections (Figure 6) it can be seen that the casting part has 
no internal defects. 

Figure 5: Sand mold and casting part after removal 
of the pouring system 

Figure 6: Characteristic cross-sections of continuous 
track segment as confirmation that there are no internal 

defects 

4.1. Mechanical - metallographic characteristics of the 
continuous track segment 

The mechanical characteristics of the casting part 
after the technological process of normalization are: 
tensile strength: Rm = 600 N / mm2, elongation (l = 5d0) 
%: A = 20. It can be stated that an austenitic polygonal and 
uniform cross-sectional structure has been achieved 

(Figure 7), expected for Hatfield steel, which should be 
transformed into martensite during exploitation under 
stress, which provides the steel with hardness and wear 
resistance. The carbides are small and evenly distributed 
so that their network is not noticeable anywhere. The 
presence of non-metallic inclusions is also negligible. 

Figure 7: Microstructure of continuous track segment 
material 

4.1.1. Hardness of castings after thermal treatment 
In order to transfer the load that appears on the 

components of the caterpillar, the caterpillar members 
(continuous track segment) must, after thermal treatment, 
have the appropriate mechanical characteristics 
determined by the hardness, which must be in the range of 
170 HB to 207 HB. 

4.1.2. The bending force of the casting part 
A parameter that is also an indicator of the 

mechanical characteristics of continuous track segment is 
the bending resistance. When bending the castings of 
continuous track segment after thermal treatment, 
according to the schemes presented in Figures 8 and 9, 
forces of not less than 300 kN, 320 kN and 240 kN, 
respectively, must be obtained. In the event that the 
continuous track segment break during bending, the 
specified force values must be obtained before the fracture 
occurs. 

Based on the testing of cast samples performed at 
the Military Technical Institute in Belgrade, the bending 
test loads were met, and the obtained microstructure of the 
material corresponds to the required structure so that 
further tests and harmonization of geometric 
characteristics of castings can be continued. 

Figure 8: Bending the continuous track segment with the 
ridge upwards 
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Figure 9: Bending the continuous track segment with the 
ridge down 

5. CONCLUSION
Continuous track segment used to form a caterpillar 

assembly (caterpillars), as a component of the caterpillar 
moving tank are responsible components and from the 
aspect of their production, casting technology can be 
considered an unsurpassed technological process. As 
solutions in such cases, specialized CAE tools for 
simulation and optimization of the casting process (very 
often internal cracks and residual stresses occur during 
casting cooling) and CAD tools for geometric modeling of 
casting parts, elements of gating system, cores, etc.) are 
imposed. For many metal foundries, the simulation of the 
casting process has become a standard tool for designing 
the casting system, feeders and studying thermal processes 
in order to obtain the desired characteristics of the casting 
part. Also, simulation has become one of the instruments 
in quality assurance and process optimization systems. The 
improvement of the casting process for production of 
continuous track segment was carried out using the 
MAGMAsoft software package. The application of the 
methodology presented in the paper shortens the 
development time of a new product and its production in 
relation to traditional methods of trial and error. 

Verification and final quality control was performed by 
mechanical - metallographic tests. 
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Selection of steel, dimensions and fabrication technology for the welded structure are all parts of the design 
process, because they are in close connection with the function of the structural whole under certain conditions of 
exploitation for the predicted service life. Quality of welded joints in the process of production of the welded structure is 
being defined by properties that the structure has to possess in order to fulfill certain requirements, which is being 
accomplished by the selection of the adequate welding procedure and welding parameters, implementation of inspection 
programs for all technological operations, as well as by performing mechanical and technological tests in order to 
determine the magnitude of strength and deformation of base material and welded joints. Constituent parts of a welded 
joint are base material, heat affected zone and weld metal. Heat affected zone of structural steels is being characterized by 
the fusion zone, overheating zone, zone of complete normalization and zone of incomplete normalization. 

In this paper the effect of change in hardness of weld metal and heat-affected zone on mechanical properties of 
welded joints when base material is quenched and tempered steel C45 is being considered. Test results showed that the 
application of welded structures made of quenched and tempered steels with hardness HV10 > 400 and tensile strength 
UTS > 600 MPa is useful only when the stress concentration is low (αs ≤ 2) and when there are no residual stresses due to 
welding. 

Keywords: Supply quenched and tempered steel, Mechanical properties, Hardness of the welded joint, Heat affected 
zone

1. INTRODUCTION
Safety of welded structures depends on the 

simultaneous influence of technological, metallurgical, 
structural and exploitational factors, or in other words on 
the welding procedure and shape of welded joints, stress 
concentration and heterogeneity of structural and 
mechanical properties of constituent parts of welded joints 
(base material, heat affected zone, weld metal). Increase or 
decrease of endurance of welded joints under exploitation 
conditions, apart from the presence of stress concentrators 
and residual stresses that occur due to welding, is also 
being affected by the heterogeneity of mechanical 
properties of base material, heat affected zone and weld 
metal, as well as by the width of heat affected zone and 
weld metal, Fig. 1 

Figure 1: Appearance of a welded joint 
Structure and mechanical properties of individual 

constituent parts of welded joints depend on the welding 
regime and chemical composition of base and filler 
material. With the increase of the cooling rate within the 
subcritical temperature range, strength and yield stress for 
weld metal and heat affected zone grow and, depending on 
the chemical composition of steel, are 1.5–2 times larger 
than for base material [1]. 

Numerous researches have been carried out around 
the world in order to determine the effect of various 

welding procedures on mechanical properties of quenched 
and tempered steels. Researches regarding the effect of 
laser welding parameters on geometry, mechanical 
properties and structure of weld metal and heat affected 
zone, showed that large increase of hardness in the area of 
the welded joint does not necessarily affect the mechanical 
properties in a negative way [2]. Experimental researches 
regarding the friction welding of steel C45 (DIN EN 
10083) and tests that were carried out in order to 
determine the mechanical properties of weld metal and 
heat affected zone enabled the defining of optimum 
welding parameters for this procedure [3]. Predictions of 
temperature fields for quenched and tempered steels 
subjected to the effect of double elliptical heat sources 
were considered by Goldak and his associates, through the 
use of modelling and finite element method [4], while 
analyses of microstructures contributed in defining of 
geometry coefficient of a welded joint [5,6]. 

2. EFFECT OF THE WELDING THERMAL CYCLE ON
MECHANICAL NON-HOMOGENEITY OF THE

WELDED JOINT 
The presence of non-homogeneous zones is 

characteristic for welded joints. There are soft layers – 
zones with lower hardness value than that of the base 
material and hard layers - zones with higher hardness 
value than that of the base material. Those layers could 
exist in weld metal, diffusion zone, which is located in 
near proximity of the fusion zone, and in the heat affected 
zone, especially for thermally or thermo-mechanically 
hardened metals. Causes of occurrence of these non-
homogeneous layers are diffusion of alloying elements 
from weld metal into base material, larger amount of 
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hardened material in weld metal, near the fusion line, and 
presence of a thermal gradient. 

Examples of distribution of hardness, measured 
transversely on macro strips of two samples, are presented 
in Fig. 2. When the martensite steel sample, prone to 
softening aging, is concerned, soft layer is located in weld 
metal, Fig.2b. As far as the other sample, taken from 
thermally hardened steel, is concerned, soft layer is located 
in the heat affected zone. As can be seen in Fig. 2b and 2c, 
hardness sharply changes from a minimum value, caused 
by structural and technological properties of a welded 
joint, to a maximum value characteristic for base material. 

a) Positions of soft
and hard layer

b) Hardness values
for soft and hard
layer

c) Hardness distribution
for the welded joint

Figure 2: Examples of distribution of hardness 

Relative thickness of the soft layer κ is being 
obtained through the use of the following equation [1]: 

d
h

=κ                                                                        (1)

where: h – width of the soft layer, mm 
            d – thickness or diameter of the sample, mm. 
Static endurance of welded joints (σ) with variable 
mechanical properties of the soft or hard layer, subjected 
to pure shear or to tension, is being obtained as follows 
[7]: 
– pure shear

κσ kRSSSS ⋅⋅= 2

κσ kRSHSH ⋅⋅= 2    (2)     (2) 

– tension
CTSTS kR ⋅=σ

CTHTH kR ⋅=σ             (3) 
where: RTS - yield stress of the soft layer, RTH - yield stress 
of the hard layer, kC - coefficient of mechanical non-
homogeneity (coefficient of contact strengthening). 

3. EXPERIMENTAL TESTS
Steel C45 is hardly weldable due to a large amount 

of carbon (CE > 0.45). It is necessary to perform 
preheating of sheets before welding in order to create a 
reliable welded joint. Nevertheless, welding was 
performed without preheating, in order to avoid the effect 
of heat treatment on hardness values.   

Analysis of parameters that greatly influence the 
selection of the welding procedure (weldability of the 
material, energetic possibilities of welding procedures, 
geometrical complexity, economic indicators) enabled the 
determination of the most adequate procedure – 111 and 
filler material - E 51 5B 262 (electrode diameter de = 3.25 
mm), with welding parameters I = 130A, U = 25V, direct 
current (=), polarity (+), idle voltage of 70 V in all welding 
positions, except when welding vertically downwards. 

Tensile and hardness testing have been performed 
on 250 x 10 x 5 (20) mm specimens with a butt weld, Fig. 
3, while the hardness testing has been performed on 200 x 
90 x 10 mm specimen with a cruciform welded joint, Fig. 
4. Plate with the butt joint and dimensions of samples
which were used for the fabrication of specimens,
depending on the type of testing, are presented in Fig. 5.
Tensile tests were performed on butt welds in case when d
> B – axisymmetric deformation and when d << B –
plannar deformation, Fig. 3. Plate with the butt weld and
dimensions of samples from which the specimens were
taken, depending on type of testing, are presented in Fig.
5. On specimens taken from samples 1, 2 and 3 grooves
with stress concentration αs ≤ 2 have been machined in
the soft layer, while on specimens taken from samples
1’,2’,3’ grooves were machined in the hard layer (width of
specimens is 5 mm), according to Fig. 2 (details A and C).
Notches have been machined in the soft layer of
specimens taken from samples 4, 5 and 6 (width of
samples is 20 mm). Hardness testing has been performed
on sample no. 7, as presented in Fg. 3 (details A and C).

Figure 3: Specimens for tensile and hardness testing 
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Figure 4: Specimen for hardness testing 

a) Plate with the butt  joint from which the samples were
taken 

b) Sample dimensions

Figure 5: Plate with the butt joint and dimensions of 
samples from which the specimens were taken depending 

on type of testing 

4. RESULTS AND DISCUSSION
Hardness results, according to Vickers HV10, are 

presented in Fig.6 and 7, while comparative tensile 
strength results for specimens 1, 2, 3 and 1', 2', 3' with 
notches in the soft and hard layer are presented in Table 1. 

Hardness results for butt and fillet welds showed 
that highest values of hardness occur in transition zones 
between weld metal and the heat affected zone. 

Analysis of fracture surfaces of specimens on 
which tensile strength tests were performed showed that 
the strength of the soft layer has a greater effect on static 
endurance of welded joints than the strength of the hard 
layer. 

Figure 6: Hardness distribution diagram for the butt weld 

Figure 7:Hardness distribution diagram for the fillet weld 

Table 1: Tensile strength results for specimens with a 
notch in the soft and hard layer 

Specimens 

Groove in 
the soft 
layer 

1 2 3 
Mean 
value Groove in 

the hard 
layer 

1' 2' 3' 

Tensile strength for 
the axisymmetrical 
deformation d>B  

Soft layer, 
UTS [MPa] 550 540 542 544 

Hard layer, 
UTS [MPa] 670 675 680 675 

Tensile strength of the soft layer 
for the plannar deformation d<<B, 
UTS [MPa] 

650 590 620 620 
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5. CONCLUSION
Lower hardness of the soft layer of the welded joint 

has a greater effect on tensile strength of the welded joint 
under conditions of static axisymmetrical loading. Also, 
based on performed tests, it can be concluded that 
deformation and strength of the welded joint under 
conditions of plannar loading increase tensile strength 
under static load. 

It can be generally concluded that the use of welded 
structures made of quenched and tempered steel C45 with 
hardness HV10 > 400 and tensile strength UTS > 600 MPa 
is purposeful only if the stress concentration is low (αs ≤ 
2) and if there are no residual stresses due to welding.
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Overhead bridge cranes are intermittent transport devices that are exposed to dynamic loads during load transport. 
Experiments with cranes and their runways for dynamic phenomena requires great preparation and represents dangerous 
experiments. Therefore, according to the theory of similarity in mechanical engineering, it is possible to perform 
experiments on scaled laboratory models of cranes. The results obtained from such experiments are completely equal to the 
results obtained during the testing of real cranes. The topic of this paper is the project of modernization of the laboratory 
model of a two-girder overhead bridge crane from 1970, which is located in the laboratory of the Department of 
Mechanization and Design Engineering at the Faculty of Technical Sciences in Novi Sad. At the beginning, a brief history 
of the crane model is given and similar models used at other faculties are presented. Then the installed crane drives are 
shown - the drive of the bridge and trolley, as well as the lifting drive. The scheme of crane drive control is given. At the 
end, the design of the runway for the crane model is presented and its construction is shown. 

Keywords: Laboratory crane model, Crane drives, Crane runway
1. INTRODUCTION

Each phenomenon in technics can be viewed as a 
set of influencing factors, each of which participates in the 
course of the phenomenon with certain associations. If a 
construction is presented as a model in a certain scale, 
every phenomenon on that construction can be observed 
on the model, but it will also be in the scale of the model. 
In this way, the behavior of the construction due to the 
action of a phenomenon can be predicted. In other words, 
this is also called model testing. 

Model testing is applied when it is impossible to 
perform the test in time or if there is an economic or 
technical advantage of testing on the model in relation to 
the actual construction. Testing time is much shorter and a 
much deeper understanding of the phenomenon is gained. 
The best examples of this can be found in aeronautics. In 
addition to numerous economic and technical 
requirements, aviation technology is characterized by a 
high risk to human life. Therefore, key tests are performed 
on prototype models of new aircraft. With today's 
advancement of computer technology, modelling 
technique still has its very important place in the 
development process.  

The model technique should not be viewed 
competitively in relation to the computer technique, but 
both techniques should be viewed as mutually 
complementary. Sometimes it is impossible or very 
difficult to analytically describe a phenomenon on a 
computer without prior experimental testing on the model. 

2. THEORY OF SIMILARITY
To study mechanical phenomena, numerous terms 

such as force, stress, deformation, weight, velocity, 
acceleration and frequency were introduced. These terms 
are derived from basic units: length, time and mass. In 
order for model testing to be used in the construction of a 
real machine, there must be some relationship between the 

model and the original, or in other words the model and 
the original must be similar. The conditions of similarity 
are set by the theory of similarity and they are such that 
the differential equations of the problem for the original 
and the model coincide [1]. 

There are several types of similarities: geometric, 
kinematic, dynamic, static, thermodynamic, etc. [2].  

2.1. Geometric Model Similarity 
Two bodies (original and the downsized model) are 

similar if there is a relationship between their lengths 𝐿𝐿 
and 𝐿𝐿′: 

𝐿𝐿
𝐿𝐿′

=  𝜆𝜆 (1) 

where: 
• scale coefficient – λ.

If 𝐴𝐴 is a piece of the original body surface and 𝐴𝐴′ is
the corresponding body surface of the downsized model, 
then between those surfaces a relationship exists: 

𝐴𝐴
𝐴𝐴′

=  𝜆𝜆2 (2) 

This also stands for the relationship between 
corresponding volumes: 

𝑉𝑉
𝑉𝑉′

=  𝜆𝜆3 (3) 

If there is a correlation between the length, surface 
and volume of the original model in the form of: 

𝑓𝑓 = (𝐿𝐿1, 𝐿𝐿2, … ,𝐴𝐴1,𝐴𝐴2, … ,𝑉𝑉1,𝑉𝑉2, … ) = 0 (4) 
there is the same correlation if a λ times smaller unit of 
length is taken into consideration: 
𝑓𝑓 = �𝜆𝜆𝐿𝐿1

′, 𝜆𝜆𝐿𝐿2
′, 𝜆𝜆2𝐴𝐴1

′, 𝜆𝜆2𝐴𝐴2′, 𝜆𝜆3𝑉𝑉1
′, 𝜆𝜆3𝑉𝑉2

′, … � = 0 (5) 
Concerning (4), it implies: 

𝑓𝑓 = (𝐿𝐿1′, 𝐿𝐿2′, … ,𝐴𝐴1′,𝐴𝐴2′, … ,𝑉𝑉1′,𝑉𝑉2′, … ) = 0 (6) 
which means that the same correlation can be applied to 
the downsized model. 
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2.2. Static Model Similarity 
Concerning the Hooke's law, between forces which 

act on two geometrically similar bodies with elastic 
modules 𝐸𝐸, a relationship can be established: 
𝑓𝑓 = �𝜆𝜆𝐿𝐿1

′, 𝜆𝜆𝐿𝐿2
′, 𝜆𝜆2𝐴𝐴1

′, 𝜆𝜆2𝐴𝐴2′, 𝜆𝜆3𝑉𝑉1
′, 𝜆𝜆3𝑉𝑉2

′, … � = 0 (7) 
because the dilatation due to the geometric similarity is 
𝜖𝜖′

𝜖𝜖
= 𝛥𝛥𝛥𝛥′ 𝑙𝑙′⁄

𝛥𝛥𝛥𝛥 𝑙𝑙⁄
= 1.  

2.3. General Remarks 
The absolute similarity of the phenomenon requires 

that at all times in all appropriate points of space, process 
parameters and elements of one system must be 
proportional to the corresponding parameters of another 
system. When applying the theory of similarity in 
technical and physical tasks, they differ in terms of 
complete, incomplete or approximate similarity. In the 
case of complete similarity, there is a dependence of the 
corresponding parameters of the model and the original, 
which is expressed by the ratio coefficient λ and it is 
usually adopted as a constant, but in special cases it can be 
variable depending on mode, time or spatial coordinates. 
In the case of incomplete similarity, the changes in all 
basic parameters that characterize the studied phenomenon 
are partially similar (either only in time or only in space). 
In the case of approximate similarity, some factors that do 
not significantly affect the course of the phenomena are 
modelled approximately or not taken into account at all. 
This introduces an error that can be assessed in some way. 
This means that this similarity is related to some adopted 
or additional simplifications, which were assessed as 
possible on the basis of analytical or experimental tests. 

2.4. Model Testing Methodology 
In static testing of constructions, there are generally 

three concepts with differences in testing methods and 
objectives [3]. 

According to the first conception, the model serves 
as a computer. This means that model testing replaces 
complex static calculations of constructions, which change 
with many simplifications. The model is loaded so that it 
remains in the domain of elastic deformations. Based on 
that, the hypotheses on which the calculation is based can 
be evaluated. According to the second conception, the 
model should show everything that happens in the original 
model or can happen in nature. Therefore, the load can go 
beyond the calculation, i.e., individual parts of the 
downsized model can be loaded beyond the limit of 
proportionality, and even up to the failure of the 
construction. According to the third conception, model 
testing does not serve as a computer, but as a control of 
individual parameters that are obtained or uncertainly 
estimated by analytical method (size or sign of voltage, 
shape of elastic lines, etc.). Which concept will be applied 
depends on the problem being studied. In other words, the 
model testing methodology is adapted to the needs of the 
problem being tested. In any case, the downsized model 
must be made according to certain conditions in relation to 
the original model, and these conditions are dictated by the 
law of similarity - The events and states on the original 
model and the downsized model are physically similar if 
the influences acting on both causes relatively the same 
consequences on them [3].  

2.5. Material for Model Creating and Modelling Scale 
Selection 

Models can be made of materials other than the
material of the actual construction and this depends on the 
phenomenon being studied on the model. Various metal 
materials can be used to make the model, such as steel, 
brass and aluminium.  

When modelling metal constructions, it is most 
favourable to use the same type of metal on the model and 
the original, since they are approximately homogeneous 
and isotropic and behave approximately according to 
Hooke's law. The disadvantage of using metal models is 
the need to apply relatively high loads due to the high 
strength of the material, which can create difficulties in 
laboratory tests. Metal models often have problems related 
to the manufacturing technology, due to small sheets with 
thicknesses that can be below 1 mm. If technological 
similarity is required, welding in this case can be difficult. 
In such situations, the use of aluminium can be considered 
because at relatively lower loads, sufficient deformations 
can be obtained for measurement. The use of brass, which 
has twice the modulus of elasticity of steel, can also be 
considered, so the same deformations can be obtained with 
a lower load, and in addition, brass is easier to process. 

The use of plastic materials for model making can 
be applied when the loads are not examined on the model, 
but the influence of the shape of the model on the 
manifestation of a certain phenomenon is examined. When 
considering any material, however, its specific weight 
should also be taken into account. It is possible to add 
mass in the form of weights in precisely defined places in 
order to simulate a higher specific weight. 

The scale in the case of the application of metal 
models usually ranges from 1:5 to 1:15, while in the case 
of the application of plastic materials it ranges from 1:100 
to 1:25 [4]. 

3. THE ANALYSED MODEL OF TWO-GIRDER
OVERHEAD BRIDGE CRANE

The laboratory model of two-girder overhead
bridge crane was primarily intended for static testing. The 
development of this model and the procedure of its testing 
are discussed in [4]. The model was made in the scale of 
1:10, based on the existing real bridge crane located in the 
Bajina Basta Hydroelectric Power Plant. The original 
version of the model was not equipped with electric motor 
drives, figure 1. 

Figure 1: Authentic photograph of the bridge crane model 
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Based on figure 2, the following elements of the 
laboratory model of a two-girder bridge crane can be seen: 
1 – crane bridge, 2 - trolley, 3 - test weight carrier, 4 - test 
weights and 5 - stand for static tests. On the static test 
stand, there is a rail track segment on which the crane rests 
over four wheels. In its original state, the crane could 
move only a few centimetres along the segment of the rail 
track. The trolley could move freely on the bridge on both 
sides. Test weights could be hung on the trolley via a bar 
carrier as a free-hanging load. By moving the trolley, it 
was possible to examine the load of the supporting 
structure along the entire length of the bridge. 

Figure 2: Basic elements of the laboratory model of a two-
girder bridge crane  

Figure 3 shows the components of the two-girder 
bridge crane model. The crane bridge consists of two main 
girders (2) and two side girders (1) which are 
interconnected by a screw connection, while the elements 
of the supporting construction are obtained by soldering 
steel sheets. The screw connection is made with miniature 
screws M 1.8x0.35 5 mm long. In this way, an exceptional 
similarity with the actual construction was achieved, and 
thanks to that, much greater accuracy of all calculations of 
the supporting structure was obtained. 

Figure 3: Components of the laboratory model of a two-
girder bridge crane 

Two papers have dealt with different topics related 
to this bridge crane model so far. The first paper [4] 
included the following: 

• Analysis of the occurrence of dynamic load in
bridge cranes;

• Review of methods for calculating the dynamic
load of constructions;

• Review of methods for determining the stress
state by model testing;

• Calculation of stress under dynamic load of the
bridge crane;

• Determination of stress using model testing on a
bridge crane model;

• Analysis of the conformity of the results of the
model test with the existing test data of the actual
construction of the bridge crane.

Within the paper [4], the development of drive 
mechanisms for the movement of the crane model is 

proposed, because in that way the kinematic similarity of 
the model with the actual construction could be achieved. 

Figure 4: Authentic photograph of crane model testing 
instruments [4] 

Another paper [5] dealing with this model of a 
bridge crane included the determination of the stress-strain 
state by calculation and experiment. An overview of 
procedures and procedures for the analysis of stress-strain 
state required for the design and dimensioning of a bridge 
crane was given. A comparative analysis of experimental 
and computational results was also given. 

Figure 5: Authentic photograph of determination of stress-
strain state of laboratory model of bridge crane [5] 

4. EXISTING MODELS IN THE WORLD
In the meantime, from the preparation of the paper

[4] to the preparation of this paper, various models of
bridge cranes have appeared in the world literature, some
of which are presented below.

4.1. University of Technology in Tallinn, Estonia 

Figure 6: Model of the bridge crane of the University of 
Technology in Tallinn [6] 
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A paper [6] from the University of Technology in 
Tallinn describes how to operate bridge cranes without the 
use of sensors. For these needs, a laboratory model of a 
bridge crane was made, figure 6. The disadvantage of this 
work is the construction of the bridge crane, which does 
not correspond to actual crane constructions because the 
control of the crane is greatly influenced by the dynamic 
loads from the inertia of the moving parts. 

4.2. Yantai University of China and Chinese Academy of 
Sciences 

The paper [7] describes the mathematical approach 
of bridge crane control where a prototype model of a 
bridge crane for the application of the mentioned control 
was made for that purpose, figure 7. 

Figure 7: Model of a bridge crane of Yantai University of 
China and Chinese Academy of Sciences [7] 

The disadvantage of this bridge crane model is also 
the construction that does not correspond to the actual 
crane constructions. The model is more reminiscent of a 
CNC (Computer Numerically Controlled) machine tool. 

4.3. Busan National University, South Korea 
The paper [8] describes the adaptive control 

scheme of container cranes. A laboratory model was 
developed to test the described control method, figure 8. 
The disadvantage of this model is the same as in the 
previous examples, a construction that does not correspond 
to the actual crane construction. 

Figure 8: Container crane model of Pusan National 
University [8] 

4.4. Kranbau Köthen, Germany 
Kranbau Köthen from Germany is one of the top 

crane manufacturers in the world. They manufacture 
special, process and automated cranes. For marketing 

purposes, they made an identical model of a bridge crane 
for transporting foundry pots. The crane on which the 
model is made has a total weight of 450 t. The model that 
can be seen in figure 9 is made similarly to the smallest 
details. It moves on a segment of the track with its own 
drive and is controlled by wireless commands. 

Figure 9: Model of a foundry bridge crane [9] 
This is one of the best examples in the world when 

it comes to bridge crane models. The exact parameters of 
the crane drive and calculations related to this model or its 
actual construction are not known, so conclusions can be 
made only on the basis of photographs and a short report 
on the manufacturer's website [9]. 

4.5. Cukurova University, Turkey 
Figure 10 shows a laboratory model of the crane 

support structure intended for testing control and safety 
systems to prevent side effects during crane operation in 
order to increase the performance of the crane operator as 
well as greater safety in the crane operating area [10]. 
Also, the flaw of the model is the fact that does not 
correspond to actual crane designs. 

Figure 10: Model of the crane support structure [10] 

4.6. Pavia University, Italy 
Figure 11 shows a model of the supporting 

structure with a crane bridge for testing saturation zones 
and dead zones at the actuator [11]. The flaw is the fact 
that the crane bridge does not have its own drive 
mechanism, it is driven by a belt system. 
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Figure 11: Model of a crane bridge for actuator testing 
5. THE DRIVE MECHANISM OF THE CRANE

MODEL

For practical reasons, a DC electric motor was
chosen. A large number of different DC electric motors 
types are available, and two basic types will be compared. 

5.1. DC electric motors with brushes 
These DC motors are characterized by internal 

commutation via graphite brushes. The disadvantage of 
this type of motor is the need for a reducer on the motor 
output shaft in order to increase the torque and reduce the 
rotational speed. In addition, graphite brushes wear out, 
which shortens the lifespan. 

Electric motors with reducers (with multistage gear 
or planetary gearbox) are extremely expensive, so the 
available electric motors with a built-in worm gearbox are 
chosen, figure 13. The worm gearbox is self-braking, but 
self-braking is an advantage in this case because it is not 
necessary to install a mechanical brake in the drive 
mechanism. 

Figure 13: Cross section of DC motor with graphite 
brushes and worm gear [12] 

5.2. DC electric motors with brushes 
This type of Brushless DC motor is characterized 

by electronic commutation, figure 15, most often 
performed by inverters, in the case of robotics and hobby 
modelling via ESC (Electronic Speed Controller), figure 
14. The advantages of this type of electric motor are
higher power per unit mass, and it is also geometrically
more suitable for the bridge crane model. The
disadvantage of using this type of DC motor is the high
cost of the electric motor itself and its controller. Also, a
disadvantage in the use of ESC is the limited possibility of
adjusting the parameters of the electric motor such as
acceleration and deceleration. The controller itself does
not provide the ability to connect to another
microcontroller. However, ESC as such is quite sufficient
for the needs of hobby modelling.

Figure 14: Example of DC motor with electronic 
commutation and control (black box) for driving the 

movement of a film camera on a rope 

Figure 15: Cross section of DC motor with electronic 
commutation [13] 

5.3. DC electric motors with brushes 
Based on the previously presented examples of DC 

electric motors, a DC motor with a built-in worm gearbox 
was chosen, figure 16. This selection satisfies economic 
conditions, but also technical conditions from the aspect of 
drive control. The chosen electric motor has rated voltage 
of 12 V, rated current 2.5 A and rated power 30 W. This 
electric motor also has 2 speeds, one of 60 min-1 and one 
of 40 min-1. The weight of the electric motor with the 
reducer is 1.3 kg. The gear ratio of the worm gearbox is 
50. As a reminder, a total of two electric motors are used
to drive both sides of the bridge crane.

Figure 16: Selected DC motor with worm gearbox 
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During the work on the drive mechanism of the 
bridge crane, restauration was done by removing corrosion 
and applying new paint layers on the model construction. 
In free wheels of the crane, bearings were placed in order 
to reduce resistance during crane movement.  

The model of the bridge crane with built-in electric 
motor drives and movement mechanisms, after the 
restoration of crane model, is shown in figure 17. The 
electric motor supports are connected to side girders of the 
crane via a screw connection on the upper side of side 
girders. The connection was made with the help of two M6 
screws, 5 mm long, on both sides of the girders. 

Figure 17: Restored model of a bridge crane with a built-
in electric drive 

The speed of rotation of the DC motor depends on 
the interaction of two magnetic fields in the motor, one 
field is inside the stator whose source is permanent 
magnets, and the other field is electromagnetic, inside the 
rotor armature, which is obtained by establishing current 
in the motor, figure 18. If this interaction of magnetic 
fields is controlled, the speed of rotation of the motor can 
also be controlled. Since the stator magnetic field is 
permanent, only the electromagnetic field in the rotor 
armatures can be controlled. If the strength of the 
electromagnetic field is changed by regulating the flow of 
current through the rotor windings, more or less magnetic 
flux will be produced, which results in a stronger or 
weaker interaction between the magnetic and 
electromagnetic fields. This results in a higher or lower 
motor speed. 

Figure 18: Working principle of DC motor with graphite 
brushes [13] 

5.4. The control unit of the DC motor 
A typical way of DC motor control is the 

application of PWM (Pulse Width Modulation) control, 
i.e., pulse-width modulation of the motor power supply.

In other words, the voltage level at the motor input 
is regulated. Therefore, pulse-width modulation switches 
the electric motor on and off in pulses with a constant 
frequency. By changing the time between these pulses, the 
motor speed also changes. In electronics, this is achieved 

by using transistors. A transistor-based driver was selected 
as a mediator between the motor and the microcontroller. 

Figure 19: VNH2SP30 DC Motor Driver [14] 
An electric motor controller with the following 

characteristics is used for the chosen electric motor, figure 
19: 

• Name: VNH2SP30 DC Motor Driver;
• Maximum voltage: 16 V;
• Maximum current: 30 A (at times);
• Continuous current: 14 A (with additional

cooling);
• Continuous current: 6 A (without additional

cooling);
• Maximum PWM frequency: 20 kHz;
• Overheat protection;
• Keeping the voltage within operating limits.

The microcontroller represents the so-called PLC
(Programmable Logic Controller), which means that it can 
be programmed for a large number of different 
applications. It is used in industry wherever it is necessary 
to somehow control machines, production lines or collect 
certain measurement data. The microcontroller used in this 
case is the Arduino ATMega 2560 Rev. 3, figure 20. 

Figure 20: Arduino ATMega 2560 Rev3 microcontroller 
[15] 

The bridge crane model drive control scheme is 
given in Figure 21. 

Figure 21: Block diagram of bridge crane model control 
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5.5. Hanging control box 

Figure 22: Created control box and its 3D model 

The hanging control box of the crane is made with 
8 buttons and 2 signal lights, figure 22. The red light 
indicates whether a button is activated, and the green light 
indicates whether the electrical cabinet is on. Buttons are 
made in pairs to drive the bridge, trolley and the lift. The 
hanging control box was made on a 3D printer with FFF 
technology (Fused Filament Fabrication) using ABS 
plastic. A label with markings for each key is provided on 
the back of the control box. 

6. THE DRIVE MECHANISM OF THE TROLLEY
Electric motors with worm gearboxes, which are

used to drive the bridge, have a nominal voltage of 
12VDC, power of 30W and a speed of rotation at the 
output of the gearbox of 60 min-1. Therefore, the current 
of an individual electric motor is approximately 2.5A. In 
the event of a shaft blockage, the current is approximately 
10A. These electric motors can work in both directions of 
rotation. A total of two electric motors with a gear drive 
are used for the crane model and one electric motor with 
gear drive for the trolley. The difference in the electric 
motor for the trolley drive in relation to those for the crane 
drive is the constructive design of the housing, figure 23. 

Figure 23: Electric motor with worm gearbox for trolley 
drive 

The electric motor of the trolley drive is mounted 
perpendicular to the central shaft, Fig. 24. The worm gear 

is made of plastic and is fixed to the shaft by means of a 
pin. The electric motor of the trolley drive is mounted for 
the construction of the trolley by means of a bearing plate 
1.5 mm thick, on its lower side. The material of the 
supporting plate is steel S235JR, and the plate itself is 
painted. The plate is connected to the trolley construction 
by means of several M3 screws. A lifting drive mechanism 
is also mounted on this plate.  

Figure 24: Assembled trolley drive mechanism 
(appearance of the trolley from the bottom) 

Figure 24. shows the positions of elements of the 
drive mechanisms on the trolley: the supporting 
construction of the trolley (1), the drive wheel (2), the 
bearing housing (3), the bearing (4), the worm gear (5), the 
drive electric motor (6), the central drive shaft (7), bumper 
(8), support plate (9), lifting drive assembly (10), free 
wheel (11) and crane support construction (12). 

7. LIFTING DRIVE MECHANISM

The lifting mechanism on this crane model is 
designed for lifting smaller and lighter, demonstration 
loads, figure 25. Therefore, this mechanism can be fitted 
into a compact form. The provided electric motor is made 
with a combination of worm and gear reducer, as a whole. 
To connect the output shaft of this gearbox to the rope 
pulley, it is necessary to use a gear pair with a gear ratio of 
1: 1 in order to transfer the rotational movement to the 
pulley. The pulley is mounted on the shaft by means of 
two bearings. The pulley itself is designed with a coil at 
the beginning of which the end of the rope is fixed. Under 
the pulley, the installation of sliders for guiding the rope 
along the coil is planned. 

Figure 25: Final concept of the lifting drive mechanism 
Figure 26. shows positions of the elements of the 

lifting drive mechanism: the supporting construction of the 
trolley (1), the driving electric motor of the trolley 
movement (2), the driving electric lifting motor with the 
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reducer (3), the driving gear of the electric motor (4), the 
driven gear pulley (6), self-locking nut (7), rope winding 
pulley (8) and the steel wire rope (9). 

Figure 26: Mounted drive mechanism for lifting on the 
trolley 

The electric motor for the lifting drive, figure 27, is 
made with a worm gearbox and gear ratio i = 588. The 
nominal voltage is 12VDC (6-15V), and the speed of 
rotation on the output shaft of the reducer at a nominal 
torque of 78 Ncm is 10 min-1. The current without load is 
35mA, and with load of 180mA. The torque blocking the 
motor is 314 Ncm and in that case the current is 1A. 

Figure 27: Electric motor with worm gearbox for the 
lifting drive 

8. ELECTRONICS ON THE CRANE MODEL
The layout of the electronics on the crane model is

done according to figure 28. The markings are as 
followed: EO – electric cabinet, KI1-KI4 – bridge end 
switches, KI5-KI8 – trolley end switches, M1 and M2 – 
DC motors of the crane model, M3 – DC motor of the 
trolley, M4 – DC motor of the lifting mechanism, RE1 – 
rotary crane encoder, RE2 – rotary trolley encoder, SV – 
vibration sensor in the middle of the trolley, SU2 – 
acceleration sensor in the middle of the trolley and S - 
siren. 

There are end switches at all four ends of the 
runway. There is a rotary encoder on one drive electric 
motor of the crane. Additionally, there are strain gauges on 
the bridge of the crane model for monitoring the stress in 
the supporting construction of the crane. A vibration and 
acceleration sensor are mounted on the trolley in the 
geometric center of the trolley, and a rotary encoder is 
located on the drive shaft of the trolley. The steel wire 
rope is tightened between the side girders of the bridge and 
allows free sliding of the trolley electric cables during the 
movement of the trolley. There is also a warning siren on 
the bridge. The end switches of the bridge are placed 
separately from the model crane, at the ends of the 
runway. These switches are mounted by means of support 
plates on the runway. 

Figure 28: Positions of electronic components on the 
crane model and on the runway 

9. CRANE MODEL CONTROL SCHEME

Figure 29 shows the crane control scheme with all
important elements. 

Figure 29: Crane model control scheme 
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10. DESIGN AND CONSTRUCTION OF THE
RUNWAY 

In order to complete the model of the two-girder 
bridge crane, the design and construction of the runway 
was done.  

The basic parameters of the runway are: 
• crane load capacity: 320 kg;
• runway span: 1,837 m;
• runway height: 1,4 m;
• runway length: 3,2 m;
• runway profile: IPE 80;
• material of used profiles: Steel S235.
The runway design was performed in Autodesk

Inventor Professional software, the Dynamic Simulation 
module in the same software was used for dynamic 
analysis, while the Autodesk Inventor Nastran software 
was used for FEM analysis. The CAD model of the 
runway and crane is shown in figure 30.  

It is important to note that the complete 
construction of the runway took place at the Faculty of 
Technical Sciences in Novi Sad - preparation of profiles, 
joining profiles with screw connections and MIG / MAG 
welding and final painting. 

Figure 30: CAD model of the runway and crane 
In the pictures that follow, it is possible to see the 

process of manufacturing and assembling of the runway. 

Figure 31: Assembling of IPE 80 profile on vertical 
columns 

Figure 32: Welding of cross stiffeners 

Figure 33: Precise mounting of the square rail 

Figure 34: Welding of the square rail on the IPE 80 
profile 

Figure 35 shows the final appearance of the 
assembled runway and with the crane model on it in the 
Laboratory for Mechanical Structures, Transport and 
Construction Machinery, Chair of Machine Design, 
Transport Systems and Logistics, Department of 
Mechanization and Design Engineering, Faculty of 
Technical Sciences, University in Novi Sad, R. Serbia. 

A.55



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

D. Živanić, N. Ilanković, A. Zelić, R. Đokić

Figure 35: Final appearance of the runway with the crane 
model 

11. CONSLUSION

The process of creating the model of a two-girder 
bridge crane began half a century ago with the idea whose 
main goal was to give future generations of students the 
opportunity to get acquainted with this type of transport 
machine through experiments with it and to acquire 
additional knowledge and skills they will need in the 
future. 

The modernization of the crane model, which was 
realized by introducing electric drives for the crane, the 
trolley and lifting mechanism, led to bringing the 50-year-
old teaching equipment to a modern level through a 
symbiosis of two sciences that were completely separate at 
the time when the model was created - mechanical 
engineering and electrical engineering. An example is 
given through which future generations of students can 
understand that a modern mechanical engineer must know 
the basics of electrical engineering and machine control in 
order to be successful in his career. 

On the other hand, design and construction of the 
runway has shown that a good engineer must also possess 
practical skills in addition to theoretical knowledge. The 
use of design software, dynamic and static analysis 
software demonstrated the importance of the skill of using 
CAD software, while the construction of the runway 
emphasized the need for good practice of students during 
their studies in order to better prepare for the job waiting 
for them after graduation. 

Finally, it is necessary to express the desire for 
further improvement of this teaching equipment so that 
half a century does not pass again until some next 
modernization. 
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Drive-in and drive-through accumulation racking systems are recommended for great amounts of goods with few 
various units. According to the “First In, Last Out” - FILO and “First-In, First-Out” - FIFO principle, the palletized load 
unit are stored into deep tunnels accessible by forklift trucks for handling operations. This allows exploiting as much room 
as possible and eliminating the aisles traditionally required for manipulating purposes. This paper provides basic 
information on the requirements, design and use of drive-in an Improvement of casting technology of continuous tracks 
segment using CAD/CAE/CAM software tools d drive-through racking systems in accordance with current regulations and 
standards. Minimum required clearances and tolerances due to all influencing parameters for manually operated systems 
are discussed. 

Keywords: Pallet racking, Drive-In, Drive-Through, Regulation, Standard 

1. INTRODUCTION

Within the most popular adjustable pallet racking 
configuration each pallet is accessible from an operating 
aisle.  Conventional pallet racking tunnels systems 
connected in the block with loadable aisles are static 
accumulation system recommended for great amounts of 
goods with only few various units [1]. The main principle 
of this racks structure is to store pallets on deep rail beams, 
one after the other. The forklift truck drives into the rack 
aisle to position and reposition the pallet units. According 
to the “First-In, Last-Out” - FILO or “First-In, First-Out” - 
FIFO principle there are two types of the rack 
configuration as shown on the layout in Fig. 1; Drive-In 
Rack (DIR) and Drive-Through Rack (DTR) [2]. DIR 
and/or DTR racks are systems of racking that provide 
blocks of storage where pallets are stored two or more 
deep and where access is gained by driving a forklift truck 
into a lane with pallets supported along their sides on 
beam rails supported from the uprights. In DIR system 
which provides FILO principle of functioning, the forklift 
truck drives into a lane and reverse out, allows loading and 
unloading from the same face of the rack structure. This 
method for storage products does not require monitoring 
of deadlines and therefore not necessarily the first pallet 
stored is the first taken. DTR system is very similar to DIR 
actually identical in the structure, but in functioning the 
forklift truck could drive through the line if there are no 
pallets in the line. DTR configuration which follows FIFO 
method for storage is mainly used in food and 
pharmaceuticals field. This method of storage allows 
loading of pallets from a front storage system and the 
discharge from the opposite side. For both types racking 
configuration can be typically four pallets in height, 
minimum two but usually three or more pallets in depth 
(recommended up to seven due to monitoring) and can be 
numerous bays wide. Drive-in & drive-through racking 
can store up to 75% more pallets in the same space than 
adjustable racking - depending on the application [3]. The 
aim of this paper is to specify the basic on the 
requirements, design and use of drive-in and drive-through 

racking systems in accordance with current FEM 
regulations and EN standards. 

Figure 1: Layout of a Drive-In / Drive-Through Rack [2] 

2. RACK CONFIGURATION
A typical DIR or DTR configuration is shown in 

Fig. 2 and Fig. 3. Both systems can be braced or unbraced. 
The upright frames (1) and/or mono post (2) connected 
with top-tie beams (3) form a basic spatial structure of the 
bloc of tunnels, i.e. group of interconnected lanes. The 
lane shown in Fig. 1 is the space between adjacent rows of 
uprights, perpendicular to the operating aisle shown in Fig. 
1 too, allowing the forklift truck to enter the space and to 
pick and deposit unit loads (4) in depth and height. Spacer 
(5) is structural component joining a mono-post or upright
frames with another upright frame in the down-line
direction. Unit load, i.e. individual loaded pallet lies on the
beam rails (6). Bracket (7) is an element with hooks which
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engage in holes or slots in the upright and supporting the 
beam rail and connecting it to the upright. Sometimes the 
beam rail may be bolted directly to the upright. Vertical 
bracing (8) as bracing structure in the vertical plane 
provides the rack stability in cross-line direction. Plane 
bracing (9) as top horizontal bracing structure provide 
down-line stability. In the down-line direction upright 
frame bracing (10) provides stability too. For an unbraced 
structure the cross-line stability is provided by the 
restraining effect of the top-tie beam to upright connection 
and of the upright to floor connection. Ground rails (11) 
fixed to the ground or directly to the uprights provides 
visual and mechanical guidance to help the operator to 
centre the forklift truck at the lane entry. Pallet entry 
guides (12) are elements positioned in front of each beam 
rail to help the operator to centre the unit load at the lane 
entry. Rear pallet stopper (13) mechanically prevents 
falling of the unit load at the end of line. Upright protector 
(14) is usually integral part of the baseplate on the entry
uprights.

Figure 2: Drive-in rack configuration without bracing 
tunnel 

In some unbraced configuration without vertical 
and plan bracing, especially for the DTR structures, extra 
stability of the system is provided by the “blind line” (15) 
where storage is prevented as shown in Fig. 3. In that case 
system must have at least one bracing tunnel [4]. The 
minimum width of the bracing tower should be: 

/10cI H= (1) 
where is: 
Ic – bracing tunnel width, i.e. uprights distance; 
H – drive-through height. 

The horizontal action T to be considered at the 
top to design the bracing is: 

/hT F N= (2) 
/ 200h p l tF N N N P= ⋅ ⋅ ⋅ (3) 

2 sp cN N N= ⋅ ⋅ (4) 
where is: 

Fh – total horizontal action at the top of the drive in; 
N – total amount of vertical bracing; 
Np – number of levels (brackets) in height; 
Nl – number of pallets in depth; 
Nt – number of tunnels; 
P – maximum pallet weight; 
Nsp – number of frames in depth; 
Nc – number of bracing tunnels. 

Figure 3: Drive-through rack configuration with bracing 
tunnel 

3. PARAMETERS INFLUENCING THE MINIMUM
REQUIRED CLEARANCES 

Clearances are required to ensure safe operation 
condition in placing and picking by operators withing the 
storage system environment concerned and with the 
intended manually operated mechanical equipment [2]. 
Parameters influencing the minimum required clearances 
are as following: 

• Floor flatness;
• Rack production tolerance;
• Rack installation tolerance;
• Rack deformation.
• Pallet tolerance;
• Lift truck properties;

3.1. Floor Flatness 
For the system levels up to 6 m the floor flatness is 

not a critical parameter in the effective use of DIR or DTR 
provided that the floor flatness satisfies at least class FM3 
according to EN 15620 [5] or DIN 182020 group 3 as an 
alternative. For the storage levels over 6 m the floor 
flatness should satisfy at least class FM3 according to EN 
15620 or DIN 182020 group 4.  

3.2. Rack production and installation tolerances 
Rack production and installation tolerances are 

given in Table 1 and shown in Fig. 4 [2].  
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Table 1: Tolerance limit values for the installed rack [2] 
Type of 

tolerance Description Limit 
value 

Horizontal tolerances 
δATOP Maximum variation in width of 

individual lane (at top) (mm) ±1.5 

δABOTTOM Maximum variation in width of 
individual lane (at bottom) (mm) 

±5.0 

δAT (n) Total deviation in rack length 
cumulative at top or bottom (mm).  

n- number of lines

±2.0 n 

δE Frame alignment in the down-line 
direction (measured separately at top 

and bottom) (mm)  

±3.0 

Cz Maximum out-of-plumb upright in the 
cross-line direction 

1/500 

D Rack depth (mm) ±5.0 per 
frame 

Jx, Jz Maximum bow imperfection of upright 1/1000 
Cx Maximum out-of-plumb upright in the 

down-lane direction 
1/500 

Vertical tolerances 
L Maximum deviation of bracket level 

with regard to the top of baseplate level 
(mm) 

±H/250 

M Maximum deviation of pallet support 
level between both sides of the pallet 

(mm) 

6.0 

Figure 4: Relevant rack production and installation 
tolerances [2] 

3.3. Rack deformations 
The deformation limits and clearances are based 

on the operational method for placing pallets in DIR/DTR 
given in FEM 10.2.04 [6] and EN 15635 (2008) [7]. When 
a pallet is being placed into a drive-in rack, the following 
sequential loading activities take place as shown in Fig. 5 
[6]: 

a) The fork lift truck drives with a pallet to the pallet
storage location, Fig. 5 (a).

b) The driver raises and manoeuvres the pallet into the
racking lane, clear of the rack uprights, with the no
forward tilt on the forks, at the required storage level
and with the pallet load positioned centrally between
the uprights, Fig. 5 (b).

c) The truck is then driven forward to the set down
position keeping the pallet and truck mast clear of
contact with the beam rails or other parts of the drive–
in rack structure, Fig. 5 (c).

d) The driver lowers the pallet carefully onto the beam
rails, releasing the load from the forks. Once in contact
with the beam rails the pallet must not be slid or
dragged along or across these supporting members.

e) The driver takes the forks out of the pallet, reverses the
truck carefully back out of the lane and then lowers the
forks.

In DIR or DTR racking the sequence of 
placement of loads shown in Figure 6 (a) and 6 (b) should 
be followed [6-7]. On the input cycle the first pallet is 
placed at position 1 and the rack is loaded from the bottom 
upwards and from the back outwards. On the output cycle 
the procedure is the exact reverse, from the top down 
working in towards the back of the drive-in rack. Beam 
rails of DIR / DTR racking fitted with integral or non-
integral sloping side guards should be loaded as shown in 
the sequence illustrated in Fig. 5. 

Figure 5: Correct sequence of loading for types of drive-in 
systems with guardrails [6-7] 

Figure 6: Loading (a)  - Unloading (b) sequence for drive 
in racking [6-7] 

The pallet shall be centralised between the 
selected lane uprights by first using the fork side shift, if 
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necessary, to centralise the pallet in relation to the truck 
mast and then by steering the truck before the pallet enters 
the lane. The racking structure is not designed to provide 
pallet or truck mast guidance. Therefore minimum safe 
bearing of pallet on rails must be foreseen as show in Fig. 
7 [6]. 

Figure 7: Minimum safe bearing of a pallet on DIR/DTR 
beam rails with the pallet in the extreme left position [6] 

3.4. Pallet specification for DIR/DTR racking 
The specification of pallets used in drive-in 

racking shall include for a quality of pallet that when 
loaded with the specified goods to be stored shall not 
deflect more than the pallet span/100 when supported on 
the beam rails with a minimum bearing on one side of 20 
mm, see Fig. 7. The pallet span is the nominal clear 
dimension between the beam rails. Timber pallet quality is 
extremely important for the safe operation of pallet 
racking and particularly drive-in racks. Weak pallets or 
damaged pallets (e.g., with broken bottom boards) should 
not be used neither should incorrect types of pallets. 
Advice on suitable pallet types can be obtained from 
prospective suppliers. 

3.5. Lift truck properties 
Lift truck shall be equiped with side-shift for 

operation at storage levels above 6 m [2]. This assists to 
correctly deposit the pallet on the pair of beam rails and it 
is recommended for all applications. Mast stifness shall be 
in accordance with EN 15635 clause 8.7 [7]. The 
maximum lifting height shall be sufficient to allow driving 
down lane without touching the pallet rail. The lane width 
and detailing of the baseplate connection shall ensure that 
the lift truck can eneter and drive in a lane adequate 
clearances. Relevant truck dimensions are given in Fig. 8 
as following: 
1 - Between the outer tyre edges; 
2 - Overall width; 
3a - Width of cabin (standard); 
3b - Width of cabin (special for DIR / DTR); 
4 - Width of lower mast (including and attached 

equipment); 
5 - Width of middle mast (if any, and including any 

attached equipment); 
6 - Width of upper mast (including any attached 

equipment); 
7 - Ground clearance; 
8 - Height of overhead guard (cabin); 
9 - Height of lower mast; 
10 - Height of middle mast; 
11 - Lift height. 

The speed at which the lift truck is driven in the 
rack storage lanes is critical to the safe operation of the 

storage system [6]. To prevent the mast from flexing and 
swaying excessively on uneven floors and striking the 
beam-rails, the truck speed must be regulated by the driver 
to suit the floor flatness and the mast flexibility. 

Figure 8: Relevant rtuck dimensions for the cross line 
direction [2] 

4. CLEARANCES
The clearances detailed should be considered in 

relation to the overall measurements of the pallet and load 
(i.e. including any pallet load overhang) and the type of 
beam rail, with or without a pallet guide element [8]. With 
regard to the clearance consideration there are five 
potential critical positions as shown in Fig. 9 [2]: 

• Pallet or truck body with respect to the baseplate,
upright and floor rail (if present) (Item 1;
clearances a7 and a8 in Fig. 10),

• Truck cabin in relation to the beam rail outer side
(Item 2; clearance a9 in Fig. 10),

• Truck mast in relation to the beam rail (Item 3;
clearance a10 in Fig. 10)

• Pallet edge with regards to the pallet beam rail
guard, if any (Item 4; clearance ½ a5 in Fig. 11)

• Pallet load with regard to the upright (Item 5;
clearance a1 in Fig. 11).

Figure 9: Relevant positions for the specification of 
minimum clearances [2] 
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The spacing between the sides of the pallet 
(including the pallet load) and the uprights should at least 
be in accordance with the following (see Fig. 11 (a), 
dimensions a1 and a2) [8]: 
• High drive-in racks (top bracket level higher than

about 5 m) and/or relatively high turnover, 100 mm;
• Other cases 75 mm.

The spacing between a pair of beam rails shown 
in Fig. 10, a11, in a drive-in rack should be so chosen, that 
the bearing width, dimension a6 (see Fig. 11) of the pallet 
bearer on the beam rail is at least 20 mm [8]. 

Account must be taken of the most unfavourable 
placement of the pallet (pallet on one side against an 
upright or side guide rail) and the maximum lateral 
bowing deflection, ∆a11, of the uprights (see Fig. 11 (a) 
and (b) and the width tolerance, Wt , of the bay (see Fig. 
12). 

The spacing between the pallet load and the 
upright during placement of the pallet should be at least 45 
mm (see Fig. 11, dimension a3) when the pallet is 
positioned 25 mm above the horizontal support surface of 
the beam rail. 

The spacing between the side guide rail, when 
present, and the uprights should be at least 45 mm at the 
point of contact of the pallet and beam rail guide element 
when the pallet is positioned 25 mm above the horizontal 
support surface of the beam rail in Fig. 11,  dimension a4. 

The spacing between the wheels of the fork lift 
truck and the side of the base plates should be at least 75 
mm (see Fig. 10, dimensions a7). 

The spacing between the wheels or body of the 
fork lift truck and the side of the uprights should be at least 
75 mm (see Fig. 10, dimension a8) 

The following minimum clearance dimensions 
each side must be taken for the spacing between the fork 
lift truck and the side of the pallet beam rails. 
• At the lowest bracket level, 75mm (see Fig. 10,

dimension a9);
• Other bracket levels, 100 mm (see Fig. 10, dimension

a10).

Figure 10: Truck aisle clearances and pallet rail spacing 
dimensions with respect to fork lift truck [8] 

The spacing, a5, between the pallet and a side 
guide rail should be at least 50 mm when the pallet is 
positioned 25 mm above the horizontal support surface of 
the beam rail and touching one of the guide rail elements, 
see Fig. 11(b). 

The spacing, b1, between the top of the pallet load 
and bottom surface of the rack cantilever bracket or beam 
rail when the pallet is seated on the horizontal support 
surface of the beam rail, should be as for dimension Y3 for 
APR Class 400 [8]. 

The spacing between pallets in determining the 
overall rack bay depth should be at least 25 mm [8]. 

The pallet span a11 is the nominal clear dimension 
between the beam rails, see Fig. 10. 

(a) Placement of pallets

(b) Beam rail guide detailes
Figure 11: Vertical and horizontal clearances for drive in 

racking with regard to the unit load [8] 
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Figure 12: Truck aisle clearances and pallet rail spacing 
dimensions with respect to erection tolerance [8] 

For drive-in racks, the maximum lateral bending 
of the uprights as a consequence of pallets already in place 
should be considered. It is necessary to determine the sum 
of the bending deflections ∆a of adjacent uprights towards 
each other, (dimension ∆a according to the FEM 
recommendations in preparation for drive-in racks). This 
dimension ∆a11 (see Fig. 13) can assume a value of up to 
±30 mm, depending upon the rack upright properties,
overall height, bracket length and pallet load. 

The width tolerance WT between consecutive 
uprights together with ∆a should also be considered in 
assessing the horizontal beam rail pallet support 
dimensions a5 and a6. 

Fig 13: Measurement of upright bending deflection [8] 

The minimum bearing of the pallet on the right 
hand rail with the pallet hard over to the left side is shown 
in Fig. 14 as 20 mm. 

Figure 14: Uprights Lateral bending deflection [8] 

5. CONCLUSIONS

Drive-in and or drive-through racking system is 
strongly represented high density storage solution 
especially in refrigerated chambers, food warehouses, 
water and drink manufacturers and distribution centres. 
The palletized load units usually are stored into deep 
tunnels accessible by forklift trucks for handling 
operations. This allows exploiting as much space as 
possible and eliminating the aisles traditionally required 
for service purposes in adjustable pallet racking 
configurations. The configuration chosen must be right for 
the realistic product movement through the warehouse. 
Firstly, adequate principle of functioning FIFO or FILO 
must be satisfied referring to the stored goods. Then, some 
logistic consideration must be taken into account because 
if the system is much too deep, or much too high, it will 
increase operating costs, because of the time required to 
take load from the storage, or to put load in the storage. 
This is simply because operation of a forklift truck within 
a rack system must be done carefully and relatively slowly 
in comparison to the lift trucks normal operating speed. 
After the proper configuration is selected, unit load 
characteristics determine the required design of the 
components used. Most common materials used in the 
rack structures are light cold-formed profiles or hot-rolled 
steel in standard structural shapes. At the end the 
functionality of DIR and/or DTR systems can be 
additionally improved with automatization of handling 
process where adequate systems can better achieve results 
instead of traditional fork lift truck. Introduction of radio 
shuttle as standard equipment and its improvement with 
shuttle carriage together with vertical reciprocating 
conveyors brings to the fully automatization of the system. 
Beside of faster handling thsi system allow further 
increases in productivity, reduced damages, improved 
safety and ergonomics. 
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The main directions in this research are focused mainly on the peculiarity and nature of the decision-making process. 
The desire is to develop and improve a multi-criteria approach to solve logistics and many real problems. The most common 
issues in the standard multi-criteria decision-making (MCDM) technique are obtaining criteria weights, the possibility to 
work with a large number of criteria and alternatives, and ranking and selecting the most desirable alternative. Generally, 
the produced ranks obtained by different techniques would have different levels of similarities. Kendall's tau-b was selected 
to analyse the similarities of the produced ranks by proposed approach in a case with a flat and hierarchy structure of 
criteria. The study demonstrates the robustness of the proposed approach by changing a criteria number and highlights the 
significance of sensitivity analysis in assessing the reliability of MCDM outcomes. 
Keywords: Decision-making, Logistics, Location, Criteria, Kendall's tau-b, Sensitivity analysis 

1. INTRODUCTION
The location problems have an interdisciplinary 

character and could be solved with the application of 
complex procedures in the selection of solutions [1], [2], 
[3], [4]. MCDM methods are the most common approach 
applied for the evaluation process of location alternatives. 
The ranking, sorting, and selecting the most desirable 
alternative with the obtaining of criteria weight and the 
possibility to work with a large number of criteria [7] and 
alternatives are the most common issues in the standard 
MCDM techniques.  

Generally, solving various tasks [5,6] and multi-criteria 
location problems uses the methodology of comparing 
alternatives pairwise to discover if they are indifferent or 
incomparable [8]. 

Also, not all MCDM problems present evaluation 
criteria simultaneously, so a hierarchical structure of criteria 
can exist. For example, at the first level, they intuitively 
combine them (e.g., economical alternative characteristic 
combines the following features (sub-criteria): costs of 
location activation, the average cost of infrastructure 
(water/sewerage system), investment in the construction of 
access routes, and infrastructure, period of return on funds, 
etc.). The consequences of this approach (flat structure of 
criteria) may be many criteria, the problems of determining 
the relative weight of each criterion, and insufficient 
information provided by the dominance relation, which 
makes many alternatives incomparable. 

This paper used and compared a modified and extended 
outranking method with the flat and hierarchical structure 
of criteria. The modified algorithm with the development of 
an appropriate software tool simplifies the process of 
ranking, provides a more objective comparison of various 
individual criteria to rank the alternatives, and finally 
reduces the influence of experience and subjective 
evaluation of the decision-maker (DM) [9].  

The developed algorithm, through several stages of 
iteration, relatively easy and quick made unique solutions. 
The proposed procedure recommends that the number of 
criteria at the 1-st level of ranking and sub-criteria on the r-
the level does not exceed 12. The level of significance 
criteria or the levels of decomposing should be limited to 3 
[10]. 

The influence of experience and subjective assessment 
of the DM is reduced to a minimum by changing the 
existing generalized criterion and implementing the new 
one, by changing the procedure selecting generalized 
criteria and transforming the mean values of the outranking 
flow in case of hierarchy structure of criteria. 

The statistical significances of the differences between 
the obtained ranks in the case with and without a hierarchy 
structure are calculated using Kendall's tau-b test. The 
robustness of the proposed approach is demonstrated by 
changing a criteria number and sensitivity analysis in 
assessing the reliability of MCDM outcomes. 

This study provides efforts to create an effective 
decision-making process and is organized in the following 
way: Section 2 gives basic concepts of the proposed approach 
with provided a hierarchy structure of criteria; Section 3 is 
provided a numerical example of the selection process with 
or without hierarchy structure of criteria; Section 4 gives a 
statistical comparing of the obtained results and sensitivity 
analysis; Section 5 collects conclusions. 

2. THE PRINCIPLES OF EVALUATING
ALTERNATIVES BY MODIFIED APPROACH 

In operational research, theorists and practitioners 
have developed many methods and approaches to multi-
criteria decision-making. The MCDM method is used for 
ranking a finite number of alternatives by considering 
multiple criteria. By combining methods [11,12] for 
determining the relative importance of criteria and classical 
methods of ranking alternatives, an optimal decision on a 
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specific problem is made, regardless of the nature of the 
parameters that describe it. The proposed selection 
methodology in domain logistics and transport systems 
combines experiences in applying known decision-making 
methods and modifications.  

2.1. The process of evaluating alternatives with flat 
structures of criteria 

The outranking methods [13] construct a binary 
relation which reads: alternative a is at least as good as 
alternative b, which means a outranks b. PROMETHEE 
method [14] is well adapted to the decision problems and is 
based on pairwise comparisons of alternatives for each 
criterion. This study is focused on a modified 
PROMETHEE approach based on improving the family of 
methods for multi-criteria ranking through a change of the 
existing generalized criteria and introducing the new ones 
(for a detailed description in case of the flat structure of 
criteria see [9]). The proposed approach introduces a 
preference function to describe DM preference. The type III 
of preference function (V-shape criterion) and type V (V-
shape with indifference criterion) are replaced with the 
linear criterion whose parameters are calculated through 
linear regression. The type V and VI of preference function 
are calculated by regression analysis [9]. 

Figure 1: The chosen generalized criterion based on the 
method of least squares (type VI) [9] 

The generalized criterion in which the sum of squares 
of deviations of experimental points from the theoretical 
curve is the least is chosen based on the method of least 
squares by the developed appropriate software tool (Fig.1). 

2.2. The process of evaluating alternatives in case of 
hierarchy structure of criteria 

In the multi-criteria hierarchy process, criteria 
decomposition can go to a certain (r-th) level [10]. The 
relative weight of criteria or sub-criteria must be determined 
at each level. A formal record of such problems is given in 
Table 1, where are: 

-  m - number of alternatives;
-  n - number of criteria functions at r-th level;
-  s - number of criteria functions at (r-1)-th level;
-  l - number of criteria functions at 2-nd level;
-  k - number of criteria functions at the 1-st level.

Table 1: A formal record of the problem of multi-criteria 
analysis with hierarchy structure of criteria [10] 

The primary criterion (first level of observation) 
could be expressed with criterion function at 1-st level Kk

1, 
i.e., the sub-criterion function at the 2-nd level could be
expressed with Kl

2, etc. We assume that for each criterion,
DM has determined its importance (weights) ωn

r. The sub-
criteria functions of a certain level don't need to have equal
requirements (type min or max).

The algorithm of the procedure proposed for solving 
multi-criteria optimization with the hierarchy structure of 
criteria is shown in Fig. 2 (for a detailed description of the 
hierarchy structure of criteria, see [9]).  

The following phases can describe the 
implementation procedures: 

Phase 1: Definition of the matrix of criterion values 
for specific alternatives and standard deviation for each 
criterion 

Phase 2: Ranking of alternatives based on sub-
criteria functions at a k-level which is carried out in several 
steps: 
Step 2.1: Selection of the preference function 
Step 2.2: Calculation of the preference index for each pair 
of alternatives (Π) 

For each pair of alternatives (ai, ak), the preference 
index is determined by the expression: 

  ( )
( )1

n
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where: ωj - the assigned relative weight of criterion. 
Step 2.3: Calculation of the values of flows (Φ) 
Following the preference index, the input, output, and 

outranking (pure) flows of action are defined for each 
alternative. The mean values transformation of the net 
outranking flow from a k-th level, which are used to rank 
the alternatives at a (k-1)-th level, is performed by the 
expression: 

( )Φ Φ
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i
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e

R
−
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where is: 
,R max min= Φ − Φ           (3) 

The "range" - R represents the difference between 
maximum and minimum values of the net outranking flow. 

Criterion level Alternatives Relative 
weights 

1 2 … r-1 r A1 A2 … Am r ... 1 

K12 

K12 … 
K1r-1 K1r C11 C21 … Cm1 ω1r ... 

ω11 

K2r C12 C22 … Cm2 ω2r ... 

K2r-1 K3r C13 C23 … Cm3 ω3r ... 
K4r C14 C24 … Cm4 ω4r ... 

K22 … K3r-1 K5r … … … … ω5r ... 

… … … … … … … … … ... 
… … … … … … … ... 

… … … … … … … … … … ... 

Kk1 

… … … … … … … … … ... 

ωk1 
… … … … … … … … … ... 

Kl2 
… … … … … … … … ... 

… Ksr-1 … … … … … … ... 
K12 C1n C2n … Cmn ωnr ... 
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Therefore, in the first iteration, the multi-criteria 
analysis starts from the last r-the level, where the criterion 
functions accurate values are used. In the next iteration with 
criteria functions at an r-1 level, the transformed values of 
the net outranking flow Φ obtained in the previous stage are 
used. Thus, calculated results represent the new matrix of 
alternatives and the criteria by which the criteria are 
decomposed down into r-1 levels. Finally, the procedure is 
repeated until the 1-st (primary) level. 

Phase 3: Generation of the final ranking 
The ranking procedure on the 1-st level is performed 

by forming the table of partial ranking according to the 
PROMETHEE I method, creating the table of complete 
ranking according to the PROMETHEE II method, and 
forming the table of interval ranking according to the 
PROMETHEE III method [11].  

3. AN ILLUSTRATIVE EXAMPLE
In this section, an illustrative example shows 

strategic decision-making by ranking potential alternative 
locations of a new logistics warehouse and implementing 
the proposed approach in case of a hierarchy structure of 
criteria. Let us assume that the DM must analyse potential 
locations (zones) A1 to A5. 

Tables 2 and 3 presents a list of criteria and sub-
criteria for evaluation [10]. Again, the decomposition of 
criteria is performed only up to the second level. 

3.1. Evaluation model with the flat structure of criteria 
At this stage, pre-defined alternatives are evaluated 

based on the adopted criteria and their relative weights.  
After defining the given criteria for each alternative 

and the corresponding transformation of criterion type min 
in the type max (Table 4), the standard deviation values for 
each criterion are given in Table 5. 

The results of the multi-criteria analysis are 
displayed in the form of a report presenting a final order of 
the alternatives PROMETHEE I, PROMETHEE II, and 
PROMETHEE III, and a graph of the interval order of 
alternatives (Fig.3). 

Таble 2: Criteria for evaluating the alternatives 

Criteria 
Label 

of 
criteria 

Relative 
weights 

Label of 
sub-criteria 

Relative 
weights of 
sub-criteria 

Technological KI 20% 
K11 40% 
K12 40% 
K13 20% 

Social/ 
labor KII 20% 

K21 20% 
K22 35% 
K23 45% 

Legal-regulatory 
framework KIII 10% 

K31 35% 
K32 35% 
K33 30% 

Economical KIV 25% 
K41 40% 
K42 40% 
K43 20% 

Technical KV 25% 
K51 20% 
K52 40% 
K53 40% 

Figure 2: The proposed algorithm for solving multi criteria hierarchy process [10] 
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Таble 3: Sub-criteria for evaluating the alternatives 
Label Sub-criteria – 2nd level 
K11 Road transport system-distance from the highway - (km) 
K12 Effective railway transport system - (points) 
K13 Airport  access-min distance - (km) 
K21 Unemployment rate - (points) 
K22 Alleviate unemployment - (%) 
K23 Availability of specialized technicians - (points) 
K31 Availability of land - (points) 

K32 Possibility of regulating ownership over land and facility 
- (points)

K33 Coordination with the spatial and urban plans - (points) 
K41 Costs of location activation - (euro/m2) 

K42 Average cost of infrastructure (water/sewerage system) - 
(euro/m3) 

K43 Period of return on funds - (months) 
K51 Geological characteristics of the location - (points) 

K52 Technical possibilities for connection with the 
infrastructure of railway transportation - (points) 

K53 Technical possibilities for connection with the 
infrastructure of road transportation - (points) 

3.2 Evaluation model with hierarchy structure of criteria 
According to the proposed procedure for pre-defined 

criteria, the multi-criteria analysis should be conducted in 
two phases: 

Phase 1: Multi-criteria analysis of the criteria 
functions at a 2-nd level by the PROMETHEE III method. 
Table 7 shows the input data related to these sub-criteria 
functions.  

After defining a matrix of criteria values for specific 
alternatives and with appropriate transformation so that the 
criteria of minimum type are transformed to type max, the 
values of standard deviation value for each criterion are 
determined. In the next step of this phase, a preference 
function Pj (ai, ak) should be assigned to each criterion to 
compare two alternatives. Based on the preference 
functions, the generalized criterion in which the sum of 
squares of deviations of experimental points from the 
theoretical curve of the generalized criterion is least is 
chosen [10]. 

Table 4: Input data for multi-criteria analysis 

Criteria 
Alternatives 

ωj 

max/ 
min А1 А2 А3 А4 А5 

KI

K11 26 75 164 80 24 0.08 min 
K12 4 5 2 3 3 0.08 max 
K13 60 10 109 35 70 0.04 min 

KII 

K21 23 21.1 39 16.6 21 0.04 min 
K22 0.6 0.65 0.8 0.65 0.6 0.07 max 
K23 4 3 2 3 2 0.09 max 

KIII 

K31 4 3 2 2 2 0.035 max 
K32 3 2 2 3 3 0.035 max 
K33 4 3 2 3 3 0.03 max 

KIV 
K41 54 60 56 55.2 40.8 0.1 min 
K42 0.82 0.93 0.64 0.36 1.3017 0.1 min 
K43 60 84 120 72 72 0.05 min 

KV 

K51 3 3 2 3 3 0.05 max 
K52 4 4 2 4 4 0.1 max 
K53 4 3 2 4 3 0.1 max 

Table 8 shows the procedure for selecting 
generalized criteria functions for the criteria K11, K12, and 
K13.  

Generating the final ranking of alternatives based on 
the criteria K11, K12 and K13 requires calculating preference 
index values by Eq. (1) (Table 9) and flows for each pair of 
alternatives. It is automated by the developed software tool. 

Table 5:  Standard deviation of criteria 

Table 6:  The values of the index of preference 
The values of the index of preferences P(a,b) 

relative to alternatives 

A1 A2 A3 A4 A5 Output 
flow 

Ex
am

in
ed

 A1 0 0.26800 0.68360 0.17998 0.28394 1.4155 
A2 0.08487 0 0.50329 0.09722 0.21666 0.9021 
A3 0.08504 0.12859 0 0.04813 0.15620 0.4180 
A4 0.11841 0.23604 0.57424 0 0.23973 1.1684 
A5 0.09959 0.18244 0.51090 0.11864 0 0.9116 

Input 
flow 

0.38791 0.81507 2.27205 0.44397 0.89654 

Figure 3: The final order of alternatives for flat structure 
of criteria 

Criteria σ 

S-the sum of squares of the generalized criterion
function 

Type I Type II Type 
III 

Type 
IV Type V Type 

VI 
Type 
VII 

K1 50.8739 2.8500 2.0500 0.06302 0.2500 0.0568 0.0426 0.0873 
K2 1.01980 2.5185 0.8518 0.1599 0.5185 0.1482 2.5185 0.1774 
K3 33.39101 2.8500 2.0500 0.0405 0.3000 0.0221 0.01237 0.0133 
K4 7.72103 2.8500 1.0500 0.0738 1.0500 0.05561 0.0237 0.4389 
K5 0.07348 2.8500 1.0500 0.0738 1.0500 0.0556 0.0237 0.4389 
K6 0.74833 2.1875 1.4375 0.28125 0.3125 2.1875 2.1875 0.4241 
K7 0.8 1.8571 0.7142 0.1428 0.2857 2.8571 4.0000 0.3091 
K8 0.48989 1.5277 1.5277 2.5277 1.5277 2.5277 2.5277 0.9982 
K9 0.63245 1.8571 1.8571 0.3571 0.3571 1.8571 1.6442 0.6306 
K10 6.518895 2.8500 1.0500 0.0573 1.0500 0.0398 0.0164 0.3360 
K11 0.312303 2.8500 2.0500 0.0364 0.4500 0.0127 0.0059 0.0114 
K12 20.64558 2.5185 1.1851 0.0755 0.4629 0.0724 0.0691 0.1651 
K13 0.4 0.87500 0.8750 1.8750 0.8750 1.8750 1.8750 0.7509 
K14 0.8 0.87500 0.8750 1.8750 0.8750 1.8750 1.8750 0.7509 
K15 0.748331 2.1875 1.4375 0.2812 0.3125 2.1875 2.1875 0.4240 
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Table 7: Input data for ranking the alternatives based on 
sub-criteria functions K11, K12, and K13 

Criteria Alternatives 
ωj 

max/min 
А1 А2 А3 А4 А5 

KI 
K11 26 75 164 80 24 0.4 min 
K12 4 5 2 3 3 0.4 max 
K13 60 10 109 35 70 0.2 min 

Table 8: Standard deviation and the chosen generalized 
criterion for criteria K11, K12 and K13 

Sub –
criteria  σ 

S - the sum of squared deviations for generalized 
criterion 

Chosen 
gen. 

criterion Type I Type 
II 

Type 
III 

Type 
IV 

Type 
V 

Type 
VI 

Type 
VII 

K11 50.874 2.850 2.050 0.06302 0.250 0.0568 0.0426 0.0874 Type VI 
K12 1.0198 2.5185 0.8519 0.1599 0.5185 0.1482 2.5185 0.1774 Type V 
K13 33.391 2.850 2.050 0.0405 0.300 0.0220 0.0123 0.0133 Type VI 

Table 9: Preference index values with input and output 
flows 

Preference index values P(a,b) 
Compared to alternative 

A1 A2 A3 A4 A5 Output 
flow 

A
lte

rn
at

iv
es

 A1 0 0.16656 0.81871 0.31803 0.15015 1.45345 
A2 0.26212 0 0.90982 0.42359 0.46777 2.06329 
A3 0 0 0 0 0 0.00000 
A4 0.05377 0 0.61532 0 0.08323 0.75232 
A5 0.05686 0.17375 0.60825 0.19208 0 1.03094 

Input 
flow 0.37275 0.34030 2.95210 0.93370 0.70114 

The order of alternatives is obtained based on 
interval order using the PROMETHEE III method. The 
transformed values of net outranking flow for the KI 
criterion are obtained using Eq. (2) and (3) and given in 
Table 10. In the same way, the values of net outranking flow 
are obtained for the remaining criteria functions at the 1-st 
level of KII, KIII, KIV, and KV. The values are shown in 
Tables 11, 12, and 13. 
Table 10: Transformed values of the net outranking flows 

of criteria KI obtained in Phase 1  

Ai Cij 
A1 0.86262 
A2 1.00000 
A3 0.00000 
A4 0.59266 
A5 0.70200 

Phase 2: Multi-criteria analysis of the criteria 
functions at the 1-th level, where the input data are 
transformed values of the net outranking flows obtained in 
the previous stage (Table 14). 

The determined values of standard deviation value 
for each criterion (KI, KII, KIII, KIV, and KV) and chosen 
generalized criterion functions are shown in Table 15. 
Generating the final ranking of alternatives based on the 
criteria KI, KII, KIII, KIV, and KV is done with the family of 
methods PROMETHEE I, II, and III (A1> A4> A2> A5> A3). 

Based on the comparative analysis of the ranking of 
a potential location of the logistics warehouse, by the 
proposed procedures, the DM makes the final decision - a 
conceptual solution (alternative 1-A1) exceeds all present 
constraints and represents the best solution.  

Table 11: Input data and transformed values of the net 
outranking flows of criteria KII, KIII, KIV and KV obtained in 

Phase 1  

Criteria Alternatives 
ωj 

max/min 
А1 А2 А3 А4 А5 

KII 
K21 23 21.1 39 16.6 21 0.20 min 
K22 0.6 0.65 0.8 0.65 0.6 0.35 max 
K23 4 3 2 3 2 0.45 max 

Criteria Alternatives 
ωj max/min 

А1 А2 А3 А4 А5 

KIII 
K31 4 3 2 2 2 0.35 max 
K32 3 2 2 3 3 0.35 max 
K33 4 3 2 3 3 0.30 max 

Criteria Alternatives 
ωj max/min 

А1 А2 А3 А4 А5 

KIV 
K41 54 60 56 55.2 40.8 0.4 min 
K42 0.82 0.93 0.64 0.36 1.3017 0.4 min 
K43 60 84 120 72 72 0.2 min 

Criteria Alternatives 
ωj max/min 

А1 А2 А3 А4 А5 

KV 
K51 3 3 2 3 3 0.2 max 
K52 4 4 2 4 4 0.4 max 
K53 4 3 2 4 3    0.4 max 

Table 12: Preference index values with input and output 
flows  

Preference index values P(a,b) 
Compared to alternative 

A1 A2 A3 A4 A5 Output 
flow 

A
lte

rn
at

iv
es

 A1 0 0.19688 0.57613 0.19687 0.42187 1.39176 
A2 0.16224 0 0.35988 0 0.3062 0.82837 
A3 0.32813 0.24063 0 0.24062 0.32812 1.13750 
A4 0.22085 0.09193 0.39687 0 0.39696 1.10662 
A5 0.05467 0.01553 0.163560 0 0 0.23377 

Input 
flow 0.76589 0.54497 1.496450 0.4375 1.45321 

Table 13: Input data for multi-criteria optimization in 
Phase 2 

Criteria 
Alternatives 

ωj max/ 
min А1 А2 А3 А4 А5 

KI 0.86262 1 0 0.59266 0.702 0.20 max 
KII 0.9771 0.79576 0.45563 1 0 0.20 max 
KIII 1 0.31793 0 0.50916 0.50916 0.10 max 
KIV 0.74526 0 0.33817 1 0.66863 0.25 max 
KV 1 0.80823 0 1 0.80823 0.25 max 

Table 14: Transformed values of the net outranking flows 
obtained in the previous stage – Phase 1 

Transformed values of the net outranking flows 

A1 A2 A3 A4 A5 
KI 0.862615 1.000000 0.000000 0.592656 0.701998 
KII 0.928637 0.853619 0.000000 1.000000 0.430345 
KIII 1.000000 0.450924 0.000000 0.613741 0.613741 
KIV 1.000000 0.000000 0.047434 0.933870 0.958466 
KV 0.870650 0.960054 0.000000 1.000000 0.845921 
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Table 15: Standard deviation and chosen generalized 
criterion for KI, KII, KIII, KIV, and KV. 

Sub -
Criteria σ 

S - the sum of squared deviations for generalized 
criterion 

Chosen 
gen. 

criterion Type I Type 
II 

Type 
III 

Type 
IV 

Type 
V 

Type 
VI 

Type 
VII 

KI 0.3448 2.8500 1.4500 0.0405 0.6500 0.0176 0.0072 0.1343 Type VI 
KII 0.3771 2.8500 1.4500 0.0242 0.2500 0.0170 0.0161 0.6593 Type VI 
KIII 0.3249 2.5185 1.7407 0.0865 0.2963 0.0651 0.0553 0.0865 Type VI 
KIV 0.3470 2.8500 1.4500 0.0582 0.4000 0.0516 0.0485 0.0589 Type VI 
KV 0.3717 2.188 0.6875 0.1066 0.6875 0.0938 2.1875 0.3329 Type V 

Figure 4: The final order of alternatives with hierarchy 
structure of criteria 

3.3 Comparative results 
By ranking the alternatives with different criteria 

numbers (Tables 16 - 20), it is possible to notice a 
significant correlation and the stability of the final rank of 
five alternatives by proposed procedure with hierarchy 
structure of criteria for 10, 12, and 15 criteria (5A-10C, 5A-
12C and 5A-15C). 

Table 17: Input data for multi-criteria optimization in 
Phase 2 – decision matrix 5A-10C 

Criteria 
Alternatives 

ωj 
max/ 
min А1 А2 А3 А4 А5 

KI 0.981681 1 0 0.536289 0.803354 0.20 max 

KII 0 0.583250 0.605392 1 0.2245253 0.20 max 

KIII 1 0.226350 0 0.513765 0.5137654 0.10 max 

KIV 0.606200 0 0.632908 1 0.632960 0.25 max 

KV 1 1 0 1 1 0.25 max 

Table 19: Input data for multi-criteria optimization in 
Phase 2 – decision matrix 5A-12C 

Criteria 
Alternatives 

ωj max/ 
min А1 А2 А3 А4 А5 

KI 0.862615 1 0 0.592656 0.701997 0.20 max 
KII 0.977096 0.795760 0.455633 1 0 0.20 max 
KIII 1 0.226350 0 0.513765 0.513765 0.10 max 
KIV 0.606200 0 0.632908 1 0.63296 0.25 max 
KV 1 1 0 1 1 0.25 max 

Figure 5: The final order of alternatives – decision matrix 
5A-10C 

PROMETHEE I PROMETHEE II PROMETHEE III 

Rang Rang Rang 

3 A1 4 A4 3 A1 

3 A4 3 A1 3 A4 

1 A2 2 A2 1 A2 

1 A5 1 A5 1 A5 

0 A3 0 A3 0 A3 

Figure 6: The final order of alternatives – decision matrix 
5A-12C 

4. STATISTICAL COMPARISON OF RESULTS
Kendall's tau-b test was selected to analyse the

produced ranks by the proposed approach through different 
criteria numbers in terms of their pairwise correlations. 
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These non-parametric tests are used to test for associations 
in hypothesis testing.  The null hypothesis (H0) is that there 
is no association between the variables under study or no 
correlation.  

4.1. Kendall's tau-b test 

The main advantages of using Kendall's tau-b test 
are as follows: the better statistical properties and the 
interpretation of Kendall's tau-b in terms of the probabilities 
of observing the agreeable (concordant) and non-agreeable 
(discordant) pairs is straightforward. 

Kendall's tau-b coefficient is calculated using Eq. (4) 
as follows [16]: 

0 1 0 2( )( )
C D

B
n n

n n n n
τ

−
=

− −
      (4) 

where are:  
n0=n(n-1)/2, 1 2( 1) / 2, ( 1) / 2,i ji i j jn t t  n u u  = − = −∑ ∑
and nC is the number of concordant pairs; nD is the number 
of discordant pairs; ti is the number of tied values in the i-th 
group of ties for the first quantity, and uj is the number of 
tied values in the j-th group of relations for the second 
quantity. This formulation yields τB between −1 and + 1. 
The value of −1 stands for 100% negative association, and 
the value of + 1 stands for 100% positive associations. The 
value of zero stands for the absence of any association.  

4.2. Statistical comparison of results 

The final, sorted ranks obtained by modified 
approach with hierarchy structure of criteria were 
statistically analysed by Kendall's tau-b test using a specific 
macro written in Excel. Table 20 gives a statistical result of 
Kendall's tau-b test for decision matrix with five 
alternatives and 10, 12, 15, and 20 criteria [analysed in 10]. 
The results obtained for α-level = 0.05 shows the similarity 
of performances between two statistical tests for criteria 
number larger than ten. Cases B, C, and D provide the exact 
ranking. The rank difference increased when the criteria 
number is decreased (case A).  

The problem is also analysed using standard 
methods for multi-criteria analysis. The obtained results are 
the same: A1> A4> A2> A5> A3. In all cases, the most 
optimal variant remains unchanged, which indicates the 
robustness of the proposed approach in resolving these 
types of multi-criteria tasks. The detailed comparison of the 
proposed method using the third level of criteria 
decomposition on a better way should be giving information 
about applicability and robustness. 

4.3 Sensitivity analysis 

It is often difficult to get a robust result due to the 
relative importance of a given criterion [17]. Therefore, an 
interactive tool called walking weights is used to check the 
sensitivity of the results. In our case, the four criteria, k10, 
k11, k14, and k15, have the most impact on the alternatives 
(Fig. 7).  

Table 20: Analysis of differences using rank correlation 
test

Alternatives 
Set of ranks obtained with specific criteria 

number 
A (C10) B (C12) C (C15) D(C20) 

A1 4 1 1 1 

A2 1 4 4 4 

A3 5 2 2 2 

A4 2 5 5 5 

A5 3 3 3 3 
Compared 
groups of 

ranks 
A-D B-D C-D 

P-value 0.058592 0.004511 0.004511 
Statistical 

significance 
value Z-score 

-1.566698 2.611164 2.611164 

Kendall's tau-
b test -0.6 1 1 

The criteria weights were changed in increments: -
50%, -25%, -10%, +10%, +25%, +50%, while the values of 
other criteria are customized so that the total of their 
weights is always 1 (Fig.7). Thus, it can be seen that the 
weight changes of observed criteria for the different values 
do not lead to changes in the final rank of alternatives.  

In all cases, the most optimal variant remains 
unchanged, which indicates the robustness of the proposed 
approach in resolving these types of multi-criteria tasks. 

Figure 7: Sensitivity analysis 
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5. CONCLUSION
An MCDM problem with a hierarchy structure of 

criteria could be solved by conventional multi-criteria 
optimization methods by the developed algorithm. Through 
several stages of iteration, it is relatively easy and quick to 
make unique solutions. The proposed procedure is based on 
the transformation of mean values of the pure flow sub-
criteria functions obtained by PROMETHEE III by 
introducing new types of generalized criteria for expressing 
decision-makers criteria selection. The power of the 
algorithm lies in the simplification of ranking while 
respecting all the characteristics and parameters of an 
alternative, more objective comparison of the impact of 
various individual criteria for ranking alternatives, and 
reducing them to a common goal function.  

The study demonstrates the robustness of the 
proposed approach by changing criteria numbers and 
highlights the significance of sensitivity analysis in 
assessing the reliability of MCDM outcomes. The MCDM 
outcomes depend on the distribution of the weighting 
amongst criteria. The detailed comparison of the proposed 
approach with more decomposition level or with the Robust 
Ordinal Regression approach [8] and detailed sensitive 
analysis (e.g., identifying tolerable change) are directions 
for future research. The desire is to develop and improve a 
multi-criteria approach to solve logistics and many real 
problems and allow the DM to obtain comprehensive 
preference relation concerning all criteria and sub-criteria at 
different times levels of hierarchy. 
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The most important element of belt conveyors is the belt, both in terms of construction and economic reasons, 
because it has the largest share in the investment cost. As it is both a load-bearing and a pulling element, it is very 
important to choose and maintain the belt correctly in order to maximize its service life. Belt manufacturers specify in the 
specification the tensile strength of the belt, which is the basic size used when calculating the belt conveyor and selecting 
the belt. However, there is not much research regarding the behaviour of the belt during exploitation, i.e., whether and to 
what extent it loses tensile strength over time. In this paper, the design of a device for testing conveyor belts is presented. 
At the beginning, an overview of existing research in the area is given and the types of axial belt tests performed according 
to the standards are listed. Then, the construction of the device for testing conveyor belts is shown, an overview of the 
measuring equipment that will be used is given, and their connection scheme is shown. Finally, the need for a detailed 
study of the fatigue of the carcass of the belt was emphasized in order to obtain a clearer picture of the behaviour of the 
belt during operation. 

Keywords: Belt conveyors, Belt carcass, Axial test device
1. INTRODUCTION

Material handling plays a major role in the 
industry. Mass production mainly depends on transport 
systems and it can be said that conveyors are a component 
without which modern products could not be found in 
stores in appropriate quantities. The most important 
conveyor is the belt conveyor, which consists of a large 
number of elements. However, no element is economically 
more important than a conveyor belt. The belt has a large 
share in the initial investment and therefore its 
construction must be chosen with great care. It consists of 
three basic parts - the upper and lower protective rubber 
layer and the middle load bearing layer. Protective layers 
have the role of protecting the load bearing layer from the 
material being transported. The role of the load bearing 
layer is to accept the tensile force required to move the 
belt with the material and to absorb the impact energy that 
is released as the material is loaded on the belt. It consists 
of one or more layers of fabric that can be made of natural 
or artificial materials. The strength of the belt depends on 
the type of material and the number of load bearing layers 
of the belt, i.e., depends on the tensile strength of the belt 
[N/mm]. According to [1], manufacturers are obliged to 
clearly mark on each belt information about who the 
manufacturer is, what material the bearing layers are made 
of and how many there are, the tensile strength of bearing 
layers, whether the belt has special properties and to 
indicate on each belt the serial number. In order for 
manufacturers to be able to guarantee the characteristics of 
the belt, it is necessary to test the belt samples through 
several experiments, the largest and most significant of 
which are performed by axial testing of the samples.  

2. OVERVIEW OF STANDARDS APPLICABLE IN
THE FIELD OF TESTING OF CONVEYOR BELTS

As stated in the introduction, conveyor belts are the 
most important component of belt conveyors and therefore 
there are a number of standards governing this area. 

2.1. Belt sampling and required environmental conditions 
Sampling is performed on the basis of a precisely 

determined sampling technique defined in [1]. The 
sampling scheme is shown in figure 1. 

Figure 1: Sampling scheme on the conveyor belt 

The number of samples to be taken depends on the 
length of the belt and is determined in [2]. Table 1 shows 
the required number of samples in relation to the total 
length of the belt. 

Table 1. Number of samples depending on the total length 
of the belt 

Total length of the 
conveyor belt [m] 

Number of 
samples 

L ≤ 500 1 
500 < L ≤ 1000 2 

1000 < L ≤ 2000 3 
2000 < L ≤ 3500 4 
3500 < L ≤ 5000 5 
5000 < L ≤ 7000 6 

7000 < L ≤ 10 000 7 
Note: It is necessary to take one 
additional sample for each 5000 m if 
the length of the belt is over 10 000 m. 
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In order for the testing of belt samples to be 
adequate, it is necessary to comply with the defined 
weather conditions in [3], as well as a certain time interval 
that should pass between sampling and the testing itself. 
There are 5 combinations of weather conditions during 
which testing is possible and they are shown in table 2. 

Table 2. Required atmospheric conditions 

Temperature 
[°C] 

Relative 
humidity 

[%] 

1 Atmospheric 
conditions A 20 ± 2 65 ± 5 

2 Atmospheric 
conditions B 23 ± 2 50 ± 5 

3 
Atmospheric 
conditions C 

(tropical) 
27 ± 2 65 ± 5 

4 

Atmospheric 
conditions D 
(only temp. 

control) 

23 ± 2 or 20 
± 2 / 

5 

Atmospheric 
conditions E 
(only temp. 

control, 
tropical) 

27 ± 2 / 

2.2. The testing device 
The device for axial testing of samples of conveyor 

belts should work on the principle of CRE - constant speed 
of elongation of the sample, or on the principle of CRT - 
constant speed of movement of the jaws. The device must 
be capable of stretching the belt sample at a speed of 100 ± 
10 mm / min. It needs to be designed according to [4]. 

Jaws of the device should be designed to prevent 
movement of the belt sample during the test and therefore 
it is necessary to use jaws with a serrated surface shown in 
figure 2. 

Figure 2: Recommended design of serrated jaws 

Before using the device, it is necessary to calibrate 
the force and displacement measuring system for each 
force and displacement range which will be used. The 
calibration of the force and displacement measuring 
system is performed using instruments to confirm the 
specified values. Calibration of the displacement 
measuring system is performed using the etalon, while 
calibration of the force measuring system is performed 
according to [5]. It is possible to use weights of known 
masses or instruments to exercise known forces. The class 
of the instrument for realizing the known force must be of 
a better accuracy class than the device being calibrated. 

An example of a device for testing samples of 
conveyor belts is given in figure 3, where 1 indicates the 
measuring force transmitter, 2 is the upper jaw, while 3 
indicates the belt sample. 

Figure 3: INSTRON 5960 series device 

2.3. Types of axial tests of conveyor belt samples 
There are 4 types of axial tests of conveyor belts 

samples: 
• determination of tensile strength and elongation

of the belt sample;
• determination of elastic and permanent

deformation of the belt sample and modulus
of elasticity;

• determining the resistance to separation of
the belt sample layers;

• determining the maximum force that can be
withstood by the connection of the ends of
the belt sample.

The tensile strength and elongation of the belt 
sample are determined according to [6]. This test is used to 
determine the tensile strength of the belt sample in the 
longitudinal and transverse direction of the sample and 
elongation of the sample under the action of the reference 
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force - one tenth of the nominal tensile strength of the belt 
multiplied by the width of the belt sample in the narrowest 
part expressed in millimeters. The tensile strength of the 
belt [N / mm] is a quantity that shows how much force the 
belt can withstand before it breaks. It is calculated by 
dividing the maximum force [N] recorded during the test 
by the width [mm] of the test sample in the narrowest part. 
The test is performed by placing the belt sample in jaws of 
the testing device and stretching it to the desired limits 
depending on the type of test. An example of a belt sample 
elongation test at the breaking point is shown in figure 4. 

Figure 4: Belt sample test procedure 
There are four types of samples that depend on the 

tensile strength of the belt, i.e., of the nominal tensile 
strength of the sample. Samples A, B and C are used 
arbitrarily when the tensile strength of the belt is less than 
2000 N/mm, while sample D is used when the tensile 
strength of the belt is greater than 2000 N/mm.  

Testing of elastic and permanent deformation of the 
belt sample and modulus of elasticity is performed 
according to [7]. As for light conveyor belts, they are 
tested according to [8]. The test is performed by stretching 
the belt sample. The force with which the sample is 
stretched depends on the tensile strength of belt sample 
plies. The elastic deformation test of a belt sample is 
shown in figure 5. 

Figure 5: Elastic deformation test of a belt sample 

Determination of the resistance of the belt sample 
to separation of belt layers is performed according to [9]. 
It is not possible to use this test on light conveyor belts as 
described in [10]. There are two ways in which this test 
can be performed - methods A and B. According to 
method A, it is necessary to separate the upper protective 
rubber layer from the rest of the sample at one end of the 
sample so that the jaw can accept the sample, Figure 10. It 
is necessary for one jaw to grab the rubber layer and the 
other jaw to grab the rest of the sample. The sample is then 
stretched and the force required to separate the layers by 
an additional 100 mm is recorded. It is then necessary to 
repeat the procedure for each subsequent ply until the 
middle of the sample is reached. Next, it is necessary to 
put another sample in the jaw and start from the lower 

protective rubber layer and repeat the procedure until the 
middle of the sample is reached. Separation of the layers 
should occur between them, if it happens that during the 
separation a layer begins to split inwards, such a 
phenomenon should be noted because it is an indicator of 
the inadequate connection between the layers. According 
to method B, the same steps are performed at the 
beginning as with method A. The difference is that the 
individual plies are not separated, but 2 by 2 plies are 
separated. In both methods, it is necessary to find the mean 
value of the force at which layers separate. Also, it is 
necessary to note the minimum value of the force at which 
the separation occurs. Obtained results are evaluated 
according to [11]. The mean adhesion [N/mm] is obtained 
as the quotient of the mean force [N] recorded and the 
sample width [mm]. The minimum adhesion is obtained as 
the quotient of the minimum value of the force [N] that 
was recorded and the width of the sample [mm]. 

According to [1], the value of adhesion (resistance 
to separation) should be close to the values shown in table 
3: 

Table 3. Adhesion values 
Adhesion [N/mm] 

Between 
plies 

Between plies and rubber covers 
Cover thickness [mm] 

0,8 - 1,5 above 1,5 
5 3,5 4,5 

The testing procedure of the belt sample to 
separation of belt layers is shown in figure 6: 

Figure 6: Test of resistance to layer separation of a belt 
sample 

Concerning the determination of the maximum 
force that can be withstood by the connection of ends of 
the belt sample, there are three ways to connect ends of the 
belt: 

• vulcanization (hot joining) - used for belts
with textile or synthetic plies, with one, two
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or more plies, as well as for belts where steel 
ropes are used as plies; 

• adhesive (cold bonding) - used for belts with
textile or synthetic plies, with two or more
plies;

• mechanical – it is considered as a temporary
connection.

First two ways of connecting belt ends are tested 
according to [12], while the third way of connecting belt 
ends is tested according to [13]. When testing connections 
formed by vulcanization and adhesion, the tensile strength 
of the joint, the delamination strength of an adhesive joint 
and the shear strength of an adhesive joint are examined. 
The belt sample is placed in jaws of the test device and the 
sample is stretched until the joint breaks. Then the tensile 
strength of the joint is calculated as the quotient of the 
measured force [N] and the width of the sample [mm]. It is 
not necessary to prepare a sample for this test, i.e., it is 
possible to test rectangular samples with a minimum width 
of 100 mm. According to [1], the percentage of loss of 
tensile strength of joints in relation to the tensile strength 
of the belt is shown in table 4. 

Table 4. Percentage of loss of tensile strength of joints in 
relation to the tensile strength of the belt 

Number of plies 
The loss of tensile 

strength at joints of belt 
ends [%] 

1 0,2 
2 0,21)   0,52) 
3 0,33 
4 0,25 
5 0,2 

1) combination with reinforcement interlayer
and 2-step joint 

2) without reinforcement interlayer
Testing of the vulcanized joint of the belt sample is 

shown in figure 7. 

Figure 7: Vulcanized belt joint test 

3. PREVIOUS RESEARCH IN THE FIELD OF
TESTING OF SAMPLES OF CONVEYOR BELTS 

In [14], a device of small dimensions for axial 
testing of conveyor belt samples is presented. Its structure 
is presented and the construction of a system for 
measuring forces in a belt sample is described - 3 sensors 
consisting of a full bridge of strain gauges. The sensors are 

placed in a plane with an angle between them of 120 °, 
which achieves better linearity and repeatability of 
measurements. The device scheme is shown in figure 8. 

Figure 8: The scheme of the testing device [14] 
Furthermore, [15] shows how the belt sample 

behaves during axial testing. Two tests were performed - 
continuous loading of the belt sample to the breaking point 
and step loading of the belt sample with periods of 
relaxation. During the experiment, a belt sample was 
monitored in metro-tomography to determine the behavior 
of the load bearing layer, which is a novelty in this field. 

Fatigue testing of a polymer composite material 
sample is presented in [16]. The sample was tested with a 
ratio of minimum and maximum voltage, R, defined to be 
0.1. The test frequency was 4 Hz. It has been shown that 
the damage that occurs during the fatigue test manifests 
initially as cracks in the sample which then spread 
transversely and lead to layer delamination. 

In [17], the examination of the connection of two 
ends of the belt is presented. It was determined that there 
is a decrease in the tensile strength of the belt at the joint. 
The belt sample was statically tested, but was also tested 
for fatigue. It is shown that the tensile strength of the 
sample, the modulus of the belt elasticity, the modulus of 
the rubber cover have an influence on the bond strength 
and the correlation between the stated parameters and the 
maximum tensile strength of the joint is given. In fatigue 
testing, a correlation was given between the number of 
fatigue cycles after which the splice was delaminated and 
the tensile belt strength, the elasticity modulus of the belt 
and the adhesive strength of the joint. 

4. DESIGN OF THE DEVICE FOR AXIAL TESTING
OF SAMPLES OF CONVEYOR BELTS 

Input data for device design: 
• maximum tension force: 50.000 N;
• stroke of the jaw: min. 127,5 mm;
• sample tensioning speed: 100 mm/min ± 10

mm/min;

A.76



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

Basic Parameters of a Tensile Testing Device for Conveyor Belts

• constant tensioning speed;
• possibility of achieving a longer sample

loading period.

The scheme of the device is shown in figure 9. It is 
consisted of the worm gear screw jack (1), connecting 
shaft (2), helical geared motor (3), supporting construction 
(4), upper jaw (5), belt sample (6), lower jaw (7), tension 
load cell (8) and potentiometric displacement sensor (9). 

Figure 9: The scheme of the testing device 
The worm gear screw jack, connecting shaft and 

helical geared motor are chosen from the catalogue [18]. 
The worm gear screw jack has an anti-rotation guide, 
figure 10. The thread size of the spindle is 40x7 and the 
material is C45. Stroke pro full rotation of the input shaft 
is 1 mm. 

Figure 10: Worm gear screw jack [18] 

In order to achieve the desired tensile force of 
50.000 N with the screw jack, the required torque is 34 
Nm [18]. Because of that, the chosen helical geared motor 
has the rated torque of 47 Nm, rated power of 0,55 kW and 
rated output rpm of 107 min-1, figure 11. 

Figure 11: Helical geared motor [18] 

The connecting shaft was chosen for drive transfer 
from the motor to the screw jack. It can transfer 78 Nm 
and can compensate large shaft misalignments – axial, 
radial and angular. The shaft is shown in figure 12. 

Figure 12: Connecting shaft [18] 

The tension load cell was chosen from the 
catalogue [19] and it is shown in figure 13. It has the 
capacity of 7.500 kg which is exactly 73.575 N – it 
provides enough reserve for testing. The load cell is 
equipped with ball-and-socket joints that provide only 
force transmission to the load cell. 

Figure 13: Tension load cell [19] 
The potentiometric displacement sensor was chosen 

from the catalogue [20]. The measuring range of the 
sensor is 0 ÷ 500 mm with the measuring resolution of 
0,01 mm. The measuring range overpasses the required 
range for testing of belt samples and the reason for that is 
to provide a possibility for different usage of the sensor in 
the future. It is shown in figure 14. 
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Figure 14: Potentiometric displacement sensor [20] 
In order to automate the device, electrical 

components are needed to control the electric motor. Also, 
in order to get results from the load cell and displacement 
sensor, an acquisition device that reads signals from 
sensors is needed, and a computer is needed to display 
these results. Figure 15 shows control components 
required to operate the testing device and shows their 
connection. 

Figure 15: Device control components and the connection 
diagram 

PLC model FBs - 32MA, figure 16, is selected 
from the catalog [21] with following characteristics: 

• 20 connectors for digital input lines 24 V DC (2
high speed lines 100 kHz, 6 medium speed lines
20 kHz, 8 medium speed lines total 5 kHz);

• 12 lines of relay or transistor output (2 lines of
high speed 100 kHz, 6 lines of medium speed 20
kHz;

• 1 RS232 or USB port.

Figure 16: Programmable logic controller FBs - 32MA 
[21] 

The electric motor is a very complex control object 
and the PLC is not designed to control it directly [22]. 
Therefore, when controlling an electric motor with a PLC, 
a frequency inverter is also required. The three-phase 
model NES1 - 007 HBE, figure 17, from the catalog [23], 
with a nominal power of 0.75 kW, was selected. 

Figure 17: Frequency inverter NES1 - 007 HBE [23] 

The supporting structure of the testing device was 
calculated according to [24]. The chosen profile is U200, 
material Steel S355. 

The final appearance of the testing device is shown 
in figure 18. 

Figure 18: CAD model of the testing device 
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5. SAFETY PRECAUTIONS AT WORK WITH THE
DEVICE FOR TESTING SAMPLES OF CONVEYOR

BELTS 

On both sides of the device, doors are planned for 
protection from parts of the belt sample that can break out 
and injure the operator of the device as well as the 
personnel who are nearby when the sample is torn. When 
working with the device, it is recommended that the device 
be used by one operator who will set up the belt sample 
and manage the test. In the case where the device would be 
used by two operators, it could happen that one operator 
sets the belt sample and the other accidentally starts the 
belt sample test. Although safety doors are planned, the 
operator and staff (students observing the test) who are 
near the device are required to wear goggles and safety 
shoes, figure 19. The device operator is required to wear 
protective gloves while placing the sample in the jaw 
device. 

Figure 19: Device operator with protective equipment 

Before starting the test, the operator needs to 
perform a visual inspection of the device, as well as the 
environment of the device to determine whether the device 
is in good condition and safe to use. In case he notices 
some machine elements in the vicinity of the device, it is 
necessary to determine whether those elements belong to 
the device or not. If the elements belong to the device, the 
test is postponed until the fault of the device is rectified. 

In case the operator notices some dirt such as oil 
around the device or on the device itself, it is necessary to 
determine the cause of the dirt. When the cause of the dirt 
is a malfunction of the device, the test is postponed until 
the fault is rectified. Before starting the test, it is necessary 
to check whether the belt sample is properly clamped 
between the clamping surfaces of the jaws. When the 
sample is properly clamped, it is necessary to close the 
protective door and after that it is possible to start the test 
safely. After the test, the movable jaw must be returned to 
its initial position and then the device must be turned off. 
When the jaw is in the initial position and the power 
supply to the device is stopped, the operator can open the 
protective door and remove the tested belt sample. 

After the test, it is necessary to clean the device for 
testing conveyor belts, and dispose of the tested belt 
sample in a safe place. 

6. CARCASS FATIGUE
Cycling loading and offloading generally leads to 

fatigue failures. However, the cyclic action is not limited 
to tensile or compressive modes where lateral tension or 
compression eventually leads to failure. Repetitive 
bending (flexural) and twisting (torsional) are other means 
by which fatigue failures occur [25]. 

Figure 20. shows the principal differences between 
straight tensile failures and that of a tensile fatigue failure. 

Figure 20: The principal differences between straight 
tensile failures and tensile fatigue failure 

When a single fibre is stressed at a relatively fast 
speed, tensile failure eventually occurs as shown by curve 
a). When stress is aplied at relatively slow speed, the fibre 
undergoes gradual extension or creep and reaches the 
breaking point at lower stress level over a longer period, 
curve b). When cyclic loading in form of reduction and 
increase in the applied load is experienced, as shown by 
the sinusoidal profile, curve c), failure never occurs. 
Fatigue-resistant structures, i.e., suspension bridges 
specialised conveyor belts and so forth, are designed and 
erected based on this principle. However, when cyclic 
loading and off loading is applied, failure occurs rather 
quickly. This is indeed what is commonly referred to as 
fatigue failure.  

Fibre fatigue is relatively new concept compared to 
metal fatigue where unforeseen disastrous accidents in the 
early days of engineering led to serious consideration of 
metal fatigue. Since only small cyclic forces lead to 
fatigue failures, failure always occurs within the elastic or 
fully reversible regions of materials, i.e., along the 
Hookean region not far from the origin of stress-strain 
axis. Fibres differ from metals in one major way and that 
is fibres can not undergo comporession as they tend to 
buckle under comporessive stresses, thus giving the rather 
desirable aesthetic property of flexibility and drape, which 
is absolutely unacceptable in metals. 

Fibres being semi-crystalline materials display 
visco-elastic behaviour, i.e., a bit of viscous liquid and a 
bit of elastic behaviour. This translates into a classical 
stress-strain curve that is common to most fibres. Elastic 
and plastic regions in visco-elastic materials are not clearly 
defined in fibrous materials. 

Fibres are also anisotropic in nature, which means 
that there are directional restrictions for molecular 
alignments and thus crystallinity within a fibre. This 
inherent property directly influences the failure mode of 
the fibre depending on the directional application of the 
cyclic stresses. Hence fibre fatigue failures can be far more 
complex that metal failures. Furthermore, given the 
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inherent flexibility of fibres, under normal practical 
conditions and use, no single failure mode could be held 
responsible as the sole cause of the ultimate failure. Under 
these circumstances the fibrous materials, like conveyor 
carcass, could be undergoing tensile stretch/failure as well 
as tensile/flexural and/or torsional failures whilst also 
experiencing some form of abrasion and this is not even 
taking temperature and humidity variations into account. 
Hence a very confused and complex state of affairs could 
be the outcome of what might otherwise credulously be 
taken as a straightforward failure. 

Where once individual experiences and trial and 
erros methodologies were the dominant approach in design 
and product development, today almost exclusively all 
performance materials are designed and manufactured on 
their functional requirements and their predictive 
behaviour supported by in-depth understanding of their 
failure characteristics. Although mathematical modelling 
and accurate theoretical predictions masterminding 
performance criteria continues to remain an ongoing 
challenge. 

7. CONCLUSION
The design of the device for testing conveyor belts 

is used to make a device that will be used for testing 
various conveyor belts in the laboratory of the Department 
of Mechanization and Design Engineering at the Faculty 
of Technical Sciences, University of Novi Sad, Novi Sad, 
R. Serbia.

Since conveyor belts are among the most 
responsible elements of belt conveyors, their testing before 
use is very important. In order to obtain the value of the 
force that the conveyor belt can withstand before the 
occurrence of its permanent deformation as well as before 
the occurrence of tearing of the belt, it is necessary to test 
the belt by applying tension. 

When calculating belt conveyors for a certain 
material, the force that occurs in the belt is calculated. 
However, in practice, there are materials whose 
parameters are not constant values but change. 

During the transport of gravel, the density of which 
changes due to the content of water and sludge during 
transport and therefore in the conveyor belt may occur 
forces that are greater than the value of the force obtained 
by the calculation. The action of such forces leads to 
improper operation of the conveyor, and in more extreme 
cases it can also lead to the failure of certain elements of 
the belt conveyor. 

Using a belt sample testing device, it is possible to 
simulate the action of a force greater than the force 
obtained by the calculation and thus come to the 
conclusions of what consequences this leaves on the belt. 

To obtain such data, further research is needed, 
which could be the topic of some future work, and in the 
implementation of that research, a designed device for 
testing conveyor belts is necessary. 
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This research presents the problem of optimization of the most critical cross-sectional area of Ramshorn hook, 
where the geometric parameters of the trapezoidal and T cross-sections were taken as optimization variables. The 
minimization of the area of the cross-section of the Ramshorn hook was set as the main goal in this research. The stresses 
at the inner and outer fibers of the hook cross-section were taken according to the DIN standard, and they represented the 
constraint functions for the optimization model. 

As a method of optimization, two nature-inspired metaheuristic algorithms were applied for this optimization 
problem, using MATLAB software: Water Cycle Algorithm (WCA) and its modified version Evaporation Rate based Water 
Cycle Algorithm (ER-WCA). The optimization results for both types of cross-sections were compared to show which one 
achieves the best results. The comparison of the applied optimization algorithms was performed, too. 

Keywords: Ramshorn hook, Optimization, Water cycle algorithm, Evaporation rate based water cycle algorithm
1. INTRODUCTION

Ramshorn hook is a very important component for 
lifting and hanging of heavy load capacities for heavy-duty 
cranes and the marine industry. Ramshorn hook should be 
designed and manufactured in such a way that it delivers 
the best performance under all working conditions without 
function cancellation, failure and accident. The failure 
depends on various factors such as material properties, 
geometry and overload. 

The design of a crane hook involves the 
determination of parameters such as type of material, the 
cross-sectional area, and shape, the radius of curvature, 
etc. For this reason, the problem of analysis and 
optimization design of a crane hook is the subject of 
research in many publications. 

The analysis of these types of equipment is mainly 
done by applying FEM. In the paper [1], an analysis of one 
standard hoist hook with a capacity of 20 tons was carried 
out using Autodesk Simulation software. The paper [2] 
presents the FEM analysis of Ramshorn hook using 
ANSYS software package, where a comparison of circular 
cross-section with T and I cross-sections was performed. 

In the research [3], the design of a hoisting 
mechanism of an EOT crane is presented, with the FEM 
analysis of the crane hook in the ANSYS software 
package. The cross-section of one standard hook was 
modified, and other different cross-sectional shapes were 
also observed, such as circular, square, trapezoidal and 
triangular cross-sections. In the paper [4], the design and 
validation of the hook with T cross-section, used in double 
spring balancers are given. CREO and ANSYS software 
packages were used for the 3D model and FEM analysis. 

Recently, laminated crane hooks have become 
increasingly used. The review paper [5] gives an overview 
of the literature about the design, analysis and 
optimization of this type of equipment. 

The paper [6] presents an analysis of the fracture of 
a hook-shaped steel rod from a lifting beam, resulting from 
the torsional overload of the hook body, where 

microstructural, fractographic, and strength evaluation 
were used as analytical techniques. 

In addition to FEM, analysis can also be done 
analytically. In the paper [7], the stresses at the 
characteristic points of the critical cross-section of one 
standard crane hook were calculated using an approximate 
method and using two exact methods, where these values 
were compared with the critical stresses according to DIN 
standard. The recommendations are given in the case 
where the stresses are calculated by an approximate 
method. 

Numerical optimization methods are of great use 
for engineering problems, especially metaheuristic 
optimization algorithms. In the paper [8], the optimization 
of different cross-sections of a crane hook was performed 
using several metaheuristic algorithms. In the paper [9], 
the optimization and comparison for two cases of T and I 
cross-sections of a crane hook were performed, using two 
physics-inspired optimization algorithms. 

Based on the above publications, it can be seen the 
importance of the analysis and optimization of these types 
of equipment. This research will be carried out the 
optimization of the trapezoidal cross-section of Ramshorn 
hook, as well as T cross-section of one standard hook 
capacity. It also will be carried out and a comparison of 
results for both cross-sections. 

2. OPTIMIZATION PROBLEM

2.1. Optimization model: 
The next figure shows one standard Ramshorn 

hook, according to [11], as well as the static model for 
calculation (Fig. 1). 

Also, Fig. 1 shows the critical place (A–A) where 
the analysis and optimization of the cross-section are 
performed, which is the topic of this research. 

The goal of the research for this optimization 
problem is to minimize the objective function (cross-
sectional area) subjecting the constraint functions, which 
are composed of critical stresses. 
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Figure 1: Ramshorn hook 

The mathematical formulation of the objective 
function is: 

1( ) ( ) ( ... )nf X A X A x x= = , (1) 
where the parameters from x1 to xn present the 
optimization variables. 

The input parameters for this optimization problem 
are: 
F  - the lifting force, according to [10], 

1a  - inner diameter (Fig. 1), according to [11], 

, ,,z g d gσ σ  - critical stresses, according to [10]. 
Below will be present the objective functions for 

both profiles and the constraint functions. 

2.2. Objective function for trapezoidal cross-section: 
The objective function is represented by the area of 

trapezoidal cross-section of Ramshorn hook at the most 
critical location (A – A, Fig. 1). 

The cross-sectional area (Fig. 2), the objective 
function, is: 
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 Figure 2: Trapezoidal cross-section 
The previous figure shows the geometric 

relationships between parameters that are required for the 
calculation, where: 

1e  - the position of the center of the cross-section (Fig. 2), 

1R  - the radius of inner fiber (Fig. 2), 

2R  - the radius of outer fiber (Fig. 2), 

cR  - the radius of the centroidal axis (Fig. 2), 
r  - the radius of the neutral axis (Fig. 2), 

oy  - the distance between the centroidal axis and the 
neutral axis (Fig. 2). 

Other geometrical parameters and variables that are 
the subject of optimization, are shown in Fig. 2. 

The radius of the neutral axis is defined in the 
following way, (3) and (4): 
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2.3. Objective function for T cross-section: 
The objective function is represented by the area of 

T cross-section of Ramshorn hook at the most critical 
location (A – A, Fig. 1). 

The cross-sectional area (Fig. 3), the objective 
function, is: 

TA A b t h s= = ⋅ + ⋅ (5) 
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 Figure 3: T cross-section 

The previous figure shows the geometric 
relationships between parameters that are required for the 
calculation, and their meaning is the same as in the 
previous case. 

The radius of neutral axis is defined in following 
way, (6) and (7): 
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2.4. Constraint functions: 
The optimization process is based on critical 

stresses, according to [10], where crane hook is treated as 
a curved beam. 
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The maximum values for normal stresses in the 
characteristic points (point 1 and point 2, Fig. 2 and Fig. 3) 
are: 

1

12z
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hF M
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σ = + ⋅
⋅

(8) 
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x oS A y= ⋅  (11) 
where: 

M  - the bending moment, 
xS  - the static moment of the area. 

The maximum values for shear stress is: 

2
F

A
τ =

⋅
(12) 

Finally, the mathematical formulation of the 
constrain functions are: 

2 2
1 1 ,3z z gg σ σ τ σ= = + ⋅ ≤  (13) 

and 
2 2

2 2 ,3d d gg σ σ τ σ= = + ⋅ ≤  (14) 
Also, this analysis is adopted that the minimum 

value of the thickness of the profile is 0.5 cm (for T cross-
section). 

3. APPLIED OPTIMIZATION ALGORITHMS
In this paper, the optimization procedure was

performed using two metaheuristic algorithms based on 
nature: Water Cycle Algorithm (WCA) and its modified 
version Evaporation Rate based Water Cycle Algorithm 
(ER-WCA). Both algorithms are simulated in the 
MATLAB software. 

The Water Cycle Algorithm (WCA) as an 
optimization method is introduced in [12]. The 
fundamental concepts and ideas which underlie the WCA 
are inspired by nature and based on the observation of the 
water cycle process and how rivers and streams flow to a 
sea in the real world. Similarly to other metaheuristic 
algorithms, the proposed method begins with an initial 
population, the so-called raindrops. The best individual 
(best raindrop) is chosen as a sea. Then, a number of good 
raindrops are chosen as a river and the rest of raindrops are 
considered as streams which flow to the rivers and the sea. 
The paper [13] provides a detailed open source code for 
the WCA, of which the performance and efficiency has 
been demonstrated for solving engineering constrained 
optimization problems. 

The Evaporation Rate based Water Cycle 
Algorithm (ER-WCA) is a modified version of the WCA, 
[14]. In order to define this concept, in the ER-WCA, the 
evaporation process is modified by adding the concept of 
evaporation rate, which offers improvement in search. 
Furthermore, the evaporation condition is also applied for 
the streams that directly flow to the sea based on the new 
approach. The ER-WCA shows a better balance between 
exploration and exploitation phases compared to the 
standard WCA. The ER-WCA was able to find the global 

minimum in multi-criteria optimization problems with a 
minimum possibility of getting trapped in the local 
minimum. 

The source codes for both algorithms are present on 
the website [15]. 

4. OPTIMIZATION RESULTS
The optimization process was performed using the 

mentioned algorithms WCA and ER-WCA. The source 
codes were taken from the website [15], written for 
MATLAB software. 

The optimization variables are b1, h, and b2 for 
trapezoidal cross-section (Fig. 2) and b, t, h and s, for T 
cross-section (Fig. 3). Input parameters for optimization, 
according to [10] are: F=80 kN (for the hook capacity: 
Q=8 t, drive group: 3m, strength class: S) and a1=6.3 cm. 
The permissible stresses are taken according to [10], and 
their values are: σz,g=15 kN/cm2 – tensile critical stress and 
σd,g=6.3 kN/cm2 – compressive critical stress. 

The cross-sectional area of standard crane hook 
[11], in comparison to which the optimal results are 
compared is: As=24.857 cm2. Some geometrical 
constraints (height and width) were taken, too. 

For both algorithms, population size is: 200, 
number of rivers+sea: 4 and number of iterations: 1000 
(control parameters for optimization). 

The following tables show the results of 
optimization for trapezoidal cross-section (optimal cross-
sectional geometric parameters and areas, convergence 
characteristics and savings in material) for both 
algorithms, (Table 1÷Table 3). 

Table 1: Results of optimization for trapezoidal cross-
section 

Method WCA ER-WCA 
b1 (cm) 2.641352 2.645896 
h (cm) 15.243012 15.216829 
b2 (cm) 0 0 
time (s) 13.848421 16.549830 

Best (cm2) 20.131 20.131 
Mean (cm2) 20.148 20.134 
Worst (cm2) 27.668 21.842 

Std 0.324 0.057 
Saving (%) 19.01 19.01 

Table 2: Results of optimization for trapezoidal cross-
section with constraint (Hmax=6.7 cm) 

Method WCA ER-WCA 
b1 (cm) 4.616152 4.616152 
h (cm) 6.7 6.699999 
b2 (cm) 2.678085 2.678086 
time (s) 14.078390 14.361893 

Best (cm2) 24.436 24.436 
Mean (cm2) 24.445 24.458 
Worst (cm2) 27.290 32.798 

Std 0.141 0.318 
Saving (%) 1.69 1.69 
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Table 3: Results of optimization for trapezoidal cross-
section with constraint (Hmax=10 cm) 

Method WCA ER-WCA 
b1 (cm) 3.454282 3.454283 
h (cm) 10 10 
b2 (cm) 0.776428 0.776428 
time (s) 16.587225 16.122742 

Best (cm2) 21.154 21.154 
Mean (cm2) 21.167 21.157 
Worst (cm2) 25.513 23.850 

Std 0.233 0.086 
Saving (%) 14.90 14.90 

The following tables show the results of 
optimization for T cross-section (optimal cross-sectional 
geometric parameters and areas, convergence 
characteristics and savings in material) for both 
algorithms, (Table 4÷Table 7). 

Table 4: Results of optimization for T cross-section 
Method WCA ER-WCA 
b (cm) 6.070106 6.070106 
t (cm) 0.5 0.5 
h (cm) 18.978059 18.978059 
s (cm) 0.5 0.5 

time (s) 17.216509 15.875222 
Best (cm2) 12.524 12.524 

Mean (cm2) 12.558 12.543 
Worst (cm2) 30.619 26.777 

Std 0.685 0.458 
Saving (%) 49.62 49.62 

Table 5: Results of optimization for T cross-section with 
constraint (Hmax=6.7 cm) 

Method WCA ER-WCA 
b (cm) 11.340956 11.339729 
t (cm) 0.5 0.5 
h (cm) 6.2 6.2 
s (cm) 2.405889 2.405988 

time (s) 18.525694 16.721073 
Best (cm2) 20.587 20.587 

Mean (cm2) 20.967 20.648 
Worst (cm2) 32.519 44.314 

Std 1.562 1.025 
Saving (%) 17.18 17.18 

Table 6: Results of optimization T cross-section with 
constraints (bmax, Hmax=6.7 cm) 

Method WCA ER-WCA 
b (cm) 6.7 6.7 
t (cm) 0.607912 0.588040 
h (cm) 6.092088 6.111960 
s (cm) 2.821345 2.834086 

time (s) 15.932656 16.322639 
Best (cm2) 21.261 21.262 

Mean (cm2) 21.562 21.568 
Worst (cm2) 33.245 29.585 

Std 1.256 1.236 
Saving (%) 14.47 14.46 

Table 7: Results of optimization for T cross-section with 
constraint (Hmax=10 cm) 

Method WCA ER-WCA 
b (cm) 9.276761 9.176871 
t (cm) 0.5 0.5 
h (cm) 9.5 9.5 
s (cm) 1.189075 1.194284 

time (s) 18.112465 16.886159 
Best (cm2) 15.935 15.934 

Mean (cm2) 16.012 15.950 
Worst (cm2) 31.315 22.507 

Std 0.680 0.281 
Saving (%) 35.89 35.90 

The following figures show the convergence 
diagrams for the mentioned methods of optimization and 
cross-sectional types (Fig. 4÷Fig. 10). 

5. CONCLUSION

It can be noted that the optimization task was 
successfully realized, as can be seen from the values of 
savings in material, shown in the previous tables (Table 
1÷Table 7). In this case, a saving of 19% was achieved for 
trapezoidal cross-section, while for T cross-section, 
savings of as much as 49% were achieved. 

For both types of cross-section profiles, the 
optimum height values are significantly higher than the 
standard height (6.7 cm) for the observed example (Table 
1 and Table 4). In the case of the trapezoidal cross-section, 
for optimal geometric values, a triangular cross-section 
was obtained (Table 1). For this reason, additional 
geometric constraints are included. 

With the height restriction (Hmax=6.7 cm), for the 
trapezoidal cross-section, very small savings are obtained 
(Table 2), which means that the standard hook for the 
observed example is designed optimally since the cross-
section of the standard hook is a trapezoidal shape. With 
increasing height (Hmax=10 cm), the value of the optimum 
cross-sectional area decreases (Table 3). 

In the case of T cross-section, with height 
restriction (Hmax=6.7 cm), an enviable value of material 
savings was achieved, but the width of the profile base 
was much larger (Table 5). For this reason, the width 
restriction of the profile base was also observed, so that 
there was a slight increase in the optimum cross-sectional 
area, which was expected (Table 6). With increasing 
height (Hmax=10 cm), the value of the optimum cross-
sectional area decreases (Table 7). Finally, it should be 
noted that this cross-sectional shape gives a much lower 
value of the optimum cross-sectional area in comparison to 
the trapezoidal cross-section. 

Regarding the applied optimization algorithms, it 
should be said that in most cases both algorithms gave the 
same values of optimal surfaces. In most cases, the ER-
WCA algorithm achieves better values of the convergence 
diagram parameters, and especially for the standard 
deviation value (Table 1÷Table 7). 

Regarding the time it takes to perform the 
optimization process, in some cases the first optimization 
method performed better time, and in some cases the 
second method (Table 1÷Table 7). 
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Figure 4: Convergence diagrams for trapezoidal cross-section 

Figure 5: Convergence diagrams for trapezoidal cross-section with constraint (Hmax=6.7 cm) 
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Figure 6: Convergence diagrams for trapezoidal cross-section with constraint (Hmax=10 cm) 

Figure 7: Convergence diagrams for T cross-section 
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Figure 8: Convergence diagrams for T cross-section with constraint (Hmax=6.7 cm) 

 

 
Figure 9: Convergence diagrams for T cross-section with constraints (bmax, Hmax=6.7 cm) 
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Figure 10: Convergence diagrams for T cross-section with constraint (Hmax=10 cm) 
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Finding the Optimal Shape of Hydraulic Scissors Lift Legs Using HHO 
Optimization Method 
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By analysing the forces in legs of the hydraulic scissors lift using symbolic variables, the expressions for stress have 
been derived. Novel Harris hawks optimization algorithm had been used in order to get the optimal values of variables that 
present geometrical characteristics of the cross section of the hydraulic scissors legs, for the given scissors lift. By 
connecting the optimal cross sections across the length of the scissors lift legs, optimal geometric shape of the scissors lift 
legs had been acquired, and displayed in this paper. 

Keywords: Harris hawks optimization, hydraulic scissors lift, optimal shape of scissors lift legs
1. INTRODUCTION

Lifting platforms that employ the scissors 
mechanism are very commonly used in various situations 
where it is needed for load that contains objects, people, or 
both at the same time to be transferred across the vertical 
plane. They can be installed permanently in which case 
they cannot be easily moved to different locations without 
disassembling them. There are also mobile lifting 
platforms with scissors mechanism where the mechanism 
is installed on some kind of carts or trailers. 

The mechanism itself is consisted of one pair of 
beams on each side that are connected in the middle, 
making one pair of scissors. Multiple pairs of scissors can 
be stacked on top of each other which enables the platform 
to be lifted to higher altitude with shorter beams. 

Lifting is usually accomplished by hydraulic or 
pneumatic cylinders that are connected to the beams of the 
scissors mechanism, so the whole mechanism can be 
illustrated as presented in figure 1. 

Figure 1: Ilustration of the lifting platform with scissors 
mechanism 

By elongating the hydraulic or pneumatic 
cylinder, the angle between the beams changes which, as 
one end of each beam is fixed, leads to platform changing 
the altitude and load being lifted. 

During the design process of any piece of 
machinery or mechanism, the goal is to achieve the best 
performance and stability, while lowering the amount of 
material used for construction. That is a good practice 
because, not only it makes the final product cheaper, but it 
makes it lighter which reduces the dead load, hence the 
energy needed for the mechanism to work is lower. 

The dead load reduction can be accomplished by 
using the optimal geometrical shape of the beams, and the 
optimal shape can be derived using different optimization 
methods. 

In papers [1] and [2] the kinetic analysis of 
hydraulic scissor lifts with a single set of scissors is being 
represented, while in the article [3] more general 
expressions were derived for lifting platforms with 
multiple sets of scissors stacked on each other. Using 
similar mathematical model, kinetic analysis will be done 
in such way that it can be used as starting point for the 
optimization algorithm. 

Optimization represents a process where the most 
superior values of the parameters (variables) are obtained 
based on the given constraint functions, for the observed 
objective function. [4] There are many optimization 
methods that can be used for sucessfully completing this 
task. In past decades, many new p-metaheuristic methods 
have been developed, and one of them, the novel Harris 
Hawk optimization method that was purposed in the 
article [5], will be used for performing the optimization. 

2. HARRIS HAWK OPTIMIZATION
Harrison hawk optimization, described in detail in 

the article [5] is metaheuristic, population based 
optimization method. Its creation is inspired by the 
specific ways Harris hawks hunt in groups. 

Initial population in this method is consisted of 
randomly generated positions of hawks in set boundaries 
which represent hunting area. The best solution in each 
iteration represents the prey which escapes within the 
searching area. Based on prey’s energy, hawks change the 
way they attack the prey. Energy of the prey represents the 
value of the objective function for the values of parameters 
that are being stored inside of the prey’s location. 

As the hawks hunt the prey, the location of the 
hawks evolves through the iterations until the set number 
of iterations has been completed following this rule: 
𝑋𝑋(𝑡𝑡 + 1) =  �

𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡)− 𝑟𝑟1|𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡)− 2𝑟𝑟2𝑋𝑋(𝑡𝑡)| 𝑞𝑞 ≥ 0.5
(𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡)− 𝑋𝑋𝑚𝑚(𝑡𝑡)) − 𝑟𝑟3�𝐿𝐿𝐿𝐿 + 𝑟𝑟4(𝑈𝑈𝑈𝑈 − 𝐿𝐿𝐿𝐿)� 𝑞𝑞 < 0.5 (1) 

…where the 𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡) represents location of random hawk 
in the previous iteration t, 𝑋𝑋(𝑡𝑡) represents the location of 
each hawk in iteration t, 𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡) is the location of the 
prey in the iteration, LB and UB are limits of the searching 
area, q is the chance for hawks to choose each perching 
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strategy, and 𝑋𝑋𝑚𝑚(𝑡𝑡) is the average position of all hawks in 
the current iteration. 

Energy of the prey is modelled in the way that it 
decreases through iterations, as the prey, mostly rabbit gets 
more and more tired as it is being chased by the hawks. If 
the value of the energy of the prey is less than 1, it means 
the rabbit is weak enough for hawks to attack it. This 
means that the optimization algorithm switches from the 
phase of exploration to the phase of exploitation. The 
energy of the prey is being calculated using the following 
rule: 

𝐸𝐸 = 2𝐸𝐸0 �1 −
𝑡𝑡
𝑇𝑇
� (2) 

In the equation (2), 𝐸𝐸0 is the number that 
randomly changes its value in the interval (-1,1), t is the 
number of the current iteration, while T is the total number 
of iterations. Different phases of the optimization process 
are being illustrated in the figure 2. 

Figure 2: Different phases of Haris Hawks optimization 
algorithm [6] 

The source code provided with the article [5] is 
consisted of four scripts written in MathWorks Matlab 
programming languages: main.m, initialization.m, HHO.m, 
Get_Fuctions_details.m. 

The “main.m” script is the script where the number 
of members of initial population (number of hawks) is 
being defined, the name of the object function that is 
addressing the function with the exact name from the 
“Get_Function_details.m” file, as well as the total number 
of iterations the optimization algorithm is supposed to 
complete. This script is the script that starts the 
optimization process, and it calls all other scripts and 
functions.The first script that is being called is the 
“Get_Function_details.m” script which contains all the 
needed information about the object function: lower and 
upper boundaries of the searching area, the dimension of 
the problem, and it calculates the value of the object 
function. This is the file that is usually being modified for 
the purpose of performing custom optimization. 

When the needed parameters are defined as output 
from the previous script, the script “HHO.m” is being 
called. Input for this script contains all of the previously 
defined variables: number of members of the initial 
population, total number of iterations, limits of the 

searching area, as well as the value of the object function. 
This script first calls the “initialization.m” script which 
then creates the initial population following the rules 
defined in previous steps, after which the optimization 
process begins. The initial population evolves through 
iterations until the maximum number of iterations is 
completed. The outputs from the “HHO.m” are the 
“Rabbit_Location” (optimal values of the optimized 
variables) and the “Rabbit_Energy” (value of the object 
function for the values of optimized variables). Illustration 
of the algorithm is shown in the figure 3. 

Figure 3: Illustration of the source code of the HHO 
algorithm: N – number of hawks, T – total number of 

iterations, F – name of the function, ub, lb – boundaries of 
the searching interval,  dim  –  dimension  of the problem,  

fobj  –  value of the object function, t - current iteration 

3. KINETIC ANALYSES
In order to perform the optimization, it is required 

to define the object function as well as the constraints, 
which is why it is necessary to perform kinetic analyses. 
Since these platforms usually carry the load that often can 
be humans, the speed of lifting is usually not high, so 
dynamic changes of load in the components of the 
platform can be neglected, therefor the platform can be 
observed as static structure. 

The structure of the platform is consisted of two 
legs of equal length, AC and AB, hydraulic cylinder GH 
that is usually placed in the plain behind the mechanism 
itself, but for the purpose of performing the kinetic 
analyses it can be represented as shown in the figure 1. 
Cylinder is connected to the leg AB over pin support G 
which is placed on a distance a from the pin E, and it is 
connected to the leg BD over the pin H that is placed on a 
distance b from the pin G, forming the triangle GEH. The 
ends of the legs, A and D are fixed with pin supports, 
while B and C are connected to pinned collar on smooth 
rod which enables them to move in horizontal direction as 
the platform is lifting or lowering. The angle between the 
leg AC and ground is labelled as the angle 𝛼𝛼, the angle 
EGH is labelled as the angle 𝜑𝜑, while the angle GHE is 
labelled as the angle 𝛽𝛽. Since the pin E is located in the 
middle of both legs, the angle GEH equals 2𝛼𝛼. On the 
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horizontal metal sheet CD the load T is being placed on 
distance 𝑙𝑙𝑓𝑓 from the pin C. 

When disassembled, directions of the forces in the 
pins of individual components can be assumed as it is 
represented in the figure 4. 

Based on the assumed directions of forces in 
figure 3, system of equations can be formed. 
Static equations for the member DE: 

Σ𝑋𝑋𝑖𝑖 = 0: 𝑋𝑋𝐷𝐷 = 0 (3) 
Σ𝑌𝑌𝑖𝑖 = 0:𝑌𝑌𝐷𝐷 − 𝑇𝑇 + 𝑌𝑌𝐶𝐶 = 0 (4) 
Σ𝑀𝑀𝑖𝑖(𝐷𝐷) = 0:𝑌𝑌𝐶𝐶𝐿𝐿 − 𝑇𝑇𝑙𝑙𝑓𝑓 = 0 (5) 

Static equations for the member AC: 
Σ𝑋𝑋𝑖𝑖 = 0:𝑋𝑋𝐴𝐴 − 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 cos(𝛼𝛼 + 𝜑𝜑) + 𝑋𝑋𝐸𝐸 = 0 (6) 

Σ𝑌𝑌𝑖𝑖 = 0:𝑌𝑌𝐴𝐴 − 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 sin(𝛼𝛼 + 𝜑𝜑) + 𝑌𝑌𝐸𝐸 − 𝑌𝑌𝐶𝐶 = 0 (7) 

Σ𝑀𝑀𝑖𝑖(𝐸𝐸) = 0: −
𝑌𝑌𝐴𝐴𝐿𝐿

2
+ 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 sin(𝜑𝜑) 𝑎𝑎 −

𝑌𝑌𝐶𝐶𝐿𝐿
2

+
𝑋𝑋𝐴𝐴 sin(𝛼𝛼)

2
= 0 

(9) 

a) 

b) 

c) 

d) 
Figure 4:Free body diagram of the lifting platform: a) 

horizontal metal sheet, b) leg AC, c) leg BD, 
d) triangle GEH

Static equations for the member BD: 
Σ𝑋𝑋𝑖𝑖 = 0: − 𝑋𝑋𝐷𝐷 + 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 cos(𝛼𝛼 + 𝜑𝜑) − 𝑋𝑋𝐸𝐸 = 0 (10) 

Σ𝑌𝑌𝑖𝑖 = 0: − 𝑌𝑌𝐷𝐷 + 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 sin(𝛼𝛼 + 𝜑𝜑) − 𝑌𝑌𝐸𝐸 + 𝑌𝑌𝐵𝐵 = 0 (11) 

Σ𝑀𝑀𝑖𝑖(𝐸𝐸) = 0: 
𝑌𝑌𝐵𝐵𝐿𝐿

2
+
𝑌𝑌𝐷𝐷𝐿𝐿

2
− 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 sin(𝛽𝛽) 𝑏𝑏 +

+
𝑋𝑋𝐷𝐷𝐴𝐴 sin(𝛼𝛼)

2
= 0

(12) 

Solutions of this system of nine equations are: 

𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿𝐿𝐿

2𝑎𝑎 sin (𝜑𝜑)
(13) 

𝑌𝑌𝐷𝐷 = 𝑇𝑇 −
𝑇𝑇𝑙𝑙𝑓𝑓
𝐿𝐿

(14) 

𝑌𝑌𝐶𝐶 =
𝑇𝑇𝑙𝑙𝑓𝑓
𝐿𝐿

(15) 

𝑋𝑋𝐸𝐸 = 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 cos(𝛼𝛼 + 𝜑𝜑) (16) 
𝑋𝑋𝐴𝐴 = 0 (17) 

𝑌𝑌𝐴𝐴 =
2
𝐿𝐿
�𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 sin(𝜑𝜑) 𝑎𝑎 −

𝑌𝑌𝐶𝐶𝐿𝐿
2
� (18) 

𝑌𝑌𝐸𝐸 =
2𝐿𝐿𝑌𝑌𝐶𝐶 + 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐(sin(𝛼𝛼 + 𝜑𝜑) 𝐿𝐿 − 2𝑎𝑎 sin(𝜑𝜑)) 

𝐿𝐿
(19) 

𝑌𝑌𝐵𝐵 =
𝐿𝐿(𝑌𝑌𝐷𝐷 + 2𝑌𝑌𝐶𝐶) − 2𝑎𝑎 sin(𝜑𝜑) 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐

𝐿𝐿
(20) 

…where L represents the horizontal projection of the 
length of the platform leg A, and 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐  is the force withing 
the hydraulic cylinder. 

The mass of the scissors lift itself was not 
accounted in the previous system of equations because, as 
it is stated in the article [3], the weight of the scissors lift 
itself can be added to the active load: 

𝑇𝑇 = 𝑄𝑄 ⋅ 𝑔𝑔 +
𝑚𝑚𝑝𝑝 ⋅ 𝑔𝑔

2
=

2𝑄𝑄 + 𝑚𝑚𝑝𝑝

2
⋅ 𝑔𝑔 (21) 

For the purpose of this paper, the mass of the scissors lift 
will be neglected. 

4. OBJECT FUNCTION AND CONSTRAINTS

It was assumed that for the scissors platform legs
would be used a beam with the cross section that is shown 
in figure 5. 

Figure 5: The cross section of the beam: t – thickness of 
the box, h – height of the box, g – width of the box 

By knowing the shape of the cross section, the 
geometrical properties and the load in each point across 
the length of the legs, the diameter of pins A, B, C, D, E, 
G and H can be calculated. Considering that the attack 
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force on the pins is making shear stress within it, the 
diameter of the minimal diameter of the pin can be 
determined in the following way: 

𝑑𝑑 = �
4 ⋅ 𝐹𝐹𝑠𝑠

𝑚𝑚 ⋅ 𝜋𝜋 ⋅ 𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑
;𝑑𝑑0 = 𝑑𝑑 + 0.1 (cm) (22) 

…where d is the diameter of the pin, m is the number of 
shear surfaces, 𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑 is allowed shear stress in the pin for 
the given material, and 𝐹𝐹𝑠𝑠 is the shear force that is 
attacking the pin, and it is equal to: 

𝐹𝐹𝑠𝑠 = �𝑇𝑇(𝑧𝑧)2 + 𝐴𝐴(𝑧𝑧)2 (23) 
Putting the pins in the beam that makes a leg of the 

scissors lift platform weakens the beam, so the cross 
section at those places have the shape that is represented in 
figure 6. 

Figure 6: The weakend cross section of the beam 

4.1. Object function 
The goal of the optimization is to find the optimal 

ratio between the height and width of the cross section of 
the beam for the given static load. In order for that to be 
accomplished, the shear stress, normal stress and 
combined stress in the beam should not exceed the 
allowed values for the material from which the beam was 
made, but it should be close to that limit. 

The minimal area of the cross section, or the 
minimal moment of inertia can be calculated, but the 
question that remains is if the cross section should have 
higher height or width, and by how much should one 
dimension be larger than the other. The optimization 
algorithm such as HHO can help in the search for the 
answer to the question. 

Since the load of the beam changes along its length, 
the optimal height and width of the profile in the cross 
section changes accordingly. The thickness t, on the other 
hand, will be taken as constant in every point of the 
beams. 

In order to perform the optimization, appropriate 
object function must be set within the code. Considering 
the expressions for calculating the shear 𝜏𝜏 and normal 
stress  𝜎𝜎 are: 

𝜎𝜎(𝑧𝑧) = 𝜎𝜎𝑀𝑀(𝑧𝑧) + 𝜎𝜎𝐴𝐴(𝑧𝑧) =
𝑀𝑀(𝑧𝑧)
𝐼𝐼𝑥𝑥(𝑧𝑧) 𝑦𝑦𝑚𝑚𝑚𝑚𝑚𝑚(𝑧𝑧) +

𝐴𝐴(𝑧𝑧)
𝑆𝑆(𝑧𝑧)

(24) 

𝜏𝜏(𝑧𝑧) =
𝑇𝑇(𝑧𝑧) ⋅ 𝑆𝑆𝑥𝑥(𝑧𝑧)
𝐼𝐼𝑥𝑥(𝑧𝑧) ⋅ 𝑡𝑡

(25) 

…the combined stress can be calculated with the following 
expression: 

𝜎𝜎𝑢𝑢(𝑧𝑧) = �𝜎𝜎(𝑧𝑧)2 + 3 ⋅ 𝜏𝜏(𝑧𝑧)2 (26) 

…where the variables are: 
- 𝜎𝜎𝑀𝑀(𝑧𝑧),𝜎𝜎𝐴𝐴(𝑧𝑧) – normal stress from the bending

moment and axial force at the point z;
- 𝜏𝜏(𝑧𝑧) – shear stress from the shear force at the

point z;
- 𝑀𝑀(𝑧𝑧),𝑇𝑇(𝑧𝑧),𝐴𝐴(𝑧𝑧) – bending moment, shear force

and axial force at the point z;
- 𝑆𝑆𝑥𝑥(𝑧𝑧), 𝐼𝐼𝑥𝑥(𝑧𝑧), 𝑆𝑆(𝑧𝑧) – the first moment area,

moment of inertia and area of cross section at the
point z:

𝑆𝑆𝑥𝑥(𝑧𝑧) = 𝑔𝑔(𝑧𝑧)𝑡𝑡
ℎ(𝑧𝑧) − 𝑡𝑡

2
+ 𝑡𝑡 �

ℎ(𝑧𝑧)
2

− 𝑡𝑡�
2

−
𝑑𝑑0(𝑧𝑧)2

4
𝑡𝑡 

(27) 

𝐼𝐼𝑥𝑥(𝑧𝑧) = 2 ⋅ �
𝑔𝑔(𝑧𝑧)𝑡𝑡3

12
+ 𝑔𝑔(𝑧𝑧)𝑡𝑡 �

ℎ(𝑧𝑧) − 𝑡𝑡
2

�
2

+
𝑡𝑡(ℎ(𝑧𝑧) − 2𝑡𝑡)

12
−
𝑡𝑡𝑑𝑑0(𝑧𝑧)3

12
� 

(28) 

𝑆𝑆(𝑧𝑧) = 2𝑡𝑡(𝑔𝑔(𝑧𝑧) + ℎ(𝑧𝑧) − 2𝑡𝑡 − 𝑑𝑑0(𝑧𝑧)) (29) 
Since the optimization algorithm searches for the 

optimal values of the variables in such way that the object 
function has minimal value, and the combined stress in 
this situation should as high as it is allowed, then the 
optimization algorithm has to minimize this function: 

𝜎𝜎𝑢𝑢(𝑧𝑧) = −�𝜎𝜎(𝑧𝑧)2 + 3 ⋅ 𝜏𝜏(𝑧𝑧)2. (30) 

4.2. Limits of the searching area 
The cross section of the beams has a shape of a 

box, as presented in the figure 5 and the figure 6. 
Considering that the thickness of the wall of the box is 
constant across the length of the beam, the only two 
variables are height and width of the box. 

If either the height or the width of the cross section 
is equal to 2 ⋅ 𝑡𝑡, then the shape of the cross section is not a 
box, but rather a rectangle. In order to keep the shape of 
the cross section a box, the minimal height and width of 
the cross section of the beams should be 2 ⋅ 𝑡𝑡. The lower 
boundary in the script “Get_function_details.m” is defined 
as the vector, and it has the following form: 

𝑙𝑙𝑙𝑙 = [2 ⋅ 𝑡𝑡, 2 ⋅ 𝑡𝑡] (31) 
The maximum values of the height and the width 

are not as important. Lower upper boundary should result 
in faster convergence to the optimal solutions, but this 
should be taken with precaution, because it still has to be 
high enough so the possible optimal solutions would not 
be cut out by setting the upper limit too low. 

4.3. Constrains 
In order to get the shape of the structure that can 

safely endure the given load, normal stress, shear stress, as 
well as combined stress must not exceed the limits for the 
given material. Following that thought, the four limits can 
be set: 

𝑔𝑔1 = �𝜎𝜎(𝑧𝑧)2 + 3 ⋅ 𝜏𝜏(𝑧𝑧)2 − 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 0; (32) 

𝑔𝑔2 =
𝐴𝐴(𝑧𝑧)
𝑆𝑆(𝑧𝑧) − 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 0; (33) 

𝑔𝑔3 =
𝑀𝑀(𝑧𝑧)
𝐼𝐼𝑥𝑥(𝑧𝑧) ⋅

ℎ(𝑧𝑧)
2

− 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 0; (34) 

𝑔𝑔4 =
𝑇𝑇(𝑧𝑧)𝑆𝑆𝑥𝑥(𝑧𝑧)
𝐼𝐼𝑥𝑥(𝑧𝑧)𝑡𝑡

− 𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 0. (35)
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Additional two constraints can be applied so the 
width would not be too bigger then height, and the other 
way around. This behaviour can be constrained in the 
following way: 

𝑔𝑔5 =
𝑔𝑔(𝑧𝑧)
ℎ(𝑧𝑧) − 3 ≤ 0; (36) 

𝑔𝑔6 =
ℎ(𝑧𝑧)
𝑔𝑔(𝑧𝑧) − 3 ≤ 0. (37) 

One additional constraint should be applied in the 
places where the pins pass through the beams: 

𝑔𝑔7 = 4 ⋅ 𝑑𝑑0 − ℎ ≤ 0 (38) 

4.4. Source code modification 
The optimal shape of the hydraulic scissors lift legs 

can be acquired by doing multiple optimizations across the 
length of the legs. Each of the legs has been divided into 
three sections and each section is divided into ten 
equidistant subsections, as it is shown in figure 7, where 
the optimization is performed for each of them 
individually. Hence, the leg AC has been divided into 
sections: AG, GE, EC, and the leg DB has been divided 
into sections: DH, HE and EB. 

Figure 7: Graphical representation of the leg AC with its 
subsections 

The fastest way to perform thirty optimizations in a 
row is to write a script that would call the “main.m” script 
which starts the optimization process for different 
locations on the scissor legs. The created “start.m” script 
is erasing content of the files that contain the location and 
energy of the prey, then it resets the counter and enters the 
for loop until the total number of optimizations has been 
completed. The counter provides the needed progression 
of the z parameter (position of the section for which the 
optimization is being performed) through optimizations, 
and it saves the value of the counter in the separate file. 

The value of the counter then enters the “main.m” 
script that runs either the “AC.m” or “BD.m” script, 
depending on which leg is being optimized. Those two 
scripts contain geometrical characteristics of the scissors 
lift (such as the position of the hydraulic cylinder, total 
length of the legs, etc.), the formulas derived in the third 
chapter of this paper, and they are being executed before 
the “Get_Function_details.m” script because the values of 
the axial and shear force, and bending moment are needed 
for calculating the levels of stress. The reason why these 
scripts need to be run separately rather than within 
“Get_Function_details.m” script is because it shortens the 

time needed for performing each iteration within the 
optimization process. Considering that there could be 
thousand iterations in single optimization, and that there 
would be thirty optimizations like that one, the creation of 
additional script and placing the calculations of the forces 
and bending moment in it is justified as considerable 
amount of time is being saved. 

The last change in the “main.m” file represents 
adding the two lines of code where each saves the values 
of the prey’s location and energy at the end of each 
optimization, so when the whole process is finished, and 
all thirty optimizations are done, the optimal results for 
each subsection can be found in one text file. 

After applying the purposed changes, the 
illustration shown in figure 3 takes the form represented in 
the figure 8. 

Figure 8: Illustration of the source code with 
modifications applied 

5. RESULTS
For the platform that lifts the 1000 kg of load with 

centre of gravity located on 𝑙𝑙𝑓𝑓 = 0.5 𝑚𝑚 distance from the 
pin D, in the lowest position of the platform, when the 
angle 𝛼𝛼 = 7.5°, and the parameters that define the position 
of the hydraulic cylinder: 𝑎𝑎 = 0.4 ⋅ 𝐴𝐴 m, 𝑏𝑏 = 0.3 m, axial, 
shear, and bending moment diagrams for both AC and BD 
legs are shown in figures 9 and 10.  Diagrams for the same 
platform when it is in the position where 𝛼𝛼 = 75° are 
shown in figure 11 and figure 12. 

By comparing the diagrams, it can be concluded 
that the load in the scissors lift legs is highest in the lowest 

A.93



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

M. Todorović, R. Bulatović, M. Savković, G. Marković

position of the platform, making it the only relevant 
position of the platform for the optimization. 

The thickness of the walls of the profile is set to 
𝑡𝑡 = 6 𝑚𝑚𝑚𝑚. Boundaries of the searching area, according to 
the equation 37 are: 

𝑙𝑙𝑙𝑙 = [2 ⋅ 0.6, 2 ⋅ 0.6] = [1.2, 1.2] (39) 
𝑢𝑢𝑢𝑢 = [100, 100] (40) 

Figure 9: Static diagrams for the AC platform leg in the 
𝑎𝑎 = 7.5° position 

Figure 10: Static diagrams for the BD platform leg in the 
𝑎𝑎 = 7.5° position 

Figure 11: Static diagrams for the AC platform leg in the 
𝑎𝑎 = 75° position  

Figure 12: Static diagrams for the BD platform leg in the 
𝑎𝑎 = 75° position  

If the material of the scissors legs are being made 
from is structural steel S235, and safety factor is 𝜈𝜈 = 1.50, 
allowed limits for both normal and tangential stress are: 

𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 = 16
𝑘𝑘𝑘𝑘
𝑐𝑐𝑚𝑚2

𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑 = 9
𝑘𝑘𝑘𝑘
𝑐𝑐𝑚𝑚2

The number of hawks (size of initial population) 
was set to 𝑁𝑁 = 60, and the maximum number of iterations 
was set to 𝑇𝑇 = 500. These parameters represent the 
needed input information for the optimizer. After the 
optimization process is being completed, optimal values of 
the scissors legs, height and width are being shown in the 
table 1 and table 2. 
Table 1. Results of the optimization process for the leg AC 

𝑧𝑧 [𝑚𝑚] ℎ [𝑐𝑐𝑐𝑐] 𝑔𝑔[𝑐𝑐𝑐𝑐] 𝜎𝜎𝑢𝑢  �
𝑘𝑘𝑘𝑘
𝑐𝑐𝑚𝑚2� 

0 1.68 1.20 16 
0.0156 1.99 1.59 16 
0.0311 1.79 4.88 16 
0.0467 2.03 4.25 16 
0.0622 2.21 4.39 16 
0.0778 2.41 4.40 16 
0.0933 3.43 2.37 16 
0.1089 2.84 4.25 16 
0.1244 4.63 1.59 16 
0.14 3.54 5.25 16 
0.2022 4.10 2.56 16 
0.2644 2.32 3.40 16 
0.3267 1.64 4.06 16 
0.3889 2.02 5.84 16 
0.4511 2.48 5.96 16 
0.5133 3.45 4.24 16 
0.5756 3.28 6.48 16 
0.6378 3.19 8.77 16 
0.7 4.88 5.98 16 
0.7778 6.88 2.45 16 
0.8556 3.73 7.12 16 
0.9333 3.61 6.38 16 
1 2.88 7.75 16 
1.0889 4.94 2.10 16 
1.1667 2.99 4.24 16 
1.2444 3.85 1.54 16 
1.3222 2.63 1.65 16 
1.4 2.39 1.20 6.32 
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Table 2. Results of the optimization process for the leg BD 

𝑧𝑧 [𝑚𝑚] ℎ [𝑐𝑐𝑐𝑐] 𝑔𝑔[𝑐𝑐𝑐𝑐] 𝜎𝜎𝑢𝑢  �
𝑘𝑘𝑘𝑘
𝑐𝑐𝑚𝑚2� 

0 2.40 1.20 6.32 
0.0778 2.27 2.25 16 
0.1556 3.17 2.39 16 
0.2333 2.81 4.69 16 
0.3111 3.78 3.72 16 
0.3889 3.06 6.93 16 
0.4667 5.36 2.99 16 
0.5444 4.27 5.62 16 
0.6222 3.70 8.28 16 
0.7 6.96 2.60 16 
0.7333 4.31 7.90 16 
0.7667 4.58 4.14 16 
0.8 3.72 8.96 16 
0.8333 3.85 4.40 16 
0.8667 4.41 3.85 16 
0.9 5.10 4.26 16 
0.9333 6.97 2.71 16 
0.9667 5.34 7.48 16 
1 4.49 7.29 16 
1.0444 3.79 8.60 16 
1.0889 5.02 4.45 16 
1.1333 5.36 3.21 16 
1.1778 3.00 8.09 16 
1.2222 3.10 6.00 16 
1.2667 3.21 4.15 16 
1.3111 3.28 5.87 16 
1.3556 2.11 3.70 16 
1.4 1.68 1.20 16 

The values from table 1 and 2, as well as the ratio 
between the height and width of the profile across the 
length of the legs are being visualised in the figure 13 and 
figure 14. 

The three-dimensional models of the scissors lift 
legs AC and BD made using the parameters from tables 1 
and 2 are being shown in figures 15 and 16. 

Figure 13. Visual representation of the values from 
the table 1 

Figure 14. Visual representation of the values from 
the table 2 

a) 

b) 
Figure 15: Three-dimensional model of the scissors lift 

leg AC: a) isometric view, b) cross section view 

a) 

b) 
Figure 16: Three-dimensional model of the scissors lift 

leg BD: a) isometric view, b) cross section view 

A.95



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021

M. Todorović, R. Bulatović, M. Savković, G. Marković

6. CONCLUSION

Comparing the results of the optimization 
represented on graphs displayed in figure 13 and figure 14 
with the static diagrams displayed in figure 9 and figure 
10, it can be concluded that the width of the profile 𝑔𝑔(𝑧𝑧) 
tends to be larger than the height ℎ(𝑧𝑧) as the z gets further 
from the pins in both AC and BD leg. 

Due to the constraint 𝑔𝑔7 in the places where the 
pins pass through the legs, the height of the profile 
increases, while the width is getting shorter. 
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This paper presents the research, development and application of Industry 4.0 in Intralogistics in the last five years. 
The progress made in Intralogistics, using Industry 4.0, is presented. An overview of the basic principles and elements of 
Industry 4.0 as well as its impact in the field of Intralogistics is given. Intralogistics is a field that is still being researched 
and has great potential for further development. Finally, the aim of this paper is to focus on sustainability parameters, 
technology and elements that still need to be worked on. 
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1. INTRODUCTION

For humanity, continuous development and 
progress is necessary in all fields, including industry. 
Modern societies have higher expectations, so continuous 
development is essential. Throughout centuries, the 
industry has developed by applying scientific knowledge 
and achievements. So far, the industry has gone through 
four different revolutions: 

• 1st Industrial Revolution (Ca. 1750),
• 2nd Industrial Revolution (Ca. 1900),
• Digital Revolution (Ca. 1970),
• Industry 4.0 (today).

The new technology that will be applied in the
industry must be sustainable in order to be successful and 
applicable worldwide. Sustainability and implementation 
means that economic, social and environmental aspects 
must be fulfilled. This is possible through further research 
and better utilization of these aspects and contributions of 
Industry 4.0 in the field of Intralogistics. Smart 
intralogistics will lead to increased flexibility and 
productivity in the future. All possibilities must be taken 
into account when accepting the changes brought by 
(Intra) Logistics 4.0. 

A certain group of scientific papers, journals and 
catalogs dealing with this topic was analyzed. These 
scientific papers provide us with a complete insight into 
previous research. 

The following is an overview of published works in 
the previous five years (Figure 1), covered by this paper. 

Figure 1: Statistics of scientific papers published in the 
previous 5 years (which are covered in this paper) 

Below is an overview of the countries in which the 
paper was published, according to the main author (Figure 
2). Statistics are given according to papers from 
references. 

Figure 2: Statistics of scientific papers according to the 
countries in which they were published 

2. INDUSTRY 4.0
Industry 4.0 is coined as the Fourth Industrial 

Revolution, hence the ‘4.0’. To understand this 
terminology, a brief summarization on the earlier three 
revolutions is necessary (Figure 3). 

Figure 3: Illustration of Industrial Revolutions 
(adapted from [2]) 
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The first Industrial revolution was characterized by 
the introduction of the steam engine, which provided 
mechanical motion for labor activities and resulted in the 
transition from hand production to machine production. 
The second revolution was characterized by the 
mobilization of people and information due to 
improvements of infrastructure facilities as railroads and 
telephone lines. Technological innovations, as the factory 
electrification and the development of the production line, 
enabled mass production. In the Third revolution, the rise 
of computers and communication systems occurred. [1] 

This has improved the collection, processing and 
analysis of information, as well as enabled automated 
production. 

It should be noted that accelerated development in 
all fields is yet to come, so expectations for the future are 
high.  

The term Industry 4.0 was first introduced in 2011 
in Germany, but in the same time other European countries 
began to make major changes. Then came the terms 
"Smart Factory", "Industrial Internet of Things (IIoT)" or 
"Smart Industry" that we use today. 

The concept of Industries 4.0 implies connecting 
machines, products, systems and people that can share 
information and manage themselves and each other. In 
such a model, all objects are smart entities that have the 
ability to autonomously manage, control and communicate 
with the environment. Industry 4.0 understands complete 
automation and digitalization of business systems and their 
connections with the environment. This leads to the 
existence of a virtual reality model in which it is possible 
to monitor and manage all processes and activities. ICT, 
software applications and information platforms have the 
biggest role in the concept of Industry 4.0 because they 
provide connecting the virtual and physical business 
system. [3] 

In [4] the concept of Industry 4.0 is presented using 
a theoretical framework with the application of technology 
and its functionality. 

The main elements of Industry 4.0 are Cyber-
Physical Systems (CPS), Internet of Things (IoT), 
Industrial Internet (Industrial Internet of Things), Internet 
of Services (IoS), Cloud Computing, Internet of Energy 
(IoE), Big Data, Artificial Intelligence (AI), Augmented 
Reality (AR), 3D printing, Blockchain. Each of these 
elements is presented in [5]. 

The Industry 4.0 distinguishes four key principles 
[1]. 

• Interoperability between cyber physical systems,
which emphasized the collaboration between the
different cyber-physical systems via the Internet
of Things

• Information transparency, which accentuates the
large amounts of data that are processed into
information and are shared, in order to establish
an open and transparent business environment

• Technical assistance to humans, is providing the
user with systems that are able to assist in the
performance of complex tasks within for example
production activities

• Autonomous decision-making of the cyber-
physical systems, through the increasing quality
of transparent information available for these

systems, and their improving programming, 
autonomous decision making by cyber physical 
systems is becoming more developed. 

The fields in which the influence of 4.0 Industry 
may bring improvement [6]:  

• Productivity improvement: Industry 4.0
provides several improvements such as
automation, real-time inventory management, and
continuous optimization that lead to productivity
enhancement.

• Increased quality: ongoing monitoring and
control of production allows for improved quality
of products and services.

• Increased flexibility: with a customer-centric
approach, Industry 4.0 allows manufacturing
flexibility through automation and robotics.

• Increased speed: with enhanced product life
cycle management and physical-digital
integration, the speed of production is enhanced.

• Safer and better working conditions: with
increased automation, real-time monitoring of
incidents, better-designed workstations, and
enhanced work structuring, workers have safer
and better working conditions.

• Improved collaboration: as the availability of
data is enhanced, and digital layer and physical
layer are integrated the intra- and inter-
organization collaboration is improved.

• Sustainability: optimized use of resources,
reduction in defects, and other environmental
improvements make operations more sustainable.

• Innovation: Industry 4.0 leads to new ways of
creating value and new forms of employment, for
example through downstream services.

3. LOGISTICS 4.0
The term Logistics 4.0 appeared in 2011 within 

Industry 4.0. Everything within Industry 4.0 related to 
logistics (Transportation, Warehousing, Packaging, 
Distribution, Loading/Unloading and Information service) 
will be now Logistics 4.0. 

A feature of Logistics 4.0 is smart process 
management. 

The most important technologies and applications 
used in Logistics 4.0 are Wireless Sensors Networks, 
Internet of Things, Automatic Guided Vehicle, 3D 
Printing, Drones, Cloud Computing, Big Data, 
Blockchain, Robotics and Automation, Augmented 
Reality. Each of these elements and technologies is 
presented in [3]. We can see that there is an overlap of 
elements in Industry 4.0 with Logistics 4.0, which is 
logical considering that Logistics 4.0 comes from Industry 
4.0. 

Table 1 provides an overview of the applied 
technologies and applications used in Logistics 4.0 as well 
as the personal impression of the authors on their 
importance and contribution. 
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Table 1: The applied technology and the corresponding 
elements with the sources in which they are processed as 

well as their use 
Technologies and 

elements Source Utilization 

Wireless Sensors 
Networks [3], [5], [7], [8] ++ 

Internet of Things 
[1], [3], [5], [6], 

[7], [8], [9], 
[10], [11] 

+++ 

Automatic Guided 
Vehicle 

[1], [3], [7], [8], 
[12], [13], [14] +++ 

3D Printing [1], [3], [5], 
[10], [15] ++ 

Drones [3] n/d 

Cloud Computing 
[3], [5], [7], [8],  
[9], [10], [11],  

[13] 
+++ 

Big Data [3], [5], [8], 
[10], [11] + 

Blockchain [1], [3], [5], 
[16] + 

Robotics and 
Automation 

[3], [9], [13], 
[1], [10], [5], 

[8], 
+++ 

Augmented Reality [3], [9], [10], 
[5], [8] ++ 

Utilization: n/d not enough data yet, + less / bad, ++ moderate, 
+++ high / excellent 

4. INTRALOGISTICS
Intralogistics is a subset of Logistics 4.0. 

The history of Intralogistics dates back to the immediate 
post-war period, when economic and industrial 
development was mainly driven by manufacturing. 
Transportation at the factory initially relied on simple 
equipment such as bag carts, other trolleys and overhead 
cranes. The goods were stored at ground level, as stacking 
the blocks in height led to poor visibility and accessibility. 
[17] 

Since 1950, Intralogistics has been evolving. In 
Figure 4, we can see significant features in Intralogistics 
shown according to years of development.

Figure 1: History of Intralogistics (the paper [17] complemented) 

Definitions of Intralogistics [18]: 
The new term "Intra-Logistics" describes the 

organization and optimization of internal material flow 
and logistic technologies as well as the goods 
transshipment in industry, trade and in public institutions 
by means of technical components, partial and full systems 
and services. 

• Intralogistics as a brand describes the
organization, realization and optimization
of internal material flows in industrial and
trading companies as well as in public
institutions by means of technical systems
and services.

• Under “Supply Chain Management”,
Intralogistics controls the flow of
materials along the entire value chain.

• Intralogistics describes the internal flow of
materials between different "logistics
hubs" - from the flow of materials in
production, distribution centres, airports
and seaports - as well as the associated
flow of information.

• Intralogistics is part of a trend-setting
industry which consists of thousands of
companies in in Germany (e.g. from
manufacturers of lifting and crane devices,
forklifts and storage technology, to

B.3



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021

N. Zrnić, T. Popović, G. Milojević, N. Kosanić

developers and suppliers of complete 
systems). 

Megatrends will determine the development of 
Intralogistics in the future. 

In order to get acquainted with the subject of 
research and examination in Intralogistics, an overview of 
the fields with a description and the corresponding 
reference is given, Table 2. 

Table 2: The subject of application in Intralogistics is 
presented in the papers 

Subject of 
applying Description Source 

Logistics 4.0 
Application 

and DB 
Schenker 

Application 
Results 

• Blockchain
• AVs
• Electronic market 

platforms
• 3D printing - reduction of

storage space
• Interview with DB

Schenker

[1] 

Autonomous 
mobile robots 

in smart 
Intralogistics 

• Ability to maintain
flexibility

• The role of AMR
application

• Connection, automation
and fast information
exchange

• Comparison of AMR and
AGV

• Impact of AMR 
application

[13] 

Automated 
Storage and 

Retrieval 
Systems 
(AS/RS) 

• Solution of the collection
problem using Shuttle
vehicle

• Mechanical solutions,
technical characteristics,
design and specification
of Shuttle vehicle

• Requirements and
problem improvement

• Creating a subsystem

[19] 

Smart 
Warehouse 

• Better information 
exchange

• Sensors
• Wireless communication
• New design warehouse

and fewer workers
• Smart management

systems
• Efficiency that

contributes to reducing
mistakes

• Opportunities and
challenges in Sri Lankan

[20] 

Application of 
AGV and 

other 
technologies 
to increase 
flexibility 

• Flexibility - a variety of
assessments, tasks and
resources

• Assessment and
dimensions of flexibility

• Application schemes

[21] 

Smart 
Conveyor 

• Control of conveyor belts
• Conveyor belts as cyber - [22] 

physical systems 
• Roller as a source of

information
• Controller drum drive

unit
Intelligent 

infrastructure, 
Sensor system 
at the forklift 

truck, 
Celluveyor - 

Omnidirection
al Cellular 
Conveyor 

• Production combination
• Forklifts with tablet
• Increasing security
• Design and application of

Celluveyor -
Omnidirectional Cellular
Conveyor

[23] 

AGVs in 
industrial 

environments 

• Impact of AGV and
increase productivity

• Operation plans
• AGV Ecosystem
• Software for AGV
• Proposed layout of the

warehouse and the path
for the movement of
vehicles

• Eco-indicators

[24] 

As mentioned in the introduction, sustainability 
will justify the application of Industry 4.0 in Intralogistics. 
It consists of the following factors: economic, social and 
environmental aspects (Figure 5). 

As already stated, these aspects represent 
sustainability. 

Sustainability should reflect the following: 
• Economic: An affordable system that

works efficiently, offers common
solutions, is financially stable and
supported. Selects and supports the local
economy.

• Social: The basic needs of individuals /
communities to be met in a safe way and
to support good living conditions as well
as safety at work, on an equal footing
within the collective.

• Environment: Reducing the consumption
of non-renewable resources, reduced
greenhouse gas emissions, as well as
taking into account pollution and waste.
Use of technology that reuses energy and
recycles certain components.

Figure 5: Illustration of interrelationship in Intralogistics 
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To indicate the importance of sustainability factors 
in the field of Intralogistics, Table 3 provides an overview 

of scientific papers in which this factor is (more or less) 
described. 

Table 3: Assessment of fulfilment of Sustainability factors described by papers 

Source Description Sustainability factors 
Level of 
meeting 
criteria 

[1] 

• Reduction of storage space and
problematic supply of raw
materials in 3D printing

• Company DB Schenker efficiency
and safety

Economic  + 

Social / 

Ecological (Environmental)  + 

[5] 
• Application in various industries
• Man-centered management model

Economic  ++ 
Social  ++ 
Ecological (Environmental) / 

[6] 

• Real-time progress monitoring,
enhanced quality and safety, and
improved communication between
stakeholders is the contribution of
the application

Economic  + 

Social  + 

Ecological (Environmental) + 

[10] 

• Contributes to Sustainability
Factors

• Perspective for customers,
production, employees

• Opportunities, threats and the
biggest problems

Economic  + 

Social  ++ 

Ecological (Environmental) / 

[13] 

• Comparison from an economic and
technical perspective

• Price chart analysis and impact of
flexibility and productivity

• Direct impact of AMR

Economic  +++ 

Social / 

Ecological (Environmental) / 

[15] 

• Industry 4.0 and its impact on
ecological sustainability

• Resources, Recycling - Extending
the product life cycle, 3D printing

• Energy – Smart management,
Smart Meter

• Reduction of costs
• Environmental Protection

Economic  ++ 

Social / 

Ecological (Environmental)  +++ 

[17] 

• New environmental challenges for
ports and terminals

• Environmental
aspects

• Forms of environmental impacts

Economic  + 

Social / 

Ecological (Environmental)  +++ 

[21] 

• Analysis of the novelty of the
method relies in the possibility of
evaluating the virtual systems of
systems, equipped with the needed
functionalities, before its actual
development (process
requirements, assessing factors:
feasibility, development costs,
market potential and effective
impact on the current processes)

Economic  ++ 

Social / 

Ecological (Environmental) / 

[23] 
• Intelligent infrastructure
• Sensor system at the forklift truck

Economic / 
Social  + 
Ecological (Environmental) / 

[24] 

• Increase productivity and reduce
environmental impact

• Reduction of energy consumption
• Eco - indicators (AGV emission

measurement)

Economic  + 

Social / 

Ecological (Environmental)  +++ 
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[26] 

• Smart factory production system
opposite Traditional production
line

• Beneficial Outcomes, Flexibility,
Productivity, Resource and Energy
Efficiency, Transparency,
Promoting Integration, Profitable,
Friendly to Staff with application
demonstration

Economic  ++ 

Social  + 

Ecological (Environmental)  + 

[27] 

• Market offer with faster, safer (less
damage) equipment

• Safe handling
• Optimization of consumption of

raw materials, resources, energy
• E - sales

Economic  + 

Social  + 

Ecological (Environmental)  + 

[28] 

• Reduction: transport costs, 
resources, energy consumption

• Green Warehousing
• Investments and recommendations
• Numerical experiments

Economic  +++ 

Social / 

Ecological (Environmental)  +++ 

[29] 

• Lean management
• Supplier factors, Customer factor,

Process factors, Control and human
factors

Economic / 

Social  + 

Ecological (Environmental)  + 

[30] 
• Life cycle assessment of all parts
• Climate change
• Graphical display of results

Economic / 
Social / 
Ecological (Environmental)  +++ 

Level of fulfillment of criteria: / unexplored, + less/poor, ++ moderate, +++ high/excellent 

From the previous table (Table 3) and the 
mentioned scientific papers, it is noticeable that the 
economic factor is most represented in as many as thirteen 
papers, then the environmental factor in ten, while the 
social factor is represented in seven papers. Thus, it is 
concluded that the greatest importance was given to the 
economic factor, while other factors gained less 
importance. Therefore, we came to the conclusion that it is 
necessary to identify other factors in order to achieve 
adequate representation. 

The level of fulfilment of the criteria is a personal 
assessment of the author of this paper and gives us an 
insight into the importance that the author has given to a 
certain factor in his work. 

5. CONCLUSION
The idea of this paper is to provide an overview of 

the research, development and application of Industry 4.0 
in Intralogistics.  

By developing the industry over the years, i.e. 
centuries, we come to today: Industries 4.0.  

In the introduction, the authors give a statistical 
overview of the processed papers by years and countries of 
publication, in order to get the best possible impression of 
the time and places of research that are described. At the 
beginning we can get acquainted with the origin of 
Industry 4.0 and its concept. 

The most significant elements that define Industry 
4.0 at its core are: 

• Big Data,
• Smart Factory,
• Cyber Physical Systems,
• Internet of Things (IoT),
• Interoperability.

This paper provides references that deal with each 
of these elements. Four key principles of development are 
given, as well as the area of application in which Industry 
4.0 can bring improvement. 

To understand the concept of Intralogistics, we 
need to get acquainted with Logistics, of which it is a 
subset. 

In this particular case, Logistics 4.0 (which was 
created by the implementation of Industry 4.0), has its own 
technologies and related elements that it applies, Table 1. 
The given table shows the use of technologies and related 
elements in the mentioned scientific papers. All of the 
above technologies and elements must be further 
developed in the future in order to make progress. 
Intralogistics has developed gradually, throughout history, 
in accordance with the development of storage technology, 
market needs, as well as the needs of distributors and 
customers (users). That's how ‘Smart Intralogistics’ came 
about.  

In this paper, new definitions of Intralogistics are 
presented. Emphasis is placed on monitoring megatrends 
and the current method of application.  

In order to better understand mentioned term, a 
table with paper dealing with the application of "Smart 
Intralogistics" of its elements and technologies is given, 
Table 2. We notice that in the last 5 years the list of 
published scientific papers on a given topic is deficient (30 
papers in the period from 2015 to 2020), but also that in 
recent years that has changed for the better (13 papers in 
the period from 2019 to 2020). We emphasize what has 
already been mentioned in Industry 4.0 and what is 
important for this part: Sustainability.  
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The factors that make up Sustainability are: 
• Economic,
• Social and
• Ecological (Environmental).

Since the paper is based on research, a table is
given describing the presence of these significant factors, 
Table 3.  

After processing the collected data, we can 
conclude that Intralogistics with the application of 
Industry 4.0 is still in development, not only in practice, 
but also in scientific research.  

In the future, intralogistics will continue to monitor 
and apply scientific knowledge. This will result in 
opportunities for improvement during development. 
Consideration would be reduced not only to a scientific 
basis, but also to its application in the industry practice. 

Countries around the world understand the benefits 
of switching to "Smart Intralogistics", while countries in 
the region, including Serbia, will need more time to 
embrace and implement it. 
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The literature dealing with risk analysis and finding an adequate solution in the mechanical engineering sector 
shows that the use of the Bayesian network as one of the methods for risk assessment in this context is well known. 
Therefore, the authors of this paper use the Bayesian network, while accordingly, for the purpose of simpler work with 
Bayesian networks, special software has been developed, one of them being Netica, as the most commonly used method for 
determining an adequate solution, and in this case determining the probability of malfunction. gear pumps if the 
probabilities of variables that directly affect the correctness of the pump are known. The procedure for determining the 
probability of malfunction of the gear pump in the specific example shown in this paper is obtained first by designing the 
Bayesian network, and then by creating the same network in Netica software, where pre-defined nodes (variables) to which 
assigned values are entered in program, after which the arrows show the dependences of the given variables, and then 
enter the conditional probabilities of these variables and form a network on the basis of which the probability of 
malfunction of the gear pump is determined. 

Keywords: Bayesian networks, Netica software, conditional probabilities, variables, adequate solution, 
faulty operation of the steam pump. 

1. INTRODUCTION
Bayesian networks represent directed, acyclic 

graphs where nodes play the role of variables and branches 
represent their interconnectedness. Linking variables is a 
basic problem, because it is necessary to clearly determine 
the relationship between each of the two variables that are 
observed. This is followed by the assignment of 
conditional probabilities, which also requires a lot of 
knowledge in the field that is the subject of the 
examination. From the model thus formed, it is possible to 
draw a conclusion about each of the variables, taking into 
account the influences that other variables have on it. 
Also, the Bayesian network provides the ability to model 
the interdependence of a large number of variables. When 
it comes to the relationship of two dependent variables, 
inference is simple. In this case, the answer is given by 
Bayes' theorem. However, a much more complicated case 
arises when there are several dependent variables for 
which the required conditional probabilities due to 
complexity cannot be calculated using Bayes' theorem but 
using Bayesian networks [1], [2]. 

As an adequate solution is one of the key segments 
in the machine system, this paper shows how to obtain a 
probability that shows the percentage of non-correctness 
of the gear pump operation if the probabilities of variables 
that directly affect the correct operation of the pump are 
known. One of the variables that directly affects the 
correct operation of the gear pump, which is performed 
using Bayesian networks and Netica software, is oil 
overheating. 

Overheating of the oil as one of the consequences 
can be due to excessive friction or elevated ambient 
temperature or insufficient amount of oil. Furthermore, the 
presence or absence of excessive friction can lead to shock 

loads or pump overload or excessive speed. While 
elevated ambient temperature or insufficient oil or shock 
loads or pump overload or excessive speed has a direct 
impact on the correct operation of the gear pump. From 
the given example, it is easy to conclude that each of the 
variables affects another variable or depends on some 
variable. This would further mean that the variables can be 
chained in a certain way, which is the first step in forming 
a Bayesian network. For variables that are directly related, 
it is necessary to determine the conditional probabilities, 
this is done on the basis of previous experience and 
theoretical knowledge of the person making the 
conclusion. So the first step in determining the probability 
that shows the percentage of non-operation of the gear 
pump is the process of designing a Bayesian network 
where each variable is defined in detail, and then creating 
a Bayesian network in Netica software in which 
predefined variables are entered into the program and 
formed a network.  

2. THE PROCEDURE FOR DESIGNING A BAYES
NETWORK

In order to design a Bayesian network, it is first
necessary to define the following: 

• nodes in the network (variables to be solved),
• possible outcome of each node (values received

by each of the variables), 
• branches in the network (interdependence of

variables), 
• the probability distribution of each of the

variables depending on the probability distribution of their 
parents in the network.  

The next step is to assign probabilities. They 
represent the initial probabilities assigned to the variables, 
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and they are arrived at on the basis of some previous 
research. When it comes to the Bayesian network, 
probability would imply anticipating the outcome of each 
of the variables when no evidence is known for any node 
in the network.  

A variable that is not affected by any other variable 
in the network is called a parent or root. They are placed 
first in the network. Then the parents connect the branches 
with the variables on which they have a direct influence 
and they are called children. This procedure continues 
until the final variables are reached, those that do not have 
children, ie they do not affect any of the variables. A 
similar procedure is used when assigning probabilities. It 
is first necessary to assign probabilities to the variables 
that represent the root in the network.  

This is the probability in the observed example of a 
malfunction of the gear pump, overheating of the oil. 
Then, for each variable that has parents, a conditional 
probability table is formed. So for each variable it is 
necessary to take into account all combinations of 
probabilities of its parents. The number of parents of a 
variable determines the dimensionality of the table.  

Figure 1 shows the analysis of the interdependence 
of nodes (variables) in the network. The presence of 
excessive friction, elevated ambient temperature and 
insufficient oil depends on whether the oil is overheated or 

not. So, this variable overheating oil has three children. 
Furthermore, impact loads, pump overload, excessive 
speed depend on whether there is too much friction or not. 
Well, this variable also has three children. While the 
variable malfunction of the gear pump, which is also the 
question that arises in order to reach an adequate solution 
to the problem, has five parents, depends on elevated 
ambient temperature, insufficient oil, shock loads, pump 
overload and excessive speed. In order for this model to be 
complete, it is necessary to associate each variable with 
the corresponding conditional probability, Figure 2.   

Each of the variables that has parents is 
accompanied by tables of conditional probabilities that 
will be taken into account by each of the outcomes of her 
parents. As the number of parents increases, so does the 
number of conditional probabilities that will be associated 
with the mentioned variable. For example, a node that has 
two parents will be associated with a total of 4 
probabilities, because each parent has two states in which 
it can be. Thus, the total number of conditional 
probabilities joining the node, which has n parents, is 2n. 
This procedure performs the design of the Bayesian 
network, which is further entered into the Netica program, 
which leads to a percentage probability of failure of the 
gear pump.  

Figure 1: Bayesian network 
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Figure 2: Bayesian network with conditional probabilities 
3. CREATING A BAYES NETWORK USING NETICA

SOFTWARE 

Calculating probabilities in Bayesian networks that 
have a large number of nodes can be very complicated if 
the probabilities were calculated “on foot”. In order to 
make working with Bayes' networks as simple as possible, 
several software tools have been developed, one of which 
is used in this work is Netica.  

The principle of operation of this program is 
extremely simple. It is necessary to enter nodes 
(variables), values that variables can receive, conditional 
probabilities, more precisely everything that is defined by 
the formatting procedure. After that, the arrows show the 
dependence of the given variables and a network is 
formed. Figure 3 shows the appearance of the working 
window of the running Netica program. 

Figure 3: Appearance of the Netica program window 
In the following text, it will be briefly explained 

how the Bayesian network is created with the help of 
Netika software, through the determination of the 
probability that shows the percentage of non-operation of 
the gear pump.  

Creating a network in software begins with 
selecting defined nodes that represent variables. Netica 
software provides the ability to draw three types of nodes, 

arranged respectively in the form: circle, square and 
hexagon. These are, respectively: nodes of "nature", nodes 
of "decisions" and nodes of "values". Nature nodes are 
variables that can be influenced by the decision maker. 
They are used to represent empirical or calculated 
parameters and the probabilities of occurrence of different 
states. Decision nodes are management variables that can 
be directly implemented by the decision maker. These 
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nodes represent a set of available management actions. 
They are closely related to value nodes, which are used to 
estimate the correct optimal decision on the network that 
will maximize the sum of the expected values of the value 
nodes. Next to the nodes, there is also an arrow that is used 
to establish the dependencies between the nodes. 
Relationships between nodes can be entered as individual 
probabilities, in the form of equations, or they can be 
downloaded from a data file. 

In the concrete example of the network in Netica, 
the network will be drawn over the nodes of nature, and 
the relations will be entered as probabilities. When a 
sufficient number of nodes are displayed in the Netica 
software workspace, determined whether they are of 

discrete or continuous type, then the values that the 
variable can receive are entered, Figure 4, the next step is 
to connect the nodes to establish dependency and provide 
the ability of Netica to recognize who the parents of each 
of the variables are and thus enable easier entry of 
predetermined conditional probabilities, Figure 5. A 
further step is to enter the conditional probabilities that are 
known, Figure 6. Now, when all probabilities have been 
entered by clicking on the Compile Net option, the 
probabilities for all variables in the network are obtained 
Figure 7, after the check, based on previously defined and 
entered probabilities, the probability is determined, which 
shows the percentage of gear pump failure. 

Figure 4: Node naming, input of node type and values that node receives 

Figure 5: Connecting nodes 
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Figure 6: Entering conditional probabilities 

Figure 7: Assigned probabilities to all nodes 

4. POSSIBILITY OF CHANGE OF PROBABILITY ON
THE CORRESPONDING NODE (VARIABLE) IN THE

FORMED NETWORK 
In the finished Bayesian network, Netica offers the 

possibility of changing conditional probabilities, if there is 
a need for that, more precisely if there is evidence for a 
variable, ie it is known what value the given variable 
takes. In order to change the probability of the 
corresponding variable, it is necessary to set its probability 
to the appropriate one, after which the program will 

change the probabilities of other nodes that depend on that 
node (variable).  

Modification within the given network for 
malfunction of the gear pump was performed on the node 
(variable) pump overload, where the problem observer set 
the probability for the selected node (variable) is 100, after 
which the program automatically adjusted the conditional 
probabilities of all other variables with to which it is 
related and in this way it is easy to calculate the 
percentage of malfunction of the gear pump when there is 
a change in the probability of the corresponding variable, 
Figure 8. 
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Figure 8: Probability change on the selected node 

CONCLUSION 
In the last few decades, new methods have been 

developed for mechanical engineering that enable faster 
and more efficient solving of problems that designers 
encounter when making decisions. Before solving any 
problem, the most important thing is to determine the 
exact cause of the problem. This involves a series of 
actions, observations and interpretations of the very cause 
of the problem that would lead to the presence of a 
suspected problem. In almost all areas of mechanical 
engineering, the exact cause of the problem can be solved 
by experience, intuition, knowledge or skill, but also by 
using programs that enable faster and more efficient 
problem solving. One such program is the Netica software, 
the principle of operation, design process and creation of 
the network is presented in this paper. The whole 
procedure performed to create a Bayesian network in the 
given example provides the possibility to determine the 
percentage values of gear malfunction if variables (causes) 
are known that directly affect the correct operation of the 
pump.  

The paper also provides an opportunity for the 
problem observer to adjust the probability of a variable 
depending on his problem after the network is created, 
after which the modified Bayesian network can be easily 
adapted to the new data, no matter how many variables 
there are. This actually means that if one probability 
changes on one of the variables, it is possible to 
automatically adjust the conditional probabilities of all 

other variables to which it is related, which further 
provides the possibility of easily calculating the 
probability of malfunction of the gear pump.  
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Abrasive water jet machining is a very efficient unconventional method for contour cutting of different types of 

materials. As one of the main characteristics of the quality of surfaces machined with this method is curved lines that appear 
during machining. These lines are a consequence of the deviation of the abrasive water jet from its ideal vertical line, jet 
lagging, which are the cause of machining errors. 

The aim of this work is to investigate the influence of machining parameters on jet lagging. The samples of high-speed 
steel EN HS6-5-2 (JUS c.7680) were machined with an abrasive water jet under varying working pressure, traverse speed, 
abrasive mass flow rate, and stand-off distance. The jet lagging was measured at twenty places along with the depth of cut, 
and based on these results, the relationship between the jet lagging and machining parameters has been formed. 

In order to correctly select the process parameters, an empirical model for the prediction of jet lagging in abrasive 
waterjet cutting of high-speed steel EN HS6-5-2 was developed using regression analysis. This developed model has been 
verified with the experimental results that reveal high applicability of the model within the experimental range used. 

Keywords: Jet lagging, Abrasive waterjet, Empirical model, High speed tool steel, Regression analysis
1. INTRODUCTION

Abrasive Waterjet Cutting [AWJC] has various 
distinct advantages over the other non-conventional cutting 
technologies, such as no thermal distortion, high machining 
versatility, minimum stresses on the work piece, high 
flexibility and small cutting forces and has been proven to 
be an effective technology for processing various 
engineering materials [1]. It is superior to many other 
cutting techniques in processing variety of materials and has 
found extensive applications in industry [2]. However, 
AWJC has some drawbacks and limitations. It creates 
tapered edges on the kerf, especially when cutting at high 
traverse rates [3,4], generate loud noise and a messy 
working environment. 

In the abrasive water jet cutting, the tool is the 
abrasive water jet, Figure 1. 

Figure 1: Schematic view of abrasive water jet cutting [5] 

The abrasive water jet is a narrow, high-speed water 
jet stream, formed by highlighting the small diameter water 
orifice. Downstream from the orifice, in the mixing 
chamber, abrasive particles are added in the high-speed 
water jet. They are accelerated by momentum exchange 
with the high-speed water jet in an abrasive nozzle. From 
there, the abrasive water jet is directed to the work piece. 

The principles on which the abrasive water jet 
machining process is based on is erosion. Some authors 
explain the process of erosion as a kind of abrasive wear, at 
which abrasive particles and water jet repeatedly impact the 
surface, resulting in flushing of the material from that 
surface [2,6]. 

There are several papers dealing with the formation 
of cut front geometry and the factors that influence its final 
appearance. Mostly, the cutting front geometry of the 
workpiece machined by the abrasive water jet is influenced 
by machining parameters such as operating pressure, stand-
off distance, traverse speed, abrasive flow rate [2,7]. 

 Defining the geometry of the cutting front, is in fact, 
the determination of the deviation - lagging, Ylag, of the 
abrasive water jet from the vertical line. Momber and 
Kovačević [2] explained the deviation of the cut front 
geometry from ideal as a consequence of energy loss during 
the cutting process, Figure 2. 

Figure 2: Deviation of the cut front geometry from ideal 
[2] 

The line that defines the lagging of abrasive water 
jet is described by Zeng, Heines and Kim [8] as a parabola. 
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The aim of this work is to investigate the influence 
of machining parameters, such as operating pressure, p, 
standoff distance, Sd, traverse speed, U, and abrasive mass 
flow rate, Ma, on jet lagging and to make an empirical 
model for the prediction of jet lagging in abrasive waterjet 
cutting of high-speed steel EN HS6-5-2. 

M. Chithirai Pon Selvan i N. Mohana Sundara Raju
[9] observed the maximum cutting depth, hmax, as a main
parameter for evaluating the applicability of the abrasive
water jet machining process for a particular material. They
found that water pressure has the most effect on the depth
of cut and surface roughness. An increase in water pressure
is associated with an increase in depth of cut but a decrease
in surface roughness. Depth of cut constantly increases and
surface roughness decreases as mass flow rate increases. As
nozzle traverse speed increase, surface roughness increases
but depth of cut decreases. This means that low traverse
speed should be used to have more depth of cut and surface
smoothness but is at the cost of sacrificing productivity.
This experimental study has resulted that standoff distance
has no apparent effect on depth of cut. Nevertheless, surface 
smoothness increases as stand-off distance decreases. Using
regression analysis, they developed a model for predicting
the depth of cut of stainless steel. During the development
of the model, various parameters of the abrasive water jet
machining process were taken into account. Their model is
represented by a formula:

hmax=678∙
p0,339∙Ma0,107∙da

1,795∙ρa
0,878

E0,324∙U0,137∙Sd0,009∙ρw∙dj
(1) 

where p is the working pressure, Ma is the abrasive 
mass flow rate, da is the mean value of the abrasive particle 
diameter, ρa is the density of the abrasive particles, E  is the 
material modulus of elasticity, U is the traverse speed, Sd is 
the stand-off distance of the cutting head from the 
workpiece, ρw is the density of the water and dj is the 
diameter of the water jet. 

This model showed a good corelation with the 
experimentally obtained results and will be used as a basis 
for experimental analysis of the influence of the machining 
process parameters on the jet lagging. 

2. EXPERIMENTAL WORK
Samples presented by Kurbegovic, Janjic, Vukcevic 

and Durovic [10], Table 1, concerning the influence of the 
water pressure (p), traverse speed (U), abrasive flow rate 
(Ma) and stand-off distance (Sd) on the abrasive water jet 
lagging, were used for creating relationships and adopting a 
mathematical model of influence of the machining process 
parameters on the jet lagging. 

Table 1: Samples and its machining parameters [10] 
Sample 1 Sample 2 Sample 3 

p1 = 199,9 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p2 = 251,7 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p3 = 299,9 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

Sample 4 Sample 5 Sample 6 

p4 = 351,6 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p5 = 413,7 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p = 413,7 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd1 = 3 mm 

Sample 7 Sample 8 Sample 9 

p = 413,7 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd2 = 4 mm 

p = 413,7 MPa 
U = 20 mm/min 
Ma = 395 g/min 

Sd3 = 6 mm 

p = 413,7 MPa 
U = 5 mm/min 

Ma = 395 g/min 
Sd = 2 mm 

Sample 10 Sample 11 Sample 12 

p = 413,7 MPa 
U2 = 10 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p = 413,7 MPa 
U3 = 30 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p = 413,7 MPa 
U4 = 40 mm/min 
Ma = 395 g/min 

Sd = 2 mm 
Sample 13 Sample 14 Sample 15 

p = 413,7 MPa 
U5 = 60 mm/min 
Ma = 395 g/min 

Sd = 2 mm 

p = 413,7 MPa 
U = 20 mm/min 

Ma1 = 166,5 g/min 
x = 2 mm 

p = 413,7 MPa 
U = 20 mm/min 
Ma2 = 229 g/min 

Sd = 2 mm 
Sample 16 Sample 17 

p = 413,7 MPa 
U = 20 mm/min 

Ma3 = 274,5 g/min 
Sd = 2 mm 

p = 413,7 MPa 
U = 20 mm/min 

Ma4 = 331,5 g/min 
Sd = 2 mm 

The system used for machining the samples is the 
product of WJS, model NCX 4020, Sweden. The diameter 
of the water orifice was 0,254 mm and the abrasive nozzle 
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(focusing tube) diameter was 0,768 mm (ROCTEC 100). 
The abrasive material was Garnet mesh 80. 

The material used for the experiment is high-speed 
tool steel EN HS6-5-2 (JUS c.7680, AISI M2), produced 
with the Electro Slag Remelting (ESR) method in a round-
shaped ingot, normalized, bandsawed to 42 mm thick discs 
and lathe cut to 40±0,05 mm. Material is then water jet 
machined to a 40x40x110±0,05 mm specimens. The side 
which is water jet machined is milled and flatten to 38±0,05 
mm for distinction purposes. The material was cut to a 
length of 30 mm. Then the flow of abrasives was stopped 
and then the machine was stopped. After that, the specimens 
were cut till the end with Wire Electric Discharge 
Machining (WEDM). Cutting with WEDM was done to 
avoid damaging the cut front line and that it could be 
possible to measure the jet lagging.  

Measurements for determining water jet lagging 
were performed in twenty places (at the same distance) 
along the sample thickness using an optical microscope. 
Measurement principle of jet lagging is shown on Figure 3. 

 

 
Figure 3: Measurement of jet lagging [11] 
Measured values of jet lagging for samples shown 

in Table 1, are shown in Table 2. 
Table 2: Measured values of jet lagging [10] 

 Sample 1 Sample 2 Sample 3 Sample 4 
h, 

mm Ylag, mm 

0 0 0 0 0 
2 0,0978 0,0774 0,0693 0,0590 
4 0,1473 0,1294 0,1277 0,0804 
6 0,1554 0,1534 0,1661 0,1531 
8 0,2108 0,2133 0,2104 0,1865 

10 0,3152 0,2726 0,2436 0,2198 
12 0,4381 0,3314 0,2608 0,2537 
14 0,5450 0,4058 0,3066 0,3042 
16 0,6765 0,5350 0,4178 0,4162 
18 0,8117 0,6642 0,5569 0,5385 
20 1,0111 0,7969 0,6451 0,6536 
22 1,2282 0,9297 0,8191 0,7461 
24 1,4628 1,1341 0,9932 0,8241 
26 1,7640 1,3384 1,1247 0,9159 
28 2,0834 1,5427 1,2561 1,0661 
30 2,5039 1,8170 1,3876 1,2163 
32 - 2,0914 1,6424 1,4484 
34 - 2,4332 1,8973 1,6805 
36 - 2,8380 2,1376 1,9127 
38 - 3,2731 2,4666 2,1448 
40 - 3,8638 2,7958 2,3769 

 Sample 5 Sample 6 Sample 7 Sample 8 
h, 

mm Ylag, mm 

0 0 0 0 0 
2 0,0453 0,0651 0,0709 0,0703 
4 0,0906 0,1303 0,1418 0,1407 
6 0,1359 0,1954 0,2126 0,2110 
8 0,1811 0,2309 0,2571 0,2813 

10 0,2264 0,2754 0,3016 0,3517 
12 0,2717 0,3198 0,3329 0,4220 
14 0,3170 0,3643 0,3708 0,4923 
16 0,3623 0,4087 0,4087 0,5627 
18 0,4076 0,4624 0,5130 0,6330 
20 0,4786 0,5160 0,6173 0,7033 
22 0,5329 0,6443 0,7217 0,8407 
24 0,6382 0,7726 0,8260 0,9782 
26 0,7434 0,9107 0,9803 1,1337 
28 0,8487 1,0489 1,1346 1,2892 
30 0,9539 1,1871 1,2890 1,4448 
32 1,1120 1,3642 1,5121 1,6671 
34 1,2701 1,5414 1,7351 1,8894 
36 1,4282 1,7185 1,9582 2,1116 
38 1,5863 1,8957 2,1813 2,3339 
40 1,7445 2,0729 2,4045 2,5563 

 Sample 9 Sample 
10 

Sample 
11 

Sample 
12 

h, 
mm Ylag, mm 

0 0 0 0 0 
2 0 0 0,0926 0,0926 
4 0 0 0,1852 0,1852 
6 0 0 0,2777 0,2777 
8 0 0 0,3703 0,3703 

10 0 0,0329 0,4351 0,4351 
12 0 0,0658 0,5232 0,6626 
14 0 0,1023 0,6245 0,8925 
16 0,0393 0,1389 0,8342 1,1718 
18 0,0786 0,2365 1,0439 1,4512 
20 0,1179 0,3342 1,3387 1,8412 
22 0,1572 0,4319 1,6336 2,2312 
24 0,1965 0,5532 1,9633 2,6259 
26 0,2359 0,6744 2,2930 3,0207 
28 0,2752 0,7631 2,7636 3,5046 
30 0,3289 0,9202 3,2342 3,9984 
32 0,3826 1,0672 3,7047 4,4723 
34 0,4363 1,2141 4,1753 4,9562 
36 0,5485 1,3298 4,6183 5,4635 
38 0,6608 1,5612 5,0612 5,9708 
40 0,7730 1,6769 5,5042 6,4779 

 Sample 
13 

Sample 
14 

Sample 
15 

Sample 
16 

h, 
mm Ylag, mm 

0 0 0 0 0 
2 0,0926 0,0926 0,0926 0,0834 
4 0,1852 0,1852 0,1852 0,1668 
6 0,2777 0,2777 0,2777 0,2503 
8 0,3703 0,3703 0,3703 0,3439 

10 0,5809 0,4715 0,4715 0,4175 
12 0,7997 0,6278 0,6278 0,4691 
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14 1,1137 0,8224 0,7458 0,5187 
16 1,4497 1,0830 0,9277 0,7437 
18 1,7856 1,4235 1,0865 0,9907 
20 2,3621 1,7762 1,3359 1,2030 
22 2,9387 2,1288 1,5853 1,4153 
24 3,4368 2,5145 1,8378 1,7352 
26 4,0273 2,8689 2,0485 2,0485 
28 4,6854 3,2476 2,3667 2,3667 
30 5,3470 3,6263 2,6848 2,6848 
32 6,0086 4,0051 3,0029 3,0029 
34 6,6703 4,3838 3,321 3,3210 
36 7,5399 4,9571 3,8172 3,6890 
38 8,4366 5,5929 4,3531 3,9815 
40 9,3471 6,1071 4,8004 4,1935 

Sample 
17 

h, 
mm Ylag, mm 

0 0 
2 0,0410 
4 0,0820 
6 0,1229 
8 0,1639 

10 0,2962 
12 0,4284 
14 0,5606 
16 0,6928 
18 0,8251 
20 0,9999 
22 1,1748 
24 1,3876 
26 1,7095 
28 2,0332 
30 2,3569 
32 2,6806 
34 3,0043 
36 3,3133 
38 3,6340 
40 3,9440 

It was concluded in [10] and shown on figure 2 that 
as the cutting depth increases, the deviation of the front 
cutting line from its ideal line, jet lagging, also increases. 
The increase in traverse speed and the distance of the 
cutting head from the machining material, stand-off 
distance, results in an increase of the jet lagging. As the 
values of the abrasive flow and working pressure processing 
parameters increase, the jet lagging decreases. This clearly 
demonstrates the strong correlation between the jet lagging 
and the applied machining parameters. 

(a) 

(b)
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(c) 
 

 

(d) 
Figure 4: Influence of (a) operating pressure, (b) traverse 

speed, (c) abrasive mass flow rate and (d) stand-off 
distance on jet lagging [10] 

3. PREDICTIVE MODEL FOR JET LAGGING 

AWJC process involves a large number of variables 
that affect the cutting performance. Dimensional analysis is 
a powerful analytical technique in describing the 
relationship between physical engineering quantities (such 
as jet lagging) and independent variables. This technique is 
used to develop mathematical model for the jet lagging 
based on the experimental data for high-speed tool steel. 
The constants in the models were obtained by the regression 
analysis technique. These constants were statistically 
determined at minimum 95 % confidence level. This model 
relates the jet lagging to four process variables, namely 
water pressure, nozzle traverse speed, abrasive mass flow 
rate and nozzle stand-off distance. 

Mathematical model adopted for this research work 
will be as follows: 

Ylag=a∙hb∙pc∙Ud∙Mae∙Sdf (2) 
where a, b, c, d, e, f are regression analysis 

coefficients. 
The above model is valid for the operating 

parameters in the following range for practical purposes and 
machine limitations: 

• Water pressure: 199,9 MPa ˂ p ˂ 413,7 MPa, 

• Traverse speed: 5 mm/min ˂ U ˂ 60 mm/min, 

• Abrasive mass flow rate: 166,5 g/min ˂ ma ˂ 395 
g/min and 

• Stand-off distance: 2 mm ˂ Sd ˂ 6 mm. 

The mathematical model that describes the impact of 
the corresponding machining parameters on the jet lagging 
was given for each diagram. 

Ylag=1.347 · h 2.132 · p -1.251 (3) 
Standard deviation of (3) is R = 0.9948869. 

Ylag=0.0001017 · h 1.945 · U 1.046 (4) 
Standard deviation of (4) is R = 0.986002. 

Ylag=1.022 · h 1.821 · Ma -0.9575 (5) 
Standard deviation of (5) is R = 0.9948869. 

Ylag=0.001864 · h 1.789 · Sd 0.352 (6) 
Standard deviation of (6) is R = 0.9943339. 

It is shown that the model predictions are in good 
agreement with the experimental data with the deviations 
less than 3 %. Also, using the MATLab software package, 
multiple regression analysis was performed on the 
measured values of jet lagging, Ylag, and given in a 3D 
representations in figure 5, within the experimental range. 
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(a) 

(b) 

(c) 

(d) 

Figure 5: Influence of (a) operating pressure, (b) traverse 
speed, (c) abrasive mass flow rate and (d) stand-off 

distance on jet lagging 
Based on the measured values in Table 2, the 

relationship between the jet lagging and operating pressure, 
stand-off distance, traverse speed, abrasive mass flow rate 
and depth of cut, is formed. This relationship is represented 
by a mathematical model described in (2).  

Ylag=3.4656∙
h1.4008∙Sd0.1086∙U1.1424

p0.4053∙Ma1.1316 (7) 

Standard deviation of (7) is R = 0.9702062. 
Figure 6 shows the observed values of the jet 

lagging versus the values of the jet lagging predicted by the 
model presented in (7).  

Figure 6: Observed versus predicted values of the jet 
lagging 

4. CONCLUSIONS

Experimental investigations have been carried for 
the jet lagging in abrasive waterjet cutting of high-speed 
tool steel. The effects of different operational parameters 
such as: pressure, abrasive mass flow rate, traverse speed 
and nozzle stand-off distance on jet lagging have been 
investigated. 
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The change of the jet lagging as the function of 
operating pressure, stand-off distance, traverse speed, and 
abrasive mass flow rate can be noted. With the increase of 
the traverse speed, there is an increase in the jet lagging. 
Furthermore, it can be observed that the increase of 
operating pressure and abrasive flow rate causes the 
decrease of the water jet lagging. This clearly suggests a 
firm correlation between the water jet lagging and the 
referred machining parameters. The influence of the depth 
of cut on the jet lagging is also significant. With the 
increasing depth of cut, the jet lagging also increases. 

It is interesting that the exponent associated with the 
depth of cut, in all Equations (3, 4, 5 and 6), has a value of 
about 2. 

As a result of this study, it is observed that these 
operational parameters have a direct effect on jet lagging. It 
has been found that traverse speed has the most effect on jet 
lagging. An increase in traverse speed is associated with an 
increase in jet lagging. These findings indicate that the use 
of low traverse speed is preferred to obtain overall good 
cutting performance, but at the cost of productivity. Jet 
lagging constantly decreases as the mass flow rate 
increases. It is recommended to use a more mass flow rate 
to decrease jet lagging. Among the process parameters 
considered in this study traverse speed and abrasive mass 
flow rate have a similar effect on jet lagging, but one 
opposite from another. Stand-off distance has no apparent 
effect on jet lagging, but to achieve an overall cutting 
performance, a low stand-off distance should be selected. 

From the experimental results, an empirical model 
for the prediction of jet lagging in the AWJC process of 
high-speed tool steel has been developed using regression 
analysis. Also, verification of the developed model for 
using it as a practical guideline for selecting the parameters 
has been found to agree with the experiments. Therefore, 
the need for extensive experimental work in order to select 
the magnitudes of the most influential abrasive waterjet 
cutting parameters on jet lagging of high-speed tool steel 
can be eliminated. 

Based on the model from (7), it can be concluded 
that with the proper selection of the machining parameters, 
the desired values of the jet lagging can be achieved. The 
entire length of the cut does not need to be machined with 
such selected machining parameters, but only the parts of 
the path that make the curve, because major mistakes occur 
there. 

From the (7), we can conclude that an increase of the 
depth of cut, stand-off distance and traverse speed leads to 
an increase of the jet lagging, and with an increase of 
operating pressure and abrasive mass flow rate jet lagging 
decreases. 

The experiments were carried out on only one 
material, EN HS6-5-2, so that the obtained models are only 
valid for this material. It is necessary to carry out the 
experiments on different materials or the same material with 
different heat treatments to determine the effects of the 
mechanical properties of materials on the jet lagging. 

It would also be interesting to carry out the 
experiments on the same material with different thicknesses 
and other mechanical properties, and to investigate this 
phenomenon and its dependencies. 

NOMENCLATURE 

da Mean diameter of abrasive particles 

dj Diameter of water jet 

h Depth of cut 

Ma Abrasive mass flow rate 

p Working pressure 

U Traverse speed 

Sd Stand-off distance 

E Materials Young´s modulus 

Ylag Jet lagging 

ρa Abrasives density 

ρw Density of water 

s Sample thickness 

a, b, c, d, e f Coefficients of regresion analysis 
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Increasing machinability is usually a challenging issue, thus represents an often-explored topic. Many useful tools 
and methodologies were developed to support engineers and researchers in their effort to optimize production and find 
good trade-off between competitive priorities in manufacturing. Taguchi optimization method represents experimental 
methodology that allows engineers to obtain information about the process factors’ effects on the selected outcome, with 
the minimum number of experiments. In this paper one element of the plasma cut quality was investigated, namely bevel 
angel in terms of the combination of plasma cutting process input factors: cutting current, cutting speed and material 
thickness. The orthogonal array L9 was developed, therefore nine experiments were conducted while each experiment was 
repeated 3 times under the same conditions. Signal-to-noise ratio, analysis of means and analysis of variance were 
undertaken to estimate the factor effects on the process output, optimal combination of the input factor levels, as well as 
these factors significance with the 95% of confidence. Finally, the confirmation testing was done in order to verify the 
expected response of the obtained optimal combination of the input factor levels. 

Keywords: Plasma cutting, Taguchi method, bevel angle, optimization 

1. INTRODUCTION
Plasma arc cutting is non-conventional machining 

process that employs thermal energy for removing 
material from the kerf zone, as well as the high kinetic 
energy of the plasma jet. Plasma arc is formed by heating 
pressurized plasma gas, which is supplied in a gap 
between the cutting nozzle and the electrode of the plasma 
torch (cathode). The ionization of constricted plasma gas 
begins with the ignition high frequency spark, forming a 
pilot arc. When the cutting torch is sufficiently close to the 
workpiece, the pilot arc is transferred to the material, 
acting as an anode. Thus, the main arc is established 
between the cathode and the workpiece material [1]. 
Passing through the nozzle, outside toward the workpiece 
material, plasma arc maintains gas ionization of the 
plasma jet, containing heated partially ionized gas, with 
high kinetic energy. Plasma jet heats the workpiece’s 
surface in the kerf zone, which melts and partially 
vaporize material at a localized area of workpiece. Melted 
material is expelled out of the kerf by the kinetic energy of 
plasma jet. After initial piercing of material, plasma arc is 
moved across the workpiece’s surface to produce required 
cut [2, 3].  

The electrode is usually made of water-cooled 
copper, which melts fast. Therefore, its durability was 
improved by using a tungsten or hafnium inserts at the top 
of each electrode, which is the point where the arc 
attaches. The selection of plasma gases is wide, starting 
from the compressed air or oxygen, toward nitrogen, 
carbon dioxide, argon and different argon mixtures 
(hydrogen-argon …). For cooling the torch components 
and consumables, the shield gas is employed. If plasma 
cutting process involves cutting with transferred arc 
materials that could be cut are aluminium, brass, carbon 
steel, mild steel, stainless steel, cast iron, copper, copper 
alloys, high nickel, magnesium etc [4]. 

Plasma arc cutting has wide range of applications in 
various manufacturing processes, intended either for final 
products or further processing. Plasma arc cutting is also a 
fascinating process that provokes researchers to undertake 
different kind of experimental investigations, metering, 
statistical analysis, modelling, simulations and 
optimizations. In this process researchers are facing high 
quantities of energy and intense temperatures and 
velocities in plasma jet, that impact significantly to the 
cutting quality. High temperatures of ionized gas lead also 
to the significant changes in plasma jet depending of the 
distance from the workpiece, or the position in the kerf 
area during cutting. Finally, high temperatures during this 
process influence considerably working conditions and 
environment, therefore, a special attention should be 
assigned to the safety issues at the work floor [5,6]. 

In the past years, researches focused on the plasma 
arc cutting process could be classified into several groups. 
Although the technology is getting more and more 
advanced and the precision is increased, the phenomena 
that follow intense phase transformations of material 
during plasma cutting are very often subject of different 
investigations and challenges in research. Cutting quality 
is still subject of interest for many researchers, especially 
in application of different artificial and computational 
intelligence methods or advanced statistical methods for 
process modelling and optimization, with respect to the 
various elements of plasma cut quality [7]. 

Number of studies is devoted to the investigation of 
the relationship between plasma cutting parameters and 
desired cut quality characteristics. Some of them do not 
investigate relations between cutting parameters and their 
interrelations in terms of finding mathematical or other 
models of the processes abstracted as black box. They 
present the metering results, varying one or more 
parameters, using the graphical representation as one of 
the most explicatory ways of data representation. These 
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studies could be important from the empirical point of 
view, since it is useful to have as many data as it could be 
obtained in order to reach the appropriate conclusions of 
the plasma arc cutting process [8-10]. 

Each investigation of the plasma cutting process 
aimed to understand process mechanisms and effects of 
the plasma cutting parameters on the quality 
characteristics, gave special attention to the experimental 
investigation. Although many types of designs of 
experiment were used for plasma cutting process 
modelling and optimization (Box-Behnken design, Box-
Wilson design etc.) [11-14], in recent years the application 
of Taguchi orthogonal arrays dominated.  

Salonitis investigated the effects of cutting power, 
cutting speed, cutting height and plasma and gas pressure 
on the kerf taper angle, surface roughness and the size of 
heat affected zone (HAZ) by Taguchi L9 orthogonal array, 
which was followed by the empirical regression model 
development [15]. Bhuvenesh used Taguchi method to 
achieve the optimum condition for material removal rate 
and surface roughness, while its study revealed that the 
surface roughness is inversely proportional to the material 
removal rate [16]. Plasma arc surface hardening was also 
explored using Taguchi design, while the significance of 
process parameters and its interactions was investigated 
[17]. Plasma surface hardening was also investigated by 
Yang, while the Taguchi L9 orthogonal array was used. 
One research included the study of the effect of specimen 
thickness on the maximum hardness obtained in plasma 
surface hardening, while the other one is related the 
process optimization to achieve maximum hardened depth 
of ASSAAB 760 Steel [18,19]. It could be concluded that 
the surface roughness and material removal rate are the 
most investigated output process parameters, while usual 
input process parameters are cutting speed, material 
thickness, cutting current and gas pressure.  

Standard for thermal cutting, including plasma arc 
cutting, provided the methodology and evaluation criteria 
for the cut quality classification SRPS EN ISO 9013:2017 
(Thermal cutting – Classification of thermal cuts – 
Geometrical products specification and quality tolerances). 
These standard defined terms related to the cutting 
process, as well as finished workpiece and specified the 
determination of the quality of cut surface, including the 
definition of bevel cut [20]. Bevel angle is angle of the cut 
edge. When bevel angle is 0° for vertical cut, the cut 
surface is under 90° comparing to the both upper and 
lower side of the workpiece (the torch position is 
perpendicular to the workpiece surface during cutting). 
However, this cut characteristic is not always easy to 
reach, therefore bevel angle is measured to assess the 
quality of the cut. Bevel angle is influenced by cutting 
speed, cutting current, material thickness, torch movement 
direction, standoff distance (distance between the nozzle 
and workpiece) [21]. Bevel angle, as one element of the 
plasma cut quality, was previously explored by 
experimental research and application of artificial neural 
network to model the impact of plasma cutting current, 
cutting speed and material thickness on the bevel angle 
[22].  

However, the purpose of this research was to 
investigate the impact of cutting current, cutting speed and 
material thickness on the bevel angle during plasma arc 

cutting. The experiment was based on the L9 orthogonal 
array, in which three factors are varied at three levels. 
Based on the observed experimental results, the analysis of 
means (ANOM) and analysis of variance (ANOVA) was 
done (ANOVA) was done in order to determine process 
parameter significance and to find the optimal setting of 
the plasma cutting input parameters with respect to as 
small as possible bevel angle.  

2. TAGUCHI DESIGN AND EXPERIMENTAL SETUP
Taguchi method is closely related to the quality 

engineering, as a research procedure for improving 
functionality by taking advantages of measurement 
methods in functional, multidimensional space. It 
introduced the idea of robust design which is design of a 
product that causes no trouble under any conditions 
(especially uncontrollable environmental conditions) or 
which are insensitive to component variation. This could 
be reached if the product functions could be evaluated 
under known and unknown conditions, by experimentally 
manipulating its design parameters, with the objective to 
find product design configuration insensitive or less 
sensitive to variation [23]. Taguchi methodology proposed 
to conduct the design of experiment using special set of 
orthogonal arrays, which stipulates full information out of 
as low as possible number of experiments, by choosing 
adequate level combinations of the input process 
parameters. Therefore, this Taguchi approach significantly 
reduces the time and cost of the experiments since it uses 
various types of fractional designs to study the entire 
experimental hyperspace. 

In this paper, the Taguchi methodology was used to 
find optimal setting of the plasma cutting input parameters 
to make this process as less sensitive as possible. The 
considered process parameters were cutting current, 
cutting speed and material thickness. The observed output 
parameter was bevel angle, as an angle of the cut edge, in 
the cases when the cut edge is not perfectly squared to the 
surface of the workpiece.  

Therefore, three input parameters were selected, 
each having three levels (low, medium and high). Based 
on parameter factors and levels, L9 (33) orthogonal array 
was developed, followed by the experimental setup in 
accordance with orthogonal array variable factor layout. 
For the same experimental setup, each experiment was 
repeated three times. Table 1 shows low, medium and high 
level of the input process parameters of the cutting current, 
cutting speed and material thickness. 

Table 1. Input parameters and their levels 

Cutting parameter 
Level 

1 2 3 
(low) (medium) (high) 

Cutting current [A] 80 100 130 
Cutting speed [mm/min] 800 1,200 1,900 

Material thickness [mm] 8 10 15 
The experiment was performed on the CNC 

machine HPm Steel Max 6.25 (High Performance 
Machinery). Plasma cutting unit used on this machine was 
Hypertherm HPR130. The workpiece material was 
X10CrNiMn-16-10-2 (EN 10025), with the following 

B.24



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

Application of Taguchi method to bevel angle optimization during plasma arc cutting 

chemical composition: 0.1 % C; 16 % Cr; 10 % Ni and 2 
% Mn [4]. 

Taguchi method parameter design converts the 
output (response) parameter to the signal-to noise ratio. 
This ratio combines the mean (signal) and the standard 
deviation (noise) of the output process parameter at each 
setting of input parameters in orthogonal array into a 
single performance measure. Basically, it compares the 
level of a desired signal to the level of background noise. 
There could be distinguished three types of this ration, 
depending on the criterion for the quality characteristic to 
be optimized: smaller-the-better, larger-the-better, and 
nominal-the-better. In this paper smaller-the-better ration 

was used since the objective is to make output as small as 
possible. 

 2

1

1/ 10log
n

i ij
j

S N y
n

η
=

 
= = −  

 
∑  (1) 

Where  is signal-to-nose ratio of the ith trial, yij is 
jth observed value of the response in ith trial.  

Design of experiment, together with the response 
value, as well as calculated signal-to-noise ration are 
shown at figure 2. 

 

Table 2. Design of experiment and experimental results (signal-to-noise ration) 

Trial no. 
Cutting 
current 

Cutting 
speed 

Material 
thickness Bevel angle Signal to 

noise  
I [A] v [mm/min] s [mm] β1 β2 β3 η 

1 80 800 8 3.32 3.40 3.78 -10.896 
2 80 1,200 10 2.8 3.40 3.25 -9.995 
3 80 1,900 15 2.7 2.67 3.03 -8.958 
4 100 800 10 3.6 3.74 4.06 -11.607 
5 100 1,200 15 3.35 3.60 3.25 -10.638 
6 100 1,900 8 2.5 2.26 2.44 -7.612 
7 130 800 15 3.4 3.35 3.45 -10.630 
8 130 1,200 8 2.45 2.50 2.85 -8.320 
9 130 1,900 10 2.18 2.40 2.32 -7.241 

 
 

3. ANALYSIS OF THE RESULTS AND DISCUSSION 

3.1. Analysis of means (ANOM) 
ANOM is the average response for each 

combination of input process parameters levels in a 

statistic Taguchi method and is used to estimate factor of 
the process parameters. Figure 1 represents average 
response at each process parameter level, where it could be 
seen which parameter affects more on the bevel angle.  
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Figure 1. ANOM – response diagram for S/N ratio 
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Figure 1 reveals the optimal combination of input 
plasma cutting parameters and their levels that yield to the 
optimum bevel angle with minimum variance around the 
target value. This combination includes cutting current at 
the high level (130 A), cutting speed at high level as well 
(1,900 mm/min) and material thickness at low level (8mm) 
(A3B3C1).  

3.2. Analysis of variances (ANOVA) 
ANOVA for the S/N ratios was carried out in order 

to assess the effect and significance of each process 
parameter. Table 3 shows the result of ANOVA for signal-
to-noise ratio for bevel angle.  

Table 3 shows ANOVA for signal-to-noise ratio 

Source Degrees of 
freedom 

Sum of 
squares 

Mean 
square 

Fisher’s ratio 
(F) 

Cutting current 2 2.978 1.489 37.194 
Cutting speed 2 14.532 7.266 181.477 

Material thickness 2 1.947 0.974 24.314 
Error 2 0.080 0.040 

Total 8 19.538 

In order to perform ANOVA, the total sum of 
squared deviations was calculated, which was then 
decomposed into sum of squared deviations due to each 
input process parameter and sum of squared error. 

F test was then applied to assess the which input 
process parameter have significant effect on the bevel 
angle. The mean of squared deviations due to each process 
parameter was calculated, which is equal to the sum of 
squared deviations due to each input process parameter 
divided by the number of degrees of freedom associated 
with each process parameter. Finally, Fisher’s ratio (or F 
value) represents the ratio between the mean of squared 
deviations (variance) of the input cutting parameter and 
the mean of error squared (error variance). F test value of 
the individual process parameter is compared with the 
standard F table value at the 5% significance level. If the F 
test value is greater than table value, the cutting parameter 
can be considered significant. Table F value is 19, 
therefore, it could be concluded that all three input process 
parameters represent significant input parameter for the 
observed quality characteristic.  

Table 3 also enabled to measure percentage 
contribution of each input process parameter on the bevel 
angle. 

Figure 2. Percentage contribution of each input process 
parameter 

From figure 2 it could be observed that the change 
of all input process parameters, for the given experimental 
hyperspace, affects the bevel angle significantly. From the 
parameter contributions, it is obvious that the most 
influential plasma cutting process parameter with respect 
to the bevel angle is cutting current (74.38%). The second-
high parameter contribution is cutting current (15.24%), 
while the material thickness has the least impact although 
not neglecting (9.97%). 

3.3.  Confirmation test 
Since the optimal combination of input process 

parameters and their levels (A3B3C1) does not match any 
experimental observation carried out in Taguchi 
orthogonal array from table 2, the verification of the 
estimated result against experimental value was needed.  

Once again, the experiment carried out for the 
cutting current of 130A, cutting speed of 1,900 mm/min 
and material thickness of 8mm. After three experimental 
runs and bevel angle measuring, its average level, as well 
as signal-to noise ratio was calculated. 

To predict signal-to-noise ratio of the bevel angle 
obtained with optimal conditions the following equation 
was applied: 

( )
8

1
opt m i m

i
η η η η

=

= + −∑  (2) 

where ηm is the overall mean of the signal-to-noise 
ratio and η i is the mean of the signal-to-noise ratio at the 
optimal level of each factor i.  

Since the experimental signal-to-noise ratio was -
6.418, while estimated signal-to-noise ratio was -6.522 it 
could be concluded that the estimated value is very close 
to the experimental value, therefore, the optimal 
combination of input process parameters by could be 
confirmed. 

4. CONCLUSIONS
In this paper, Taguchi method was used to find the 

optimal combination of the input process parameters that 
yield to the optimum bevel angle with minimum variance 
around the target value. The experimental investigation 
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was performed in accordance with the Taguchi L9 
orthogonal array, for the selected number of three input 
process parameters and their levels. The investigation 
showed that the optimal combination of the process input 
parameters is as follows: high level cutting current (130 
A), high level cutting speed (1,900 mm/min) and low level 
material thickness (8mm) - A3B3C1. This conclusion 
could be supported by the consideration of the named 
parameters impact on the cut surface quality from the 
theory, practice and experience. Namely, when cutting 
current increase more energy is transferred to the 
workpiece, therefore the plasma jet needs to spend less 
time in the kerf zone. This is the reason why cutting speed 
should increase when using higher cutting current. 
Increasing the cutting current increase the plasma cutting 
unit ability to cut, especially if thicker materials are about 
to be cut. However, for the particular material thickness 
range, the increase in cutting current and speed will not 
significantly impact the quality, as it was confirmed also 
by this investigation. However, it should be stated that 
material thickness is influential parameter for wide ranges 
of thicknesses, and it represents one of the first parameters 
to be considered during the selection of the plasma cutting 
unit. 

The confirmation test led to the conclusion that 
experimental results obtained after repeating the 
experiment by setting input process parameters at optimal 
levels (A3B3C1) are very close to the estimated results, 
therefore the optimal machine setting ca be verified for the 
considered experimental hyperspace.  

This paper also investigates the effects and 
significance of input process parameters cutting current, 
cutting speed and material thickness on bevel angle. F test 
was used to determine whether each input process 
parameter has significant effect on the bevel angle. The 
analysis has showed that all considered process parameters 
are significant. The cutting speed was identified as the 
most significant process parameter followed by the cutting 
current and finally material thickness.  

As it was suggested by many researches for various 
machining processes, Taguchi approach was proved as 
powerful methodology for plasma cutting process 
optimization. The design of experiment was simplified 
comparing to the potential full factorial experimental 
design, where 27 combinations of the input process 
parameters were needed to perform the experimental 
investigation. The number of 9 performed experiments, 
with three repetition each, was three times lower than if 
the full factorial design was carried out. This considerably 
decreased the time and cost of the experimentations, while 
the optimum input process parameter combination at 
specified levels can be simultaneously discovered for the 
bevel angle with minimum variance. 
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Influence of technical-technological characteristics of workpieces on the 
choice of CNC machine tools 
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The largest number of influences of the metal processing industry and the machine tool industry must be analyzed in 
defining the strategy, research and development of new products and technologies. The development of the industry and a 
large number of different products have conditioned certain requirements in terms of different structures of machining 
systems. One of the important conditions for the selection of CNC machine tools are the technical and technological 
characteristics of the workpieces. In this paper, prismatic workpieces will be considered. According to the technologies 
needed for the processing of a certain family of prismatic workpieces, it is necessary to define the structure of CNC machine 
tools. One of the ways to form the structure of CNC machine tools is from the appropriate library of standard machine 
modules. The goal is to increase productivity in production and reduce the number of machines, tools and accessories for 
their production. 

Keywords: Workpiece, Machining system, CNC machine tools, Modules of machine tool 

1. INTRODUCTION
Machining of workpieces on machine tools is achieved 

by the relative movement of the tool and the workpiece. The 
path of relative contact between the tool and the workpiece 
depends on the shape of the workpiece being machined. 

The path of relative contact is composed of elementary 
translational and rotational movements, which are realized 
by rectilinear and circular movement of the working organs 
of the machine tool. Each trajectory of the relative contact 
of the tool and the workpiece can theoretically be realized 
by a maximum of six elementary movements: 

• Three translational movements along orthogonal
coordinate axes, 

• Three circular motions around these coordinate axes.
For the operation of machine tools, in addition to the

movements that form the trajectory of the relative contact 
of the tool and the workpiece, additional movements are 
often required. These movements are most often related to 
the manipulation of tools and workpieces [1].  

Modern machine tools and multi-position special 
machines have one, two or more main movements, several 
auxiliary movements and several additional movements.  

Therefore, the total number of elementary movements 
of the formation of forms and additional movements can 
reach more than ten of movements, such as transfer lines. 
These elementary movements are highly predetermined by 
the technologies and morphology of the work items for 
which the machine tool is selected or designed. Hence, the 
influence of workpiece and technologies on the elementary 
movements of the education of form and on the structure of 
kinematic connections is of decisive importance. 

2. DEVELOPMENT OF MACHINE TOOLS
Previously, machine tools specialized in a particular

production process or a set of several such processes. With 
the development that eliminated all technological 
shortcomings, there was a significant re-examination of 
functionality. A "machining centers" has been developed 
capable of providing several functions that have 

traditionally been performed by different groups of 
machines such as milling machines, drills, lathes, etc. With 
the development of such machining centers, and the ability 
to get to know the possibilities of machine tools by simply 
looking at the name, it has become a thing of the past. 
Although the names of processes such as scraping, final 
milling, etc. used to describe the process, the structure and 
appearance of the machines performing these operations 
can be completely different.  

The main improvement of the machine tool came 
from the development of controllers that controlled 
functions such as movement, spindle, flow, fault diagnosis, 
coolant, tool changers, pallet changers, memory storage, 
etc. This almost eliminated the need for qualified machine 
operators and significantly reduced idle time in machine 
tools. 

Many motion functions are integrated and controlled 
on a single CNC machine tool providing great flexibility, 
and the trend is to incorporate multiple functions. 
Technological advances have created a trend of "adding 
more features to an already complex machine tool for 
producing more complex components." This created the 
need for a systematic methodology for presenting current 
and future machine tools.  

2.1. Application in industrial practice 
Metal processing companies have a range of 

machine tools, from traditional lathes and milling machines 
to CNC machining centers, and perform the contracted 
work on these machines. Before they earn, they charge an 
hourly rate for the machine, the operator and the general 
cost of the job. The hourly rate for a machine depends on 
the price of the machine, so the rate charged by different 
companies may vary depending on which machine they 
intend to use for production.  

Therefore, the method for quickly adjusting the 
capabilities of the machine tool, depending on the 
complexity of the component being processed, is basic for 
the customer and engineers for economical and high-quality 
production. 
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Within special industrial sectors such as 
pharmaceutical, aerospace and food there is a group of 
specific workpieces. These workpieces have different 
weights, are machined outside the standard dimensions and 
have special characteristics.  

A large number of characteristics present in such 
treatments cause high costs for their production. They are 
often produced once and with the help of code generated by 
CAD / CAM software [2]. 

Figure 1: classification of different types of metal 
processing 

Figure 1 shows the classification of basic types of 
metal processing  

A study of the literature about machine tools 
identified the following basic points [3]: 

• Advances in machining technology have reached a
point where high-quality tools have been developed, 
coolants have been designed, control systems and 
controllers have been developed, technologies have been 
improved and better design methods have been applied. 
CNC machine tools capable of performing several 
processes that are traditionally performed on different 
machine tools have been developed. An analysis of some 
commercially available machine tools has indicated that 
there are machines that have widely different functions of 
movement and degrees of freedom. 

• The block structure of the machine tool is divided into 
two parts as the main flow of forces and the flow of forces. 
This laid the foundations for the method of describing 
machine tools by an alphanumeric sequence. 

• Shino and Ito presented the machine tool design
methodology. They said the primary step was to provide a 
motion function in the block structure, which was then 
improved by structural design methods for mechanical 
properties. This shows that future machine tools can have 
more blocks that provide more complex motion functions. 
This was useful for developing alphanumeric code. 

Figure 2: Integration of machining on traditional 
machine tools with machining centers (TC-turning centrе, 

MC-machining centre)

Figure 2.A, B show that CNC machine tools can 
effectively replace various processing methods performed 
by a group of traditional machine tools. It is therefore 
natural that CNC machine tools now play a leading role in 
metalworking. 

3. CHARACTERISTICS OF WORKPIECES
The basic division of workpieces is: cylindrical

(axisymmetric) and prismatic. In this paper, will be 
considered prismatic workpieces due to their 
characteristics. 
The processing of non-rotating (prismatic) workpieces is of 
special importance for any metal processing industry, 
because: 

• they are of special importance for the functions of the
machines in which they are installed, 

• high percentage of the cost of machine structure waste 
on these parts (minimum 50%), 

• production cycle and processing times are the longest.
Of the total number (100%) of prismatic workpieces,

which appear in the metal processing industry, 35% belong 
to the group of plate-shaped objects and about 65% to the 
group of housing-shaped objects. Of the total number of 
prismatic parts, 80% do not exceed a volume of 
650x650x650, which means that 80% of prismatic 
workpieces can be processed on machine tools with a 
working volume of 800x800x800 and smaller than these. 

Prismatic workpieces can in principle be machined on 
three-coordinate drill-milling machines of different degrees 
of automation, with the proviso that workpieces with curved 
surfaces cannot be machined on machine tools with manual 
control [4]. 
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Certainly, the results of workpiece processing are not 
the same, neither in terms of quality, productivity, nor in 
terms of price per workpiece. These and similar factors have 
a decisive influence on the orientation of work items on the 
available CNC machine tools, ie on the investment in new 
machines. 

3.1. Characteristics of workpieces  
Some of the basic characteristics of workpieces are: 
 • D - dimensional characteristics 
The dimensions of the workpiece are directly related to 

the volume of the working space of the machine. In order to 
satisfy all the necessary processing operations, it is 
necessary that the workpiece corresponds to the working 
volume of the machine. 

 
Figure 3: Dimensions of the workspace different types of 

machining centers from Deckel Maho DMC 
 

• M - mass - weight 
Workpiece classification by weight: 

• light weight workpiece (up to 5 kg) 
• medium weight workpiece (from 5 kg to 500 kg) 
• high weight processing (up to several tons) 
Some of the characteristics according to the working 

space of the machine is that the maximum workpiece 
weight for the DMC650 machine is 800 kg, and the 
maximum workpiece weight for the DMU 270 FD machine 
tool (5-axis milling machine) is 7 tons. 
• Mt – Material 

Some of the most common processing materials are: 
aluminum alloys, cast iron, copper alloys, magnesium 
alloys, insoluble alloys, stainless steels, carbon steels, 
titanium alloys. 
Depending on the machining material and the tool material 
(high-speed steel or hard metal), machining parameters 
such as cutting speed, pitch, cutting forces, etc. are defined. 
• K –Construction characteristics 
In terms of construction characteristics, it can be considered 
what type of surfaces are being processed, whether they are 
flat surfaces or have cylindrical, conical depressions or 
protrusions, whether the surfaces are stepped, whether they 
have certain grooves or pockets, whether the surfaces are 
from the outside sides of the workpiece or also internal, 
which require tool movement (linear or contour machining 
in several axes). 
• T  - technological (types of processing) 

According to the technical drawing of the treatment, 
the following may be required: rough and / or fine 
treatment of a surface. Depending on the required type of 
processing (extensive milling, face milling, groove 
milling, hole milling, thread cutting, ...), it is necessary to 
take into account the choice of machine and tools with 
appropriate parameters. 
• Q - quality / measure accuracy 
Processing accuracy includes: 

• accuracy of measures 
• surface shape accuracy, and 
• the accuracy of the relationship between two or more 
surfaces. 
The accuracy of the measures represents the degree of 

concordance achieved with the nominal measure. 
The accuracy of the shape of the surface represents the 

degree of concordance of the treated surface with the 
corresponding geometric surface. 

The accuracy of the mutual relation of surfaces is 
defined by the appropriate deviation from the given nominal 
position, such as the deviation from parallelism, directness, 
coaxiality of cylindrical surfaces, etc. 
• O – processing operations (coarse, fine, ...) 

For each machining operation, it is necessary to define 
whether it is rough or fine machining. The sequence of 
operations is also defined in order to make optimal use of 
available tools and processing modes. 

The field of computer-aided modeling workpieces 
has developed a number of techniques for unambiguous 
three-dimensional representations of objects. 
Characteristics recognition is a sub-discipline of modeling 
that focuses on the design and application of algorithms for 
detecting production data from manufactured solid models 
to computer-aided design (CAD) systems [5]. 

 
Figure 4: Basic shapes of surfaces on the workpiece 

 

 
Figure 5: Procedure for obtaining surfaces during 

processing 
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Examples of this production information include 
functions such as holes, slots, pockets and other shapes that 
can be machined on modern CNC machine tools, Figures 4 
and 5. Automated feature recognition has been an active 
research area in solid modeling for many years. 

4. MODULAR DESIGN
The modular principle is a very popular method in 

the design of cars, diesel engines, household appliances, 
information devices, industrial equipment, etc. This trend 
can be considered as one of the great contributions of 
modular machine tool design to those working in other 
industries. Modular design can be classified into a 
significant number of variants, depending on the idea, goals 
and scope of application, areas of application, expected 
advantages, etc. In addition, the terminology of modular 
design itself has changed along with hierarchical changes in 
its meaning. Therefore, it is very difficult to present 
modular design in a simple sentence. Currently, the 
presence of modular design in the production sphere ranges 
from tools, templates and clamping accessories, through 
machine tools, to the production system [6].  

Figure 6: Modular design of the machining center 
(MC- machining center, courtesy of Ikegai Iron Works) 

Figure 6 shows an advanced version of the MC-
machining center of the Japanese company Ikegai Iron 
Works (type МХ3)) in the early 1980s. As can be seen, 
modular design is preferably used to produce 10 variants, 
ranging from a flexible pallet-type FMC (flexible 
manufacturing cell), through flexible transfer lines FTL 
(flexible transfer line), to a five-axis processing machine. In 
this case, the leading modules are the pole, the stand, the 
worktable, the tool magazine, the main spindle, etc. This 

machine is a typical precursor to today's five-axis CNC 
machine tools. 

Once the group of modules has been determined, a 
CNC machine tool with the required dimensional and 
performance specifications can be designed and 
manufactured as needed by selecting and combining the 
required modules from a predetermined group. In this case, 
the module must be standardized so that it has functionality 
or appropriate performance, including interchangeability 
with other modules. Figure 7 shows the hierarchical 
structure of a machining center (MC). For example, a 
machine consists of a unit assembly, a unit consists of 
functional assemblies, and a functional assembly is a 
combination of several parts - modules. Therefore, the 
question arises as to how to determine the module fully 
taking into account the hierarchical attributes of the 
product. 

Figure 7: Modular structure of design  
machining center (MC- Machining center) 

The following principles must be observed in 
modular design: 

1. Modules must be replaceable without the use of
measuring equipment. 

2. The module must be self-contained with its own
drive system, return voltage and lubrication systems or 
design accessories for easy expansion of such systems. 

3. Each unit must have its own servo package with
electronic connection to the digital input. 

4. Modules must be usable in any orientation.
5. Modules must be replaceable within about half an

hour. 
6. The machining operations that are allowed in the

first stage are scraping, drilling, grinding and milling. 
It has been observed that modular design for 

conventional machine tools can provide economic benefit 
to the manufacturer and user, together with a wide range of 
choices according to production requirements.  

4.1. Application of modular design for CNC machine tools 
Modular design has been applied to CNC machine 

tools, with the aim of enabling machine flexibility from a 
hardware aspect. When the required machine tool flexibility 
is far greater than that possessed, the machine tools must be 
reconfigured to strengthen the machine flexibility by 
modular design, Figure 8. 
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Figure 8: Horizontal machine tool with modular 

design (Scharmann Co.) 
 
For a given family of parts, as shown in the first 

block in Figure 9, the processing characteristics for each 
part will be extracted as shown in the second block and 
compared with the processing characteristics library shown 
in the third block to find the desired motion modules shown 
in the fourth. block through matching the corresponding 
movements. Different types of workpieces will lead to 
different sets of modules shown in the fifth block [7]. 

 

 
Figure 9. Diagram of module selection  

 
As an illustrative example of the industrial 

application of mold making, Table 1 lists the processing 
characteristics that are allocated according to the STEP 
standard for a family of four given workpieces.  

Part 1 includes five processing features: (i) two 
general pockets; (ii) 10 protrusions (and depressions) inside 
the pocket - cylindrical; (iii) two slots - rectangular profile; 
(iv) two blind holes - drilled; and (c) seven blind holes - 
cylindrical. Parts 2 and 3 contain six machining 
characteristics each, and part 4 contains four machining 
characteristics.  

All these functions can be fitted with seven 
machining features (MF - machinihg features) as noted in 
Table 1: MF1— “General Pocket”; MF2— “Pocket bulges 
- cylindrical”; MF3— “Slot - rectangular profile”; MF4— 
“Blind hole - oppositely drilled”; MF5— “Blind hole - 
cylindrical”; MF6— “Bulge - general profile”; MF7— 
“Staircase”; MF8— “Rotated Profile - Removed Material 
Within Profile”.  

Table 1: Machining features extraction

 
 

Table 2: Corresponding motion requirements 

 
Table 2 shows how these processing characteristics 

are related to the corresponding movement requirements. 
For example, MF1 (general pocket) is processed by placing 
the spindle in the z-axis and moving it in the x, y and z-axes. 
For MF2 to MF8, their movement requirements are detailed 
in Table 2. 

 
5. CRITERIA FOR SELECTION OF THE MACHINE 

TOOL 
The selection of workpieces for machining on 

CNC machine tools is often guided by the following 
criteria: 

• Small and medium series with multiple repetitions, 
•Complex geometry of workpieces with high 
processing requirements, 
• High cost of production and long time of possible 
procurement or production in case of scrap, 
• Work items with a long production cycle. 

When describing the structural characteristics of CNC 
machine tools, the following are important [8]: 

• position of the axis of the main working spindle, 
• working stroke length (X, Y, Z), 
• desk surfaces, 
• maximum weight of the workpiece, 
• positioning accuracy, 
• installed power, 
• speed and translational movements, 
• time required to change tools, 
• time required to change the work item, 
• ways to change tools and work items and more. 

6. CONCLUSION 
All possible combinations of modules in the 

structural model of the CNC machine tool give many 
variant solutions, each of which is not adequate for 
realization from the production point of view. A large 
number of variant solutions are only theoretical 
possibilities, because the production of such structural 
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models of CNC machine tools would be very complex, and 
the functional characteristics would not meet the necessary 
requirements in terms of the possibility of upgrading the 
automatic pallet change system. In addition, modularity 
would not be satisfied, as some structural models of CNC 
machine tools would be suitable only for machining smaller 
and lighter workpieces, and some only for machining large 
and heavy machine parts.  

The optimal structural solution of the CNC 
machine tool must be adapted to the technical and 
technological requirements of the cutting process when 
processing prismatic workpieces. 
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The aim of this paper was to experimentally analyse dependency between level of noise in octave band at various 

standardized central frequencies (31.5, 63, 125, 250, 500,…, 16000 Hz) and different cutting parameters of milling. Based 
on data from our previous research we analyzed dependency between level of noise in octave band, at standard frequency 
500 Hz, and axial and radial depth of cut. In Design-Expert® software we have found adequate models and equations that 
describes these dependencies. The experimental results obtained can be used for future investigations in this field. 

Keywords: Milling, Noise, Frequency analysis 

1. INTRODUCTION
In the literature it is usual to compare noise levels 

in milling process with respect to the spindle speed, feed 
rate, axial and radial depth of the cut. Purpose of those 
comparisons is to gain insight in effects of cutting 
parameters on occurrence of noise and vibrations. [1,2,3] 

In addition to measuring noise levels, it is often 
useful to search characteristic patterns in acoustic spectra 
of certain technological process (milling, welding, 
grinding,…). 

We have employed the acoustic spectra in analysis 
of sound emission caused by milling in a series of 
experiments with different technological parameters. 

In [1,2] are explained in detail experiments that 
were conducted in our previous research. Based on the 
data obtained in the first set of experiments [1] we have 
done analysis of level of noise in octave band at different 
standardized central frequencies. 

2. EXPERIMENT
As was mentioned above, in [1,2] are explained in 

detail experiments that were performed. Here are the most 
important data. Machine was CHARNOA CNC 
SYSTEMS (vertical milling machine). We used the 
milling cutter of diameter of 40 mm and with four APKT 
inserts and tool holder SANDVIK. For measurements of 
the sound pressure level (SPL) microphone Bruel & Kjaer 
2270 was used. The distance between the centre of the 
cutter and the microphone was 200 mm. Material of the 
workpiece was carbon steel S355. The dimensions of the 
workpiece were: 80x55x55 mm. [1] 

In Table 1 are given values of the cutting 
parameters for each of the experiments of the first set. 

Table 1: Values of cutting parameters in first set of 
experiments [1] 

Cutting parameters 

Experiment 
no. 

Axial 
depth 
[mm] 

Feed rate 
[mm/min] 

Spindle 
speed 
[rpm] 

Radial 
depth 
[mm] 

1.1 0.5 – 3 150 800 5 
1.2 1 375 - 900 1000 5 
1.3 1 300 600 - 1300 5 
1.4 1 150 1000 5 - 40 

3. FREQUENCY ANALYSIS
In [1] we have done analysis of maximum sound 

pressure level max , dBAFL  and equivalent sound pressure 
level , dBAeqL  on cutting parameters (axial depth of cut, 
feed rate, spindle speed and radial depth of cut). 

There were performed analysis of time variations of 
sound pressure level. Here, the goal was to do a frequency 
analysis of noise levels for different cutting parameters. 

By frequency analysis of noise levels for all 
mentioned cutting parameters, it is noticed that the 
maximum noise level occurs at a frequency of 500 Hz. On 
Figures 1 and 2 are given values of level of noise in octave 
band for all standard central frequencies for 8 passes in 
experiment 1.1. and 1.4. 

From the given diagrams it can be clearly seen that 
the maximum level of noise occurs at a frequency of 500 
Hz. The same was obtained for other experiments (1.2, 
1.3).  

Figure 1: Equivalent sound pressure level at standard 
central frequencies for 8 pasess  in experiment 1.1. 
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Figure 2: Equivalent sound pressure level at standard 
central frequencies for 8 pasess  in experiment 1.4. 

Below we will focus on the frequency of 500 Hz. 
On Figures 3 and 4 are given values of noise level 

at standard central frequency of 500 Hz. 

Figure 3: Equivalent sound pressure level at 500 Hz for 

8 passes in experiment 1.1. 

Figure 4: Equivalent sound pressure level at 500 Hz for 

8 passes in experiment 1.4. 

In Tables 2 and 3 are given values of equivalent 
sound pressure level at standard frequency of 500 Hz for 
different values of axial and radial depth of cut (for all 8 
passes). 

Table 2: Equivalent sound pressure level at 500 Hz for 
different values of axial depth of cut 

500 Hz 
Pass 1 2 3 4 5 6 7 8 
Axial 
depth 
[mm] 

0.5 1.0 1.8 2.0 2.2 2.5 2.8 3.0 

 
dBA

eqL
69.9 75.0 79.7 80.9 82.1 82.7 85.2 85.1 

Table 3: Equivalent sound pressure level at 500 Hz for 
different values of radial depth of cut 

500 Hz 
Pass 1 2 3 4 5 6 7 8 

Radial 
depth 
[mm] 

5 10 15 20 25 30 35 40 

 
dBA

eqL
94.2 96.9 96.3 89.3 83.3 81.5 81.1 78.8 

4. DEPENDENCE BETWEEN LEVEL OF NOISE AND
PARAMETERS OF MILLING 

In Design-Expert® v.9.0.6.2 software we have 
entered the data obtained from experiment, in order to find 
a suitable mathematical model that describes the 
relationship between level of noise and axial depth of cut, 
and level of noise and radial depth of cut, at frequency of 
500 Hz.  

The obtained mathematical model in the form of a 
polynomial of n-th degree represents the response 
function. 

4.1. Dependence between level of noise and axial depth of 
cut 

Of the mathematical models available has been 
proposed quadratic model. In Table 4 are given ANOVA 
analysis of the proposed quadratic model. 

After analysis of variance (ANOVA) the adequacy 
of the proposed mathematical model was confirmed. F 
value of the model (F=338.71) implies the model is 
significant and there is only a 0.01% chance that an F-
value could occur due to noise. Low probability value 
(p=0.00000459<0.0500) confirms that the model 
parameters are also significant. Coefficient of 
determination (R-squared) and other statistics have good 
values which confirms the justification for choosing a 
mathematical model, Table 5. 

Тhe final equation of the mathematical model, with 
real coefficients, which adequately describes the 
dependence between equivalent sound pressure level, at 
frequency of 500 Hz, and axial depth of cut is as follows: 

265.47268 10.09477 1.17185eq p pL a a= + ⋅ − ⋅         (1) 

А graphical representation of the mathematical 
model described by (1) and the arrangement of the 
experimental points is given in Figure 5. 
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Table 4: ANOVA analysis for the quadratic model 

Table 5: Computational values of statistics for the 
evaluation of a quadratic model 

Std. Dev. 0.531271 R-Squared 0.992673 
Mean 80.075 Adj R-Squared 0.989743 
C.V. % 0.663467 Pred R-Squared 0.972526 
PRESS 5.291962 Adeq Precision 46.05464 

Figure 5: 2D response of the noise level 

4.2. Dependence between level of noise and radial depth 
of cut 

Here, of the mathematical models available a sixth 
degree model is proposed. In Table 6 are given ANOVA 
analysis of the proposed sixth degree model. 

After analysis of variance (ANOVA) the adequacy 
of the proposed mathematical model was confirmed. F 
value of the model (F=7003.46) implies the model is 
significant and there is only a 0.91% chance that an F-
value could occur due to noise. Low probability value 
(p=0.009147<0.0500) confirms that the model parameters 
are also significant. Coefficient of determination (R-
squared) and other statistics have good values which 
confirms the justification for choosing a mathematical 
model, Table 7. 

Table 7: Computational values of statistics for the 
evaluation of a sixth degree model 

Тhe final equation of the mathematical model, with 
real coefficients, which adequately describes the 
dependence between equivalent sound pressure level, at 
frequency of 500 Hz, and radial depth of cut is as follows: 

( )

2 3

4 5 7 6

124.5 14.7371 2.546904 0.19554 ...

... 0.007273 0.00013 8.98 10               2
eq e e e

e e e

L a a a

a a a−

= − ⋅ + ⋅ − ⋅ +

+ ⋅ − ⋅ + ⋅ ⋅

Table 6: ANOVA analysis for the sixth degree model 

ANOVA for Response Surface Quadratic model 
Analysis of variance table [Partial sum of squares - Type III] 

Source Sum of 
Squares df Mean 

Square 
F 

Value 
p-value

Prob > F
Model 191.2038 2 95.6018777 338.7148 4.59E-06 significant 
A-ap 187.3202 1 187.3202349 663.6703 1.65E-06 
A^2 3.883521 1 3.883520509 13.7592 0.013864 
Residual 1.411245 5 0.282248918 
Cor Total 192.615 7 

Std. Dev. 0.09559 R-Squared 0.999976 
Mean 87.675 Adj R-Squared 0.999833 
C.V. % 0.109028 Pred R-Squared 0.832819 
PRESS 64.19342 Adeq Precision 202.5326 

ANOVA for Response Surface Sixth model 
Analysis of variance table [Partial sum of squares - Type III] 

Source Sum of 
Squares df Mean 

Square 
F 

Value 
p-value

Prob > F
Model 383.9659 6 63.99431041 7003.459 0.009147 significant 
A-ае 59.91608 1 59.91608272 6557.143 0.007861 
A^2 4.83933 1 4.839330035 529.6104 0.027646 
A^3 7.767073 1 7.767073306 850.019 0.021827 
A^4 2.60352 1 2.60351976 284.926 0.037671 
A^5 3.386447 1 3.386446886 370.6086 0.033039 
A^6 1.545606 1 1.545606061 169.1492 0.048853 
Residual 0.009138 1 0.009137529 
Cor Total 383.975 7 
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А graphical representation of the mathematical 
model described by (2) and the arrangement of the 
experimental points is given in Figure 6. 

Figure 6: 2D response of the noise level 

5. CONCLUSIONS
Measurements of noise reveal the maximum and 

equivalent values of sound pressure level, allowing studies 
of the influence of the cutting parameter to the generated 
noise. [1] In addition to measuring noise levels, it is often 
useful to search characteristic patterns in acoustic spectra 
of certain technological process. 

The analysis performed in this study have shown 
that the maximum level of noise occurs at a frequency of 
500 Hz for each value of the selected parameters. 

Because the maximum noise level is observed at 
that frequency, we focused our analysis on finding the 
dependence between level of noise and axial depth of cut, 
and level of noise and radial depth of cut, at frequency of 
500 Hz. Mathematical models that describe these 
dependencies were found in the software Design-Expert® 
v.9.0.6.2. By Analysis of variance (ANOVA) adequacy of
the proposed mathematical models was confirmed.

More reliable results can certainly be obtained by 
performing a larger number of experiments. 

The described methodology can serve as a basis 
for further research in this direction. 
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 Influence of 3D printing parameters on the geometry and surface 
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The application and development of additive technologies has led to a significant change in production technologies. 
The application of these technologies significantly accelerates the development and shortens the production time of new 
products. In the product development process, the first step is to create a product model in order to eliminate the shortcomings 
of the final product. However, the creation of a physical model can be very complicated and expensive, so in recent times, 
the creation of a virtual product model is performed, using the appropriate CAD software. By applying 3D printing, physical 
models, prototypes or finished products are quickly obtained from a virtual product model. However, the quality of these 
products depends on many factors (type of 3D printer, print speed, print temperature, layer thickness, etc.). In this paper, the 
influence of the printing parameters on the FDM 3D printer at accuracy of the geometry of the created mode is presented. 
The material from which the parts were printed is ABS plastic, and the following parameters were varied: printing speed, 
layer thickness, extrusion speed, printing temperatures, etc. The paper presents the optimal printing parameters in which the 
appropriate surface quality and the exact geometry of the part are obtained. 

Keywords: Heavy machinery, Mechanical engineering, Civil engineering
1. INTRODUCTION

The term additive technology can be explained by 
the following definition "adding material in the form of 
layers, which is in contrast to conventional technologies to 
subtractive manufacturing in order to obtain the desired 
product" [1-4]. The application of these technologies 
significantly accelerates the development and shortens the 
production time of new products. Additive technologies 
make it possible to make parts from just a few millimetres 
to entire residential buildings. The goal of additive 
technologies is to quickly and accurately create a three-
dimensional object, based on CAD models, with the goal of 
significant cost reduction compared to traditional 
technologies. [3-5] 

Additive technologies are also called 3D printing. 
These technologies can be divided into several groups based 
on the principle of operation: 

• Binder jetting
• Sheet lamination
• Material extrusion
• Direct energy deposition
• Material jetting
• Powder bed fusion
• Vat photo polymerisation [5, 6]
The processes also differ according to the type of

material from which the part is made: 
• Polymers,
• Ceramics,
• Metal
Process of 3D printing consists of several steps. The

first step is to create a 3D model and adjust the print 
parameters; this process is called pre-printing preparation. 
The next step is the production of the part, i.e. 3D printing. 
The last step is to remove the excess material and, if 
necessary, to correct the product and this process is called 
post processing. [6]. 

Fuse deposition Modelling (FDM) is a typical 
representative of additive technologies and consists in the 
fact that the product is manufactured by building layer by 
layer of thermoplastic materials. The material is used in the 
form of a wire and is wound on a spool; the wire can be of 
different diameters, as follows: 1.75 mm; 2.85mm and 
3mm. The group of materials most commonly used includes 
for 3D printing:  

• Acrylonitrile butadiene styrene - ABS
• Prolactic acid - PLA
• Polyethylene terephthalate glycol - PET-G
• Polyvinyl Alcohol - PVA

Typical FDM printer is shown in figure 1. The printing 
process consists in drawing a wire filament (fig. 1 position 
1) through the hot extruder (fig. 1 position 2) set to melting
temperature of the filament. In the extruder, the solid
material turns into a liquid state and is applied layer by layer
to the hot working bed (fig.1 position3), until the finished
product is obtained.[7]

Figure 1: Tipical FDM printer [7] 
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Pre-printing preparation is one of the most important 
processes in FDM printing. During this process, a CAD 
model with the appropriate extension STL, OBJ, etc. needs 
to be processed by a piece of software called a "slicer," 
which converts the model into a series of thin layers and 
produces a G-code file. In this step it is necessary to set the 
following parameter: 

• Working parameters
• Printing speed
• Layer thickness
• Infill pattern
• Infill density
Working parameters mainly depend on the type of

material, so the manufacturer's recommendations for 
extruder and work bed temperatures are mainly used. 

Printing speed represents the speed of movement of 
the nozzle and the following speeds are distinguished: 
printing speed, infill speed and travel speed. 

Layer thickness denotes the height of layer which is 
stacked over other 3d printing is carried out by the addition 
of filament over layer. [6-9] 

Infill pattern presents outer coated part of plastic 
which is inside the print. In 3D printing, different infill 
patterns can be used lines, concentric, zigzag, etc. [6-9] 

Infill density is an amount of plastic whichever is 
incorporated inside the printing, usually ranging from 20 to 
80 percent, rarely 100 percent is used.  

2. EXPERIMENTAL

2.1. Material and device 
For the purposes of this research, ABS thermoplastic 

with the following characteristics was used:  
• Density 1.04g / cm3;
• Filament diameter 3 mm;
• Extruder temperature: 220-240 ° C;
• Bed temperature: 100-110 ° C.
The samples were made on a Pangu I3 printer with a

nozzle diameter of 0.3 mm, and with a print space size of 
150x150x150mm. 

2.2. Dimensions and shapes of samples 
All Samples for this research were modelled in Solid 

Works and then post processed in software called 
“Repetier-Host”. 

For the purpose of testing the influence of printing 
speed on dimensional stability and roughness, a test tube of 
the following dimensions was made: width 15 mm; length 
15mm and height 20mm; wall thickness 1mm. The 
appearance of the CAD model and the real sample "1" are 
shown in Figure 2. 

Figure 2: Real model and CAD model of sample “1” 

The influence of the layer thickness of 0.1 mm; 0.2 
mm; and 0.3 mm was first determined. After that printing 
speed was varied 15mm/s, 20mm/s, 30mm/s, 40mm/s and 
60 mm / s, while travel speed was constant at100 mm/s and 
infill speed was also constant at 60 mm / s. 

For the purpose of testing the influence of infill 
pattern and infill density on dimensional stability and 
roughness, a test tube of the following dimensions was 
made: width 10 mm; length 80mm and height 4mm. The 
appearance of the CAD model and the real sample "2" are 
shown in Figure 3. 

Figure 3: Real model and CAD model of sample “2” 

Once the optimal layer thickness and print speed 
were determined, the effect of infill pattern on dimensional 
stability and surface roughness at constant infill density of 
30 percent was determined. The following cases of infill 
patterns which are considered are shown in Table 1 

Table 1: Different types of infill patterns 

Sample 
Name Infill pattern 

Grid 

Line 

Concetric 

Cristal 

ZigZag 
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After that, the infill density was changed from 20 
percentages to 80 percentages, by 10 percentages, at the 
optimal printing parameters that were previously 
determined. 

The influence of optimal printing parameters, which 
were determined previously, on circularity were observed 
at the sample “3” with dimensions are inner diameter 
25mm; outer diameter 40mm and high 15mm, whose 
appearance and CAD model is shown at figure 4. 

 
Figure 4: Real model and CAD model of sample “3” 

The influence of optimal printing parameters, on 
alignment were observed at the sample “4” with dimensions 
are diameter 20mm and high 40mm, whose appearance and 
CAD model is shown at figure 5. 

 
Figure 5: Real model and CAD model of sample “4” 

2.3. Measuring of the samples  
Dimension control of all samples were performed by 

using Digital Calipers type "Mitutoyo" from 0 to 150mm, 
with accuracy of 0.01mm. During the control, three 
consecutive measurements were performed, where the 
average value of the measurement was taken as the 
measured value. For each type of test, three samples were 
made and then controlled. 

Surface roughness of all samples was measured with 
the device Surftest "Mitutoyo" type SJ410. The appearance 
of the measuring point with the samples is shown in Figure 
6. 

  
Figure 6: Surface roughness measuring point 

The measurement of the inner diameter (circularity) 
was performed on the sample "3" using a micrometer for 
internal measurement with a clock; the accuracy of the 
device is 0.01 mm.  

The measurement procedure and the appearance of 
the measuring point are shown in Figure 7. 

 
Figure 7: Measuring point of inner diameter 
The alignment check was performed on samples "4" 

using a device with an accuracy of 0.01 mm, which is shown 
in Figure 8. 

 
Figure 8: Alignment measuring point  

3. RESULT AND DISCUTION 
At a default printing speed of 30mm/s and by 

varying the layer thickness of the material, it was found that 
with increasing layer thickness there is an increase in 
roughness, the measurement results are shown in the 
diagram at figure 9. 

Figure 9: Influence of layer thickness on surface 
roughness 
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This is obvious because the thickness of the applied 
layer increases. However, when it comes to dimensions, all 
dimensions are reduced, which is shown in Table 2. 

Table 2: Different types of layer thickness 

Layer 
thickness 

Nominal 
dimensions 

Real 
dimensions 

0.1 mm 

width - 15 mm; 
length - 15mm  
height - 20mm; 
w. thickness - 1mm

width - 13.9 mm; 
length - 14.1mm  
height - 18.34mm; 
w. thickness 0,9mm

0.2 mm 

width - 15 mm; 
length - 15mm  
height - 20mm; 
w. thickness 1mm

width - 14,1 mm; 
length - 13.8 mm  
height - 18.75mm; 
w.thickness -
0.91mm

0.3 mm 

width - 15 mm; 
length - 15mm  
height - 20mm; 
w. thickness - 1mm

width - 14.1 mm; 
length - 14mm  
height - 18.9mm; 
w. thickness -
0.91mm

This is due to the reduction of the material and not 
the printing parameters. The largest dimension reduction is 
about 8 percentages. 

However, changing the printing speed over 40mm / 
s up to 60 mm/s not only increases the roughness but also 
the effects to loss of flatness. In this case it is around 4.15 
degrees. What can be seen in Figure 10, ImageJ software 
was used to process the image. 

Figure 10: Deviation from flatness of planes 
When it comes to testing samples "2", the samples 

were made with a layer thickness of 0.1 mm and printing 
speed was 30 mm / s, while travel speed was constant at 100 
mm / s and infill speed was also constant at 60 mm / s. 

This phenomenon can be explained by the fact that 
with increasing printing speed, the lower layers of the 
material cannot be cooled, so the material is smeared, i.e. 
there is an irregular and uneven application of the material. 

The appearance of the layers of material at a printing 
speed of 30 mm / s is shown in Figure 11. The magnification 
on the microscope was 50x. 

Figure 11: Shape of printing layers at printing speed of 30 
mm/s 

The appearance of the layers of material at a printing 
speed of 60 mm/s is shown in Figure 12. The magnification 
on the microscope was 50x 

Figure 12: Shape of printing layers at printing speed of 60 
mm/s 

When measuring the dimensions of the samples, it 
was determined that the largest deviation occurred in the 
thickness of the sample, and this led to a decrease in height 
by about 17 percent. Deviation of dimension of sample “2” 
is shown in table 3. 

Table 3: deviation of dimensions of sample “2” 

Nominal dimension Real dimension 

width - 10 mm; width – 8.mm; 

length - 80 mm width – 74.4 mm; 

height - 4mm width – 3.32 mm; 
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This is probably a consequence of the constant 
pressure of the nozzle on the material, which compresses it 
and fills the cavities between the layers, which did not cool 
down completely during the application of the next layer. 
What can be seen on a microscopic image of the structure 
Figure 13. The magnification of the stereo microscope is 
50x. 

 
Figure 13: Deformation of layers 

Based on the measurement of surface roughness, the 
best results are obtained by applying a line-infill pattern, 
while the worst results are obtained by zigzag infill pattern, 
which is shown in the diagram in Figure 14. 

 
Figure 14: Influence of infill pattern on surface roughness 

This phenomenon can be explained by the lack and 
uneven distribution of layers of material and cavities under 
the final layer of material.  

If you look in more detail at the central layers in the 
samples, you can see that they are most densely distributed 
in the line and grid infill patterns, while in zigzag they are 
literally randomly distributed. This is shown in figure 15. 
Layer arrangement in zigzag infill pattern: 

• position 1- outer layer (red) 
• position 2 – cavity (grey) 
• position 3 - one random layer (black) 

• position 4 - second random layer (green) 

 
Figure 15 Layer arrangements in zigzag infill pattern 

As the layers are applied during printing, the 
material penetrates into the cavities with a certain pressure 
and the roughness of the final layer increases. 

As it was determined that the infill pattern Line has 
the lowest surface roughness, with the previously obtained 
optimal printing parameters, the infill density variation was 
approached, from 20 percentages to 80 percentages with a 
gap of 10 percentages. The influence of infill density on 
surface roughness is shown in the diagram in Figure 16. 

 

 
Figure 16: The influence of infill density on surface 

roughness 
Based on the diagram, it can be noticed that with the 

increase of infill density there is a decrease of surface 
roughness. The reason for this phenomenon lies in the fact 
that the amount of air cavities is reduced and the material 
cannot penetrate into them. I.e. the layers of material are 
applied evenly so that there are no deviations in roughness 
when the finishing layer is applied. Also, it can be 
concluded that the smallest deviations in terms of 
dimensions at infill density are at infill density of 80%. 

Influents of printing parameters at dimensions of 
sample “3” are shown in table 4. 
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Table 4: Deviation of dimensions of sample “2” 

Nominal dimension Real dimension 

inner diameter -.25mm inner diameter - 23,96mm 

outer diameter - 40mm width - 38,46 mm; 

high - 15mm width - 13,44 mm; 

This change in dimensions is a consequence of 
material shrinkage. Regarding the circularity, no significant 
deviations of the measured values of the inner and outer 
diameters were observed. 

Influents of printing parameters at dimensions of 
sample “4” are shown in table 4. 

Table 4: deviation of dimensions of sample “4 

Nominal dimension Real dimension 

diameter - 20mm inner diameter - 19.33mm 

high - 15mm width - 38.74 mm; 

This change in dimensions is a consequence of 
material shrinkage. Regarding the alignment, no significant 
deviations of the measured values of the inner and outer 
diameters were observed. The measured deviations were 
less than two hundredths of a millimetre. 

4. CONCLUSIONS
Although additive technologies are considered 

advanced technologies in terms of material consumption 
and speed of workmanship, there are still a number of 
constrains. 

Based on the experiments, it is concluded that the 
parts which were made, are within the tolerance of position 
and shape, but is not the case with the dimensions. 
According to the performed tests, it was determined that the 
material is being shrinkage. The degree of material 
shrinkage depends on the layer height, infill pattern and 
infill density. In essence, the shrinkage of material mostly 
depends on the cavities in the material created by printing. 
With a decrease in the thickness of the printing layer and an 
increase in infill density, there is a decrease in dimensional 
deviations.  

Also, it was found that the surface roughness also 
depends on the above mentioned parameters. But in this 
case, the dominant role is also played by the infill pattern. 
The more even and denser the infill pattern is, the lower the 
surface roughness is. With increasing infill density there is 
a significant decrease in surface roughness. Best surface 
quality can be achieved by maximum infill density. 
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Milica Timotijević1*, Mišo Bjelić1, Dragan Rajnović2, Olivera Erić Cekić1 

1Faculty of Mechanical and Civil Engineering, University of Kragujevac, Kraljevo (Serbia) 
2Department of Production Engineering, Faculty of Technical Science, University of 

Novi Sad, Novi Sad (Serbia) 
This paper investigate the reliability of the strain hardening exponent calculation methods in the case of HP40-Nb 

class material. The approach was to analyse which one of the mathematical models (Hollomon, Swift, and Ludwik) could 
be applied and which provides the most accurate results to obtain the strain hardening exponent of centrifugally cast steel 
alloy HP40-Nb. The modelling was performed using the values of stress and strain obtained in the experiment by uniaxial 
tension. It was found that using the Hollomon and Swift methods the best approximation of the strain hardening exponent 
with theoretical values could be obtained. 

Keywords: Mathematical Models, Strain hardening exponent, alloy HP40-Nb
1. INTRODUCTION

The strain-hardening exponent (n) and the strength 
coefficient are basic mechanical behaviour performance 
parameters of metallic materials. The exponent n can be 
determined from a tension test through appropriate 
transformations of stress-strain data and least-squares 
fitting of a straight line. Procedures for the computation of 
exponent n have been standardized by ASTM International 
and ISO. There are various mathematical models that were 
developed to represent the stress- strain behaviour of the 
materials [1]. 

Many researchers have carried out studies on the 
modelling of flow curves of materials. Sener et al. [2] have 
compared different constitutive equations for austenitic 
stainless 304 and ferritic 430 stainless steel sheets and 
have recommended the most suitable model for these 
materials. The models applicable are the Hollomon, 
Ludwik, Swift and El-Magd, model. Uniaxial tensile tests 
were carried out to obtain the material constants (strength 
coefficient and strain hardening coefficient) of the models. 
Afterwards, the applicability of these models was 
evaluated by comparing nonlinear regression parameter R2 
and the most suitable model was determined for the tested 
materials. It was concluded that the maximum plastic 
strain value of the austenite 304 stainless steel sheet (0.35) 
is higher than that of the 430 ferritic stainless steel sheet 
(0.11) in the uniform plastic deformation region. This is 
expected due to the higher value of the strain hardening 
coefficient n in austenite stainless steel. From the value of 
statistical parameters R2, it was concluded that the El-
Magd model is highly effective for predicting the stress-
strain curve, compared to the other three models. Ludwig 
model showed the worst performance for both materials.   

Samuel et al. [3] have investigated suitability of the 
different constitutive equations for 316 stainless sheet 
steels which were prior deformed to 7.5%, 16.2% and 
24.7% true plastic strain in uniaxial tension at room 
temperature. They found that behaviour could be 
adequately described by Ludwigson type and Swift 
equation. Further, they concluded that the strain hardening 
parameters at a given strain rate and temperature show that 
the strain hardening coefficient is weakly dependent on 

yield strength while the strain hardening index shows a 
strong dependence on yield strength. 

The results of tensile tests on AISI 1004 steel, AISI 
1020 steel, and copper were used for a computer 
simulation by applying the finite element analysis (FEA) 
in work of Samuel and Rodriguez [4]. The values of the 
strength coefficient and the strain hardening exponent 
were obtained by linear regression using a power function. 
The results were very similar to those determined in 
accordance with the ASTM E646-07 standard. Finally, the 
good correlation between the simulations and the physical 
tests in the plastic region suggests that the simulation 
method adopted in this work has significant potential for 
quick and precise application to the drawing process. 

D.F Pinto et al. [5] carried out the transformation of
nominal voltage deformation curve into true voltage 
deformation dependency curve by math method. For the 
calculation, diagrams of dependency of eight different 
materials were used: nickel alloy 75, 12% Mn steel, steel 
S355, stainless steel 316L, alumnium tin alloy AA 1050, 
aluminum alloy sheet AA 5182, steel sheet dx56, and steel 
sheet of ZStE. The values for strain hardening coefficient 
were calculated based on three definitions of strains: true 
strain, conventional definition of true plastic strain, and 
true plastic strain according to ISO formula. After that, the 
values for the strain hardening coefficient were compared 
and it proposed an alternative formulation in which the 
strength coefficient and the strain-hardening exponent are 
functions of true-plastic deformation. 

In this paper, a comparative study was carried out 
on Hollomon, Ludwik and Swift models to describe the 
flow behaviour of HP40-Nb alloy and validate it through 
ASTM E 646-16 [6] with the experimental data from the 
literature. 

2. EXPERIMENTAL DETAILS
The materials in this study were machined out of 

one tube, made of the centrifugally cast alloy HP-40 alloy 
containing 1.5 wt.% Nb. Chemical composition of the tube 
samples supplied for investigation was analysed through 
standard analytical method of optical emission 
spectrophotometry atI Spark 8860. 
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The catalytic tubes coming from the hydrogen plant 
are conventionally labelled as F-1A in this paper. The tube 
segments with 350 mm in length, were cut from the 
furnace regions which has been in exploitation for 20 
years. Operating condition of the tubes was 870 °C under 
the maximum internal pressure of 2.5 bars (250 kPa). The 
exact locations where the sections were cut on the 
reformer columns in the respective plants were unreported 
and remain unknown. The tensile test of standard 
specimens (ISO 6892-1:2009) with a gauge length of 
50 mm were carried out at room temperature using 
universal testing machine Schenck Trebel (1000 kN) under 
the constant crosshead speed mode wih a nominal strain 
rate of 2 mm/min.  

The specimens for microstructural investigation 
were polished following standard metallographic 
procedure and etched using a solution of 15 ml HCl, 10 ml 
Glycerol, and 5 ml HNO3. The microstructure was 
examined using scanning electron microscope JOEL JSM 
6460 LV. The phases observed were analysed using an 
energy dispersive x-ray analyser system (EDS) INCA 
Oxford Instruments in conjunction with a SEM. 

3. RESULTS
The chemical composition of the tube samples is 

presented in Table 1. 

Table 1: Chemical composition (mass. %) of the tube 
samples 

C Mn Si P Ni Cr Mo Nb 

HP 
40 0.45 0.984 1.45 0.04 33.47 25.04 0.03 1.50 

The mechanical properties of the experimental 
samples are shown in Table 2.  

The service tube tensile tests demonstrate that the 
tensile strength decreased from 450 MPa to 358 MPa, the 
yield strength increased from 240 MPa to 308 MPa, and 
the elongation decreased from 10% to 4.5%, respectively.  

Table 2: The mechanical properties of samples measured 
by the tensile tests 

Material 

Ultimate 
tensile 

strength 
[MPa] 

0.2%Proof 
stress 
[MPa] 

Elonga- 
tion [%] 

Hardness 
HB 

As-cast 450 240 10 215 

Service tube 358 308 4.5 185 

Results of microstructural analysis are given in 
Figure 1. The microstructure consists of an austenitic 
matrix and a continuous network of primary eutectic 
carbides of two types: one rich in Nb (bright particles in 
Fig.1b) and one rich in Cr (dark particles in Fig.1b). These 
carbides are NbC and M7C3 (M= Cr, Ni, Fe) type. 

The schematic illustration of tensile testing 
specimen is shown in Figure 2. The uniaxial tensile test is 
performed on a universal testing machine (Schenck 
Trebel), in displacement control mode, Figure 3. 

The illustration of a True- Stress versus True-Strain 
curve for the material analysed is shown on Figure 4. 

a) b) 
Figure 1: Microstructure of the HP heat resistant alloy 
SEM BSE images illustrating cross sections of samples 

from tube HP at different magnifications 

Figure 2: Schematic illustration of a tensile specimen 

Figure 3: Photograph of the universal testing 
machine Schenck Trebel 1000 kN 

The illustration of a True- Stress versus True-Strain 
curve for the material analysed is shown on Figure 4. 

Figure 4: True Stress vs. True Strain Curve of the material 
analysed  

The strain-hardening exponent n was calculated 
using the standard test method for tensile strain-hardening 
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exponents of metallic sheet materials (ASTM standard 
E646-16 [6]). 

The equation for calculating n from a linear 
regression using five points taken in geometrical 
progression between true strain values of ε = 0.010 and 
0.032 is as follows: 

 

 
The equation for calculating the logarithm of the 

strength coefficient, K, is as follows: 
 

  (3) 
 

The calculation of the standard deviation of the 
strain-hardening exponent, SDn, is based upon the variance 
of the slope of the regression line. 

 

 (4) 
 

An example of a worksheet for manually 
calculating these values is found in Appendix 1. 
 

The logarithmized yield stress curve for test tubes 
is provided in Figure 5. 
 

 
Figure 5: Log σ versus log ε for n and k calculation 

 
The trend line in Figure 5 is linear, i.e., of the type 

y=ax + b, where the coefficient (slope of the line) a and 
the intercept b represent the hardening exponent n and the 
strength coefficient Kσ, respectively. 

The theoretical value for the strain hardening 
coefficient for the material is n = 0.45-0.55 [10.].  

In the logarithmic curve of experimental values 
(log σ-log ε) the value of the strain hardening coefficient is 
obtained: n = 0,48 for the material analysed. 

Based on the presented, it can be concluded that the 
obtained values of the strain hardening coefficient with the 
experiment are within the boundaries of theoretical values. 
 

Mathematical modelling on the experimental values 
of yield stress for the analysed material (numeric and 
logarithmic) are provided in Table 3. 
 

Table 3: Experimental values of yield stress  
for the investigated material  

point σ [MPa] ε [%] 
1 209.10 0.5105 
2 272.50 0.7501 
3 322.63 1.0137 
4 351.43 1.2452 
5 370.77 1.6228 

 
Mathematical modelling of yield stress (σ-ε) was 

performed using three equations of considered quai-static 
models: 
 
- Hollomon equation σ(ε)  = Kεn  [7] (5) 
 
- Ludwik equation σ(ε) = σy + Kεp

n  [8] (6) 
 
- Swift equation σ(ε) = K(ε0 + εp)n  [9]     (7) 
 

Here σ is true stress,σy is the yield stress, ε is true 
plastic strain, K is the strength coefficient, εp plastic strain, 
ε0 is initial strain, n is the strain hardening exponent. 

Five different yield stress values σ were used to 
model yield stress curve σ-ε, as recommended in ASTM 
E646-16 

In the MATLAB program, a simulation of yield 
stress curve was performed using the specified models 
(empirical equations). 

Three different constitutive models (Hollomon, 
Ludwick and Swift) are evaluated in this paper. The 
parameters for such models are identified from 
experimentally determined flow curves of material by 
curve fitting techniques. 

Comparisons of predicted flow curves by different 
models with experimental data for the material analysis are 
shown in Figure 6-8. 
 

 
Figure 6: Comparison between the experimentally 

measured and calculated K and n(a and b in legend) 
values obtained by Hollomon method 
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Figure 7: Comparison between the experimentally 
measured and calculated a (K) and b (n) values obtained 

by Ludwik method 

Figure 8: Comparison between the experimentally 
measured and calculated a (K) and b (n) values obtained 

by Swift method 

Comparing the values of Adj from the legend in 
Figures 6-8 for the Hollomon, Ludwik and Swift models 
for the investigated material, we notice that the accuracy 
of the obtained values for all three models is ≈94%. 

The R2 values of the models for HP40+Nb alloy are 
shown in Figure 6-8. It can be seen that Swift model is the 
best model for the prediction of flow curve in the uniform 
plastic deformation region for the material analysed. In 
another hand, the Ludwik model although had the highest 
R2 values among gives unrealistic values K and n (Table 
4) compared to the other models (Hollomon and Swift).
This parameter (R2) is the square of the correlation
between the response values and the predicted response
values [10].

Total review of theoretical values, experimental 
values, and strain hardening coefficient values obtained by 
the simulation in MATILAB, are given in Table 4.  

The lowest n values were obtained for the 
HP40+Nb alloy using Ludwik model. 

Table 4: Parameters obtained for the constitutive 
equations and methodology with ASTM E-646[6], 
during the characterization of the HP40+Nb alloy 

Model K 
[MPa] n σy ε0 

Hollomon 
[7] 326.96 0.47 

Ludwik [8] 83562.70 0.002 -
83237.9 

Swift [9] 307.12 0.46 4.60314E-
10 

ASTM E 
646[6] 2503.78 0.530 

It can be seen from Table 4, that applying 
Hollomon and Swift models, the most approximate value 
to the theoretical value of strain hardening coefficient 
could be obtained. 

4. CONCLUSION
Based on the analysis done and the experimental 

results, the following conclusions can be made: 
• The values of strain hardening coefficient for tested

samples obtained using the Hollomon model and
Swift model are in c with theoretical values of
strain hardening. These two methods proved to be
satisfactory for mathematical modelling of the
material tested.

• The Ludwik method has shown the worst
performance for the material analysed.

• For the material tested it can be concluded that
yield stress curve is best described by Hollomon
and Swift mathematical models.
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APPENDIX  
 

Table X1.1 
 
 

    B = A x (1+D)  C= log B  
  A B C  

 Load F Engineering 
Stress  True Stress Y=log₁₀ Y² 

 kN MPa MPa   
1 18.150 209.10 211.23 2.324759 5.404504 

2 23.653 272.50 276.59 2.441835 5.962559 

3 28.004 322.63 329.17 2.517417 6.337389 

4 30.504 351.43 360.18 2.556522 6.535803 

5 32.183 370.77 382.80 2.582974 6.671756 
 
 

 D=G/50  E = ln (1+D)    
G D E X=logE   

Extension Engineering 
Strain ε True Strain ε X=log₁₀ε X² X*Y 

mm      
0.511 0.010 0.010158 -1.993182 3.972774 -4.633668 

0.750 0.015 0.014891 -1.827088 3.338252 -4.461449 

1.014 0.020 0.020071 -1.697426 2.881256 -4.273130 

1.245 0.025 0.024599 -1.609083 2.589150 -4.113657 

1.623 0.032 0.031940 -1.495659 2.236997 -3.863249 
 
 

N= 5  ΣY=12.423507 12.423507  
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ΣX= - 8.622439;     ΣY²= 30.912012; 

ΣX²= 15.018428 

ΣXY= -21.345152 

A- Values are obtained from Fig.2

B- Area=0.504 x 0.1045=0.052668 in².

C= log B

C-True stress = (engineering stres) x (1+engineering
strain)  B = A x (1+D) 

D- Engineering strain = (extension) / gage length

E- True strain = l n (1 + engineering strain)

E = ln (1+D)

Where: X denotes ε; Y denotes σ, n denotes strain 
hardening exponent, and  b denotes log K 

Date operated upon this example are taken from Fig. 2 
and evaluated in Table X1.1 

The number of data-pairs N is 5 

All logarithms used in the example area base 10 

From Table X1.1. : 

ΣX= Σ(loge)=  -8.622439 

ΣY= Σ(logσ)=12.423507 

ΣX² = 15.018428 

= 30.912012  

The calculations for n and b 

-21.424187

Step 1 

 0.079035 

Step2 

Step 3 

0.149136 

Step 4 

0.529951 

n

Step 5 

-0.913895

Step 6 

Step 7 

 2503.779385 
K= 2503.78 

Step 7a 
_______________________________________________ 

X1.1.3 The calculations for the standard deviation: 

0.041885 see X1.3  

Step 8 

0.043305 

Step 9 

4.73E-04 

Step 10 

 3.17E-03 

Step 11 

5.63E-02 Standard Deviation 

5.63E-02 Standard Deviation 

Step 12 

Standard Deviation 
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In this study, the microstructure, hardness and electrical properties of selected ternary Bi-Ge-In alloys were 
investigated. Isothermal sections of the Bi-Ge-In system at 25, 200, and 300 °C were extrapolated using optimized 
thermodynamic parameters from the literature. The experiments which were used were optical microscopy, X-ray powder 
diffraction (XRD), scanning electron microscopy (SEM) and energy dispersion spectrometry (EDS), Brinel hardness 
measurements and electrical conductivity measurements. Good overall agreement between experimental and calculated 
values was obtained. EDS results were compared with predicted phase equilibria and good overall agreement between 
experimental and calculated values was obtained. Results of the XRD were also in line with the predicted phase balance. 
By using obtained results for properties and ANOVA analysis it is suggested mathematical model for calculation properties 
for every composition of alloys. By using appropriated mathematical model hardness and electrical conductivity were 
predicted throughout the whole composition range. 

Keywords: Phase equilibrium, Mathematical model, Hardness, Electrical conductivity
1. INTRODUCTION

The ternary Bi-Ge-In system have been previously 
investigated by our group [1]. In our previous study, a 
reliable thermodynamic data set was proposed and 
experimentally confirmed. For Bi-Ge-In system three 
vertical sections Bi-GeIn, Ge-BiIn and In-BiGe and three 
isothermal sections at 50, 75 and 100 °C were 
experimentally tested [1]. The same thermodynamic 
parameters obtained by a previous study [1] were used in 
the current study to calculate three isothermal sections at 
25, 200 and 300 ° C for ternary system. Thermodynamic 
calculations of isothermal sections were performed by 
using Pandat software [2]. Experimental results were 
obtained using scanning electron microscopy (SEM) with 
energy dispersive spectrometry (EDS), X-ray powder 
diffraction (XRD) analysis and inverted metallographic 
microscope. In addition, important properties such as 
hardness and electrical conductivity were measured. The 
reason for testing these properties is due to the 
contribution to the further development of the field of 
application, because Bi-Ge based alloys have applications 
in industry for making different optical and electronic 
devices [3-5]. Germanium-based alloys have special 
application in modern technology for making optical disks, 
blue disks, flash memory etc. [6-8].  Very limited number 
of studies carried out on Bi-Ge-X alloy systems is 
available in literature. Premović et al. [9] experimentally 
investigated phase equilibria of the ternary Bi-Ge-Sb 
system.  The phase diagram of ternary Bi-Ge-Ag system 
has been experimentally examined and calculated by 
Milisavljević et al. [10]. The results presented in this study 
should benefit to the industry for development of new 
alloys. 

2. MATERIALS AND METHODS

High-purity (99.999 wt. %) Bi, Ge and In metals 
produced by Alfa Aesar (Germany) were used for 
preparation of investigated alloy samples. Total mass of 
each sample was 4 g. Weighed masses of the samples were 
arc-melted and re-melted five times under a high purity 
argon atmosphere using a non-consumable tungsten 
electrode. The average weight loss of the samples during 
melting was about 1 mass %. After melting samples were 
divided into three series (first series annealed at 200 °C, 
second series annealed at 300 °C and third series for 
electrical conductivity and hardness measurements). 
Samples for investigation of isothermal sections at 200 °C 
and 300 °C were sealed in evacuated quartz tubes and then 
heated to a temperature that is 50 °C higher than the 
melting temperature of Ge. The alloy samples were then 
cooled down to 200 °C (first series) and 300 °C (second 
series) at the cooling rate of 5 °Cmin−1. The samples were 
kept at 200 °C for four weeks and six weeks at 300 °C and 
then quenched in the water and ice mixture to preserve 
desired equilibrium at 200 and 300 °C. Those samples 
were prepared and used for SEM-EDS and XRD analysis.  

The compositions of the alloy samples were 
determined using a JEOL JSM-6460 scanning electron 
microscope (SEM) and TESCAN VEGA3 scanning 
electron microscope, which were both equipped with an 
EDS system (Oxford Instruments X-act). The samples for 
SEM-EDS analysis were first ground using sand paper, 
polished with diamond paste, and then cleaned in an 
ultrasonic bath. The overall compositions of the annealed 
samples were determined by mapping the entire polished 
surfaces of the samples. By contrast, the compositions of 
the observed coexisting phases were determined 
examining the surface of the same phase at different parts 
of the sample (at least five different positions of the same 
phase were examined per phase). The chemical 
compositions of the phases determined in this study 
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represented the mean values based on at least five 
individual analyses.  

Powder XRD data for the phase analysis of the 
alloy samples were recorded with a D2 PHASER (Bruker, 
Karlsruhe, Germany) powder diffractometer equipped with 
a dynamic scintillation detector and ceramic X-ray Cu tube 
(KFL-Cu-2K) in the 2θ range from 10° to 75° with a step 
size of 0.02°. Before the XRD analysis, the selected 
samples were first powdered using ball mill (YKT-04 
machine) and the powders obtained were then placed in 
special holders and pressed to obtain compact samples. 
The recorded XRD patterns were subsequently analyzed 
using TOPAS 4.2 software and the International Centre for 
Diffraction Data (ICDD) Powder Diffraction Files (PDF2) 
database (2013). The lattice parameters were determined 
using TOPAS software and by performing full Rietveld 
refinement.  

Third group of samples were used for light optical 
microscopy, XRD analysis, electrical conductivity and 
hardness measurements. These samples were again melted 
in an electric furnace under high-purity argon atmosphere 
and slowly cooled to the room temperature using a cooling 
rate of 2 °C min−1 in a way to achieve equilibrium at 
room temperature for the hardness and electrical 
conductivity measurements. Obtained microstructure has 
been checked with XRD analysis. Samples were prepared 
by classic metallographic procedure. Microstructures of 
the samples were recorded on a light microscopy using 
(LOM) OLYMPUS GX41 inverted metallographic 
microscope. Electrical conductivity measurements were 
carried out using Foerster SIGMATEST 2.069 eddy 
instrument. Hardness of the samples was measured using 
Brinell hardness tester INNOVATEST, model NEXUS 
3001. 

3. RESULTS AND DISCUSSION
Constitutive binary systems of the ternary Bi-Ge-

In system were extensively studied in the past. Reliable 
thermodynamic datasets for these binary systems are 
available in literature [11-13]. Based on the literature 
information for binary sub-systems considered phase, their 
crystallographic data and database names for the solid 
phases are summarized in Table 1. 

Table 1: Considered phase, their crystallographic data 
and database names for the solid phases of the ternary Bi-

Ge-In system 
Thermodynamic 
database name 

Common 
name 

Space 
group 

symbol 

Struktural 
designation 

Pearson’s 
symbol 

LIQUID Liquid - - - 

RHOMBO_A7 (Bi) R
−

3 mH A7 hR2 

DIAMOND_A4 (Ge) Fm
−

3 m A4 cF8 

TETRAG_A6 (In) I4/mmm A6 tI2 
BIIN BiIn P4/nmms B10 tP4 

BI3IN5 Bi3In5 I4/mcm D81 tI32 
BIIN_BRASS BiIn2 P63/mmc B82 hP6 
TET_ALPHA1 ε I4/mmm A6mod tI2 

In ternary Bi-Ge-In system should appear as 
stable phases liquid phase, four solid solution phases (Bi), 
(Ge), (In) and ε and three binary intermetallic compounds 
BiIn, Bi3In5 and BiIn2. 

3.1. Isothermal section at 200 °C 
Five ternary samples were annealed at 200 °C for 

four weeks and then analyzed by using SEM-EDS and 
XRD techniques. Obtained results are summarized in 
Table 2. 

Table 2: Combined results of SEM-EDS and XRD analyzes of the selected Bi-Ge-In alloys annealed at T=200 °C 

N. Composition of 
samples (at. %) 

Determined 
phases Compositions of phases (at. %) Lattice parameters (Å) 

EDS XRD Bi Ge In a=b c 

1. 
9.36 Bi 

51.42 Ge 
39.22 In 

L 
(Ge) (Ge) 

73.55±0.4 
0.83±0.1 

1.42±0.5 
98.45±0.3 

25.03±0.8 
0.72±0.9 5.6557±0.0004 

2. 
23.69 Bi 
53.21 Ge 
23.10 In 

L 
(Ge) (Ge) 

81.38±0.8 
0.14±0.2 

1.18±0.1 
99.05±0.2 

17.44±0.2 
0.81±0.2 5.6585±0.0006 

3. 
26.84 Bi 
17.93 Ge 
55.23 In 

L 
(Ge) (Ge) 

87.91±0.6 
0.67±0.7 

0.88±0.3 
98.71±0.5 

11.21±0.4 
0.62±0.2 5.6456±0.0003 

4. 
44.35 Bi 
49.17 Ge 
6.48 In 

L 
(Ge) 
(Bi) 

(Ge) 
(Bi) 

69.32±0.8 
0.50±0.4 
98.18±0.3 

3.18±0.1 
98.28±0.1 
0.98±0.8 

27.50±0.2 
1.22±0.8 
0.84±0.6 

5.6578±0.0001 
4.5565±0.0004 11.8143±0.0004 

5. 
70.18 Bi 
10.85 Ge 
18.97 In 

L 
(Ge) 
(Bi) 

(Ge) 
(Bi) 

71.98±0.4 
1.26±0.4 
97.87±0.7 

2.36±0.9 
98.25±0.6 
1.23±0.3 

25.66±0.4 
0.49±0.9 
0.90±0.7 

 5.6821±0.0009 
4.5378±0.0002 11.8345±0.0006 

Within five investigated samples, two different 
phase regions were detected. One is L+(Ge) two- phase 
regions and one is L+(Ge)+(Bi) three phase region. 
Samples 1, 2 and 3 belong to the same phase region 
L+(Ge). It is detected that liquid phase is rich with 
bismuth and indium, while phase (Ge) solid solution is 
rich with germanium. Samples 4 and 5 have same three 
phases in microstructure. Detected phases are L, solid 
solution (Ge) and solid solution (Bi). It is noticeable that 
for the samples 1-5, content of the bismuth increases, from  

9,36 at. % (sample 1) to 70,18 at. % (sample 5). Increase 
in bismuth content leads to the microstructural changes, so 
in microstructures of samples 1, 2 and 3 L and (Ge) solid 
solution are detected. In the samples 4 and 5, and beside L 
and (Ge) phases, (Bi) solid solution is detected.  In all 
samples L phase is stable, as well as the (Ge) solid 
solution. Stability of (Bi) solid solution changes. So, in 
samples 4 and 5, (Bi) solid solution is stable. Determined 
lattice parameters of the (Ge) and (Bi) solid solutions are 
compared with literature values [14,15]. Both solid 
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solutions dissolve some amount of other two elements, and 
determined lattice parameters are very slightly changed in 
relation to the literature. 

SEM micrographs of microstructures of the two 
samples annealed at 200 °C are presented in Figure 1 as an 
illustration. 

 

 
Figure 1: SEM micrographs of the samples annealed at 200 ºC a) sample 3 and b) sample 5 

 
Phases detected by EDS and XRD analysis are 

marked on the given micrographs. Microstructure of 
sample 3 have two phases: L as a gray phase and (Ge) 
solid solution as a dark phase. Sample 5 have three phases 
in microstructure: L as a gray phase, (Ge) solid solution as 
a dark phase and solid solution (Bi) as a dark gray phase. 

Experimentally obtained results of EDS analysis 
summarized in Table 2 are compared with calculated 

isothermal section at 200 °C. Figure 2 shows comparison 
of EDS results and calculated isothermal section at 200 
°C. The obtained experimental results are marked with the 
same symbol but in different color in way to distinguished 
results of different samples. 
 

 
 

 

 
Figure 2: Calculated isothermal section at 200 °C compared with EDS results given in Table 2 

 
The calculated isothermal section at 200 °C 

consists of two different phase regions, one is two phase 
region L+(Ge) and one is three phase region (Ge)+L+(Bi). 
Both are experimentally confirmed by analysis of the 
samples annealed at 200 °C. Samples 1, 2 and 3 are 
located in L+(Ge) two-phase region, samples 4 and 5 are 
located in (Ge)+L+(Bi) three-phase region, in the same 
phase regions as experimentally proved. 
 

3.2. Isothermal section at 300 °C 
For second selected isothermal section of Bi-Ge-

In system at 300 °C, five ternary samples annealed at 300 
°C were experimentally analyzed and the obtained results 
(SEM-EDS and XRD) are summarized in Table 3. 
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Table 3: Combined results of SEM-EDS and XRD analyzes of the selected Bi-Ge-In alloys annealed at T=300 °C 
N. Composition of 

samples (at. %) 
Determined phases Compositions of phases (at. %) Lattice parameters (Å) 

EDS XRD Bi Ge In a=b=c 

1. 
11.41 Bi 
65.14 Ge 
23.45 In 

L 
(Ge) (Ge) 

56.32±0.4 
1.65±0.6 

2.76±0.2 
97.66±0.1 

40.92±0.8 
0.69±0.8 5.6556±0.0002 

2. 
9.65 Bi 

39.84 Ge 
50.51 In 

L 
(Ge) (Ge) 

66.67±0.6 
0.52±0.6 

0.83±0.5 
98.43±0.3 

32.50±0.2 
1.05±0.2 5.6512±0.0005 

3. 
29.96 Bi 
17.49 Ge 
52.55 In 

L 
(Ge) (Ge) 

45.78±0.1 
0.80±0.8 

1.24±0.7 
99.07±0.3 

52.98±0.2 
0.13±0.1 5.6435±0.0002 

4. 
46.45 Bi 
40.50 Ge 
13.05 In 

L 
(Ge) (Ge) 

72.78±0.6 
0.98±0.7 

1.65±0.2 
98.08±0.1 

25.57±0.1 
0.94±0.6 5.6587±0.0006 

5. 
58.81 Bi 
10.85 Ge 
26.18 In 

L 
(Ge) (Ge) 

83.34±0.7 
1.47±0.2 

0.78±0.6 
97.25±0.6 

15.88±0.5 
1.28±0.8 5.6556±0.0005 

As it is given in Table 3, in all tested samples 
same two phases are detected. Detected phases are L and 
(Ge) solid solution. From EDS results it is detected that 
(Ge) solid solution is rich with germanium and can 
dissolve neglected amount of indium and bismuth. EDS 
result shows that L phase have different composition 

depending on composition of the samples. L phase is rich 
in bismuth and indium and dissolves a negligible amount 
of germanium. 

One SEM micrographs of the sample annealed at 
300 °C are presented in Figure 3. 

Figure 3: SEM micrographs of the samples annealed at 300 ºC of sample 3 

From microstructure it is visible that (Ge) solid 
solution appears as a dark phase and L phase a gray phase. 

Since tested samples are annealed at 300 °C, EDS 
results of tested samples (Table 3) are compared with 

calculated isothermal section at 300 °C. Figure 4, presents 
calculated isothermal section at 300 °C compared with 
EDS results. 
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Figure 4: Calculated isothermal section at 300 °C compared with EDS results given in Table 3 

Calculated isothermal section at 300 °C consists 
of two phase regions. One is single phase region L and 
other is two-phase region L+(Ge). By comparing EDS 
composition of the tested samples it is located that all 
samples are from two-phase region L+(Ge) same phases as 
experimentally detected. EDS compositions of the phases 
are in good agreement with calculated compositions of the 
phases. 

 
 

3.3. Microstructural analysis of slowly-cooled samples 
Twelve ternary samples are observed with light 

optical microscope. The compositions of ternary samples 
are positioned along three vertical sections Bi-GeIn, Ge-
BiIn and In-BiGe. From each section four samples were 
prepared and marked with numbers from 1 to 12. First four 
samples are from Bi-GeIn section, another four samples 
are from Ge-BiIn section and samples 9-12 are from In-
BiGe section. Figure 5 presents calculated isothermal 
section at 25 ºC with marked composition of prepared 
samples. 

 

 
Figure 5: Predicted isothermal section at 25 ºC with marked compositions of tested alloys 

 
According to the calculation, sample 1 belong to 

the BiIn2+(Ge) region,  samples 2-4 and 9 to the 
(Ge)+(Bi)+BiIn region, samples  5-8 to the (Ge)+BiIn, 
sample 10 to the (Ge)+Bi3In5+BiIn region, samples 
marked with numbers 11 and 12 belong to the 
BiIn2+(Ge)+(In) three-phase region. By comparing XRD 

results and calculation same phase regions are calculated 
and experimentally determined.  

These samples were used for measurements of 
mechanical and electrical properties.  Two microstructures 
of samples 2 and 11 are given in Figure 6. 
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Figure 6: LOM micrographs of a) sample 2 and b) sample 11 

Phases which appear in microstructures are marked at 
presented micrographs. 

3.3.1. Brinell hardness measurements 
Twelve ternary samples and three binary samples 

were subjected to the Brinell hardness measurements. 
Based on repeated measurements, mean values of Brinell 

hardness were calculated and presented in Table 4. 
Literature values of hardness for pure elements [16] are 
also shown in Table 4 for comparison. 

Table 4: Compositions of the investigated samples at room temperature and related Brinell hardness values 

N. 
Alloy nominal composition (at.%) Measured value (MN/m2) Mean value 

(MN/m2) 
x(Bi) x(Ge) x(In) 1 2 3 

B1 0 0.5 0.5 243.80 249.60 246.30 246.43 
1 0.2 0.4 0.4 7.30 7.10 7.20 7.20 
2 0.4 0.3 0.3 8.20 7.30 9.60 8.36 
3 0.6 0.2 0.2 9.60 10.10 9.30 9.66 
4 0.8 0.1 0.1 10.40 10.30 10.50 10.40 
Bi 1 0 0 94.20 [16] 
B2 0.5 0 0.5 93.20 94.10 92.30 93.20 
5 0.4 0.2 0.4 1.60 1.80 2.30 1.90 
6 0.3 0.4 0.3 4.80 3.60 3.30 3.90 
7 0.2 0.6 0.2 4.80 5.30 4.70 4.93 
8 0.1 0.8 0.1 9.80 10.00 11.60 10.46 

Ge 0 1 0 973.40 [16] 
B3 0.5 0.5 0 213.20 215.60 217.40 215.40 
9 0.4 0.4 0.2 9.30 7.80 8.30 8.46 

10 0.3 0.3 0.4 7.80 4.90 5.60 6.10 
11 0.2 0.2 0.6 4.90 4.60 4.50 4.66 
12 0.1 0.1 0.8 4.10 3.80 3.70 3.86 
In 0 0 1 8.83 [16] 

In addition to the tabular presentation, the 
obtained values for hardness are also presented 
graphically. 

Figure 7 shows a graphical representation of the 
relationship between the hardness of the tested alloys and 
the composition of the alloys. 
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Figure 7: Graphical presentation of Brinell hardness dependence of composition and phase fraction: 

 a) vertical section Bi-GeIn, b) vertical section Ge-BiIn and c) vertical section In-BiGe 
 

Based on the obtained results, shown in Table 4, 
as well as graphically shown in Figure 7, it can be seen 
that the binary samples Ge50In50 and Bi50Ge50 have the 
highest hardness values. Among other ternary tested 
samples, the highest hardness value was recorded on the 
Bi10Ge80In10 sample of 10.46 MN/m2, which is 
understandable due to the presence of high Ge content in 
the alloy. The lowest value of hardness was measured on 
the sample Bi40Ge20In40, of 1.90 MN/m2 due to the low 
content of Ge, as well as on the sample Bi10Ge10In80 of 
3.86 MN/m2 due to the high content of In. Also, it can be 
seen that with increasing Bi and Ge in ternary alloys, the 
hardness also increase slightly, while increasing In in 
ternary samples leads to a slight decrease in the hardness 
of the alloys. Response Surface Methodology - RSM was 
used to quantify the relationship between independent 

input parameters and the dependent variable (response) 
[17-21]. Data processing was done in the software package 
Design Expert v.9.0.6.2. By utilizing experimentally 
determined values of hardness given in Table 4 
mathematical model of the dependence of the Brinell 
hardness on composition for the Bi-Ge-In alloys was 
developed. Using all possible canonicals or Scheffe 
models, Special Cubic model has been suggested. The 
diagnosis of the statistical properties of the assumed model 
found that the distribution of residuals is not normal and 
that it is necessary to transform the mathematical model in 
order to meet the conditions of normality. The Box-Cox 
diagnostics recommends the ”Inverse Square Root“ 
transformation for the variance stabilization. 

The final equation of the predictive model in 
terms of real components is (1): 

1/Sqrt(HB+1.00)=0.130602071∙(Bi)+0.102462155∙(Ge)+0.370110518∙(In) 
-0.05470384∙(Bi)∙(Ge)-0.31283672∙(Bi)∙(In)-0.44269865∙(Ge)∙(In) 

                                                               +9.202504558∙(Bi)∙(Ge)∙(In)                                               (1) 
 

The repeated analysis for Inverse Square Root 
model transformation confirms the significance of the 
Transformed Special Cubic model. In this case, ANOVA 

confirms the adequacy of the Reduced Special Cubic 
Mixture model (Table 5). 
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Table 5: ANOVA for Special Cubic Mixture model 
Source Sum of Squares df Mean Square F 

Value 
p-value

Prob > F
Model 0.2976 6 0.0496 4.3057 0.0177 

Linear Mixture 0.0626 2 0.0313 2.7185 0.1098 
AB 0.0001 1 0.0001 0.0115 0.9167 
AC 0.0043 1 0.0043 0.3747 0.5529 
BC 0.0086 1 0.0086 0.7504 0.4048 

ABC 0.1338 1 0.1338 11.6180 0.0058 
Residual 0.1267 11 0.0115 
Cor Total 0.4243 17 

The F-value of the Model is 4.30 and it implies 
that the model is significant. In this case, all model terms 
are significant. R-squared and other statistics after the 
ANOVA have appropriate values which confirm the 
justification of the choice of the adopted mathematical 
model (Table 6). 

Table 6: R-squared and other statistics after the ANOVA 
Std. Dev. 0.10733 R-Squared 0.70137 

Mean 0.29367 Adj R-Squared 0.53847 
C.V. % 36.54931 Pred R-Squared 0.36179 
PRESS 0.68656 Adeq Precision 5.24704 

The diagnosis of the statistical properties of the 
assumed model found that the distribution of residuals are 
normal. After the applied Box-Cox procedure, the value of 
λ is -0.5, the optimum value of λ is -0.37 and the 95% 
confidence interval for λ (Low C.I.=-0.76, High C.I.=-
0.01) contains the value -0.5, thus proving the justification 
of the model transformation (Figure 8). 

Figure 8: The Box-Cox plot for power transforms 

Iso-lines contour plot for Brinell hardness of 
alloys defined by equation 1 is shown in Fig. 9.  
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Figure 9: Calculated iso-lines of Brinell hardness in ternary Bi-Ge-In system with R2 =0.701 

3.3.2. Electrical conductivity measurements 
Measurements of electrical conductivity were 

performed on the same group of samples used for hardness 
test. For all investigated samples electrical conductivity 
mesurement were repeated four times at different positions 

and obtained values for each measured point are given in 
Table 7. Beside measured values, Table 7 also includes 
calculated mean values and literature values of electrical 
conductivity for pure elements [22]. 

         Table 7: Compositions of the investigated samples at room temperature and related electrical conductivity values 

N. 
Alloy nominal composition (at.%) Value (MS /m) Mean value 

(MS/m) x(Bi) x(Ge) x(In) 1 2 3 4 

B1 0 0.5 0.5 3.6362 3.8328 3.4332 3.5983 3.6251 
1 0.2 0.4 0.4 0.3169 0.3200 0.3098 0.3182 0.3162 
2 0.4 0.3 0.3 0.3233 0.3180 0.3193 0.3158 0.3191 
3 0.6 0.2 0.2 0.3222 0.3193 0.3281 0.3233 0.3232 
4 0.8 0.1 0.1 0.3396 0.3289 0.3401 0.3395 0.3370 
Bi 1 0 0 0.77 [22] 
B2 0.5 0 0.5 0.2630 0.2840 0.2990 0.2380 0.2710 
5 0.4 0.2 0.4 0.2935 0.3159 0.3269 0.3278 0.3160 
6 0.3 0.4 0.3 0.3385 0.3289 0.3258 0.3188 0.3280 
7 0.2 0.6 0.2 0.3366 0.3419 0.3313 0.3487 0.3396 
8 0.1 0.8 0.1 0.3596 0.3623 0.3496 0.3554 0.3567 

Ge 0 1 0 0.002 [22] 
B3 0.5 0.5 0 0.3430 0.3410 0.3530 0.3440 0.3452 
8 0.4 0.4 0.2 0.3555 0.4189 0.4266 0.3999 0.4002 

10 0.3 0.3 0.4 0.6540 0.6799 0.6702 0.6635 0.6669 
11 0.2 0.2 0.6 0.9630 0.9562 0.9988 1.1023 1.0050 
12 0.1 0.1 0.8 1.4530 1.6140 1.5030 1.6483 1.5545 
In 0 0 1 12 [22] 

Figure 10 presents graphical presentation of 
results (mean value) given in Table 7 for a easier overview 
of the results. 
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Figure 10: Graphical presentation of electrical conductivity dependence of composition and phase fraction 
a) vertical section Bi-GeIn, b) vertical section Ge-BiIn and c) vertical section In-BiGe

It is known that the chemical composition of 
alloys has a strong influence on electrical conductivity. 
Electrical conductivity mainly increases with the growth 
of indium content as the element. In the studied ternary 
samples, the highest electrical conductivity was obtained 
with the Bi10Ge10In80 alloy of 1.5545 MS/m. However, 
in addition to the composition of the alloy, the phase 
components and their amount can also significantly affect 
the electrical conductivity. We can conclude that with 
increasing Bi and Ge content in alloys, the values of 
electrical conductivity change in small ranges, while with 

increasing In in alloys we have a trend of a increasement 
in electrical conductivity. 

Quadratic Mixture model was suggested as a final 
equation for prediction of electrical conductivity. The 
diagnosis of the statistical properties of the assumed model 
found that the distribution of residuals is not normal and 
that it is necessary to transform the mathematical model in 
order to meet the conditions of normality. The Box-Cox 
diagnostics recommends the” Natural Log“ transformation 
for the variance stabilization. 

The final equation of the predictive model in 
terms of Real components is:  

Ln(σ+0.10)=-0.0125953∙(Bi)-1.9440351∙(Ge)+2.2392631∙(In)-9.6950768∙(Bi)∙(In) 
+2.8577311∙(Ge)∙(In)        (2) 

The repeated analysis for Natural Log model 
transformation confirms the significance of the 
Transformed Quadratic Mixture model. In this case, 

ANOVA confirms the adequacy of the Quadratic Mixture 
model (Table 8). 

Table 8: ANOVA for Quadratic Mixture model 
Source Sum of Squares df Mean Square F 

Value 
p-value

Prob > F
Model 16.56761 4 4.1419 32.93354 0.000001 

Linear Mixture 10.58847 2 5.2942 42.09611 0.000002 
AC 5.79625 1 5.7962 46.08778 0.000013 
BC 0.50360 1 0.5036 4.00429 0.066712 

Residual 1.63495 13 0.1258 
Cor Total 18.20256 17 
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The F-value of the Model is 32.93 and it implies 
that the model is significant. R-squared and other statistics 
after the ANOVA have good values which confirm the 
justification of the choice of the adopted mathematical 
model (Table 9). 

 
  Table 9: R-squared and other statistics after the ANOVA 

Std. Dev. 0.35463 R-Squared 0.91018 
Mean -0.41859 Adj R-Squared 0.88254 

C.V. % 84.72114 Pred R-Squared 0.72134 

PRESS 5.07231 Adeq Precision 22.38151 
 

The diagnosis of the statistical properties of the 
assumed model found that the distribution of residuals are 
normal. After the applied Box-Cox procedure, the value of 
λ is 0.0, the optimum value of λ is -0.14 and the 95% 
confidence interval for λ (Low C.I.=-0.42, High C.I.=0.13) 
contains the value 0.0, thus proving the justification of the 
model transformation (Figure 11). 
 
 
 
 
 

 
Figure 11: The Box-Cox plot for power transforms. 

 
Iso-lines contour plot for Electrical conductivity 

of Bi-Ge-In alloys defined by equation 1 is shown in Fig. 
12. 
 

 
Figure 12: Calculated iso-lines of Electrical conductivity in ternary Bi-Ge-In system with R2 =0.91 
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4. CONCLUSION

The ternary Bi-Ge-In system have been 
experimentally investigated by using appropriate 
experimental techniques. The EDS results were matched to 
the calculated isothermal sections at 200 °C and 300 °C 
and a close agreement was observed. By EDS it is not 
detected ternary compound or large solubility of elements. 
Microstructural, hardness, electrical conductivity tests 
were performed on twelve ternary alloys and three binary 
alloys slowly-cooled samples. Experimentally determined 
phases by XRD analysis were compared with calculated 
isothermal section at 25 °C and agreement between the 
results was reached. On same samples Brinell hardness 
and electrical conductivity were measured. Results of 
Brinell hardness and electrical conductivity were used for 
prediction of those properties along all composition of the 
ternary Bi-Ge-In system. By using obtained results for 
properties and ANOVA analysis it is suggested 
mathematical model for calculation properties for every 
composition of alloys. 
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Decades of scientific work dedicated to the investigation of phase diagrams gave significant benefit to industry and 
science. After all those years of phase diagram investigation still there is missing information about phase diagram of some 
ternary systems. One of those systems is Cu-Ge-Pb.  

It is known importance of Cu-based alloys and Ge-based alloys in electro industry. Since such combination is not 
tested before this work will provide information about phase diagram of ternary Cu-Ge-Pb system. In this work ternary Cu-
Ge-Pb system has been tested experimentally and analytically by using Calphad model. Two isothermal sections at 600 and 
400 °C and three vertical sections are experimentally tested and results were compared with calculated corresponding 
phase diagrams. None of the ternary compound and large solubility of third element in binary compound is not confirmed.  

Keywords: Experiments, Modeling, Cu-Ge-Pb alloys
1. INTRODUCTION

Importance of phase diagram is known for decades. 
Due to the fact that alloy is combination of two and more 
elements, leads to the conclusion that a huge number of 
systems combination from binary to the multicomponent 
should be tested. Since binary systems [1,2] are tested for 
a long and almost all combination are well known and 
reliable thermodynamic dataset are established. Some of 
the ternary systems are still not known and future test 
should be done. Chose system for this work is Cu-Ge-Pb. 
Chosen combination of elements is due to the fact that Pb-
Zn ores contain various valuable metals, such as Cu, Ge, 
In, Ag, Au, Bi [3]. For improvement of separation and 
purification process knowledge of relevant 
multicomponent phase diagrams is necessary. Systems 
such as Cu-In-Pb [3], In-Pb-Zn [4], Au-Cu-Ge [5], Au-Ag-
Ge [6] and other are tested earlier. In our group we were 
focused on Ge-based systems and Ag-Ge-In [7], Bi-Ge-Zn 
[8], Bi-Ge-In [9] and other were tested earlier. Beside this 
fact that Cu-Ge-Pb is not tested before and system is 
important for understanding multicomponent Pb-Zn ores 
selected system is interesting for electro industry [10,11] 
and potential phase change memory material [12,13].  

For this work three group of samples were selected 
for experimental work. Experiments were performed by 
using differential thermal analysis (DTA), scanning 
electron microscopy (SEM) with energy dispersive 
spectrometry (EDS), and X-ray powder diffraction (XRD). 
Selected samples are from three vertical sections (Cu-
GePb, Ge-CuPb and Pb-CuGe) and two isothermal 
sections at 400 and 600 °C. Experimental results of 
selected alloys were compared with corresponding 
calculated phase diagrams and reasonable agreement 
between the calculated phase diagrams and experimental 
data have been obtained. 

2. LITERATURE INFORMATION

Up to now according to the literature survey the 
ternary Cu-Ge-Pb system has not been studied before. 
Information related to the ternary system is based on 
available sub-binary phase diagrams.  

The binary Cu-Ge system consists of seven phases 
and eight reactions. One liquid phase L, and six solid 
phases (Cu), ξ, ε, θ, η and (Ge). From eight reactions two 
are peritectic, two eutectic, one peritectoid and three 
eutectoid reactions. Figure 1, presents calculated binary 
Cu-Ge system by using optimized thermodynamic 
parameters by Wang et al. [14]. 

Figure 1. Calculated Cu-Ge phase diagram by 
using thermodynamic data established 

by Wang et al. [14]. 

The binary Cu-Pb system, consist of three phases with 
miscibility of gap in the liquid phase (L' and L'') and two 
reactions. One phase is liquid L with miscibility of gap in 
the liquid phase (L' and L'') and two solid phases (Cu) and 
(Pb). From two reactions one is mono eutectic reaction at 
higher temperature and second is eutectic reaction. Figure 
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2, presents calculated binary phase diagram of Cu-Pb 
system by using thermodynamic parameters from  Jantzen 
and Spencer [15]. 

Figure 2. Calculated Cu-Pb phase diagram by using 
thermodynamic data established by Jantzen and Spencer 

et al. [15]. 

The binary Ge-Pb system consists of three phases and one 
eutectic reaction. One phase is liquid L phase and two are 
solid phases (Ge) and (Pb). Figure 3, presents calculated 
binary Ge-Pb system by using thermodynamic data 
published by Chevalier [16]. 

Figure 3. Calculated Ge-Pb phase diagram by using 
thermodynamic data by Chevalier [16]. 

Solid phase and their crystallographic information 
are used from literature [17-23]. 

3. EXPERIMENTAL PART
Three groups of ternary Cu-Ge-Pb alloys samples 

were prepared. Prepared alloys were from high purity Cu, 
Ge and Pb (99.999 %) produced by Alfa Aesar. All 
samples were melted and re-melted five times in an 
induction furnace, to preserve homogeneity. The 
compositions of all samples were determined by using 
scanning electron microscopy (SEM) with energy 
dispersive spectrometry (EDS).  

One group of samples (six samples) were selected 
for testing of phase equilibria at 600 °C. Six samples (each 
sample in separate tube) were evacuated in quartz tube 
under vacuum and such prepared samples were annealed at 
600 °C for five weeks. After annealing samples were 
quenched in ice-water. Such samples were tested with 
scanning electron microscopy (SEM) with energy 
dispersive spectrometry (EDS) and X-ray powder 
diffraction (XRD). One part of samples used for SEM-
EDS were grinded, polished and clean in ultrasonic bath. 
Other parts of samples used for XRD test were finely 
ground. 

Second group of samples were used for testing of 
phase equilibria at 400 °C. Same procedure as described in 
previous paragraph were apply for samples in second 
group except annealing time which was 400 °C. 

Third group of samples were used for testing of 
temperature phase transition. Twelve ternary samples were 
prepared and tested by using differential thermal analysis 
(DTA). 

4. RESULTS AND DISCUSSION
Six ternary samples annealed at 600 °C, were 

prepared for phase equilibria test of isothermal section at 
600 °C. Those six samples were tested with same method 
and same procedure was applied on each sample. First 
samples were tested with XRD and detected phase are 
summarized in Table 1. Second used techniques were 
SEM-EDS, by which composition of sample and 
composition of present phases in microstructure were 
determined. Summary results of both techniques are given 
in Table 1. 

Table 1. Combined results of SEM-EDS and XRD analyzes of the selected Cu-Ge-Pb alloys annealed at T=600 °C. 

No. Composition of 
samples (at.%) 

Determined 
phases Compositions of phases (at.%) Lattice parameters (Å) 

EDS XRD Cu Ge Pb 

1 
9.38 Cu 

59.44 Ge 
31.18 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

1.01±0.5 
1.56±0.3 
73.57±0.2 

3.17±0.1 
98.03±0.5 
26.25±0.8 

95.82±0.7 
0.41±0.2 
0.18±0.2 

- 
a=b=c=5.6550 

a=5.2911, b=4.1983, c=4.5487 

2 
15.24 Cu 
33.07 Ge 
51.69 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

1.10±0.1 
0.55±0.7 
72.95±0.5 

3.79±0.2 
99.24±0.3 
25.67±0.1 

95.11±0.1 
0.21±0.2 
1.38±0.3 

- 
a=b=c=5.6558 

a=5.2918, b=4.1980, c=4.5482 

3 
33.62 Cu 
39.87 Ge 
26.51 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

1.89±0.2 
0.58±0.3 
73.46±0.1 

3.06±0.7 
99.24±0.6 
26.13±0.2 

96.05±0.2 
0.18±0.1 
0.41±0.5 

- 
a=b=c=5.6559 

a=5.2913, b=4.1982, c=4.5485 

4 
50.73 Cu 
12.19 Ge 
37.08 Pb 

L
ε 
ξ 

- 
ε 
ξ

1.60±0.2 
76.33±0.4 
83.88±0.5 

0.51±0.1 
22.80±0.2 
15.71±0.4 

97.89±0.1 
0.87±0.2 
0.41±0.5 

- 
a=b=4.1685, c=7.4981 
a=b=2.6137, c=4.2305 

5 
40.26 Cu 
4.81 Ge 
54.93 Pb 

L 
(Cu) 

ξ 

- 
(Cu) 

ξ 

2.25±0.1 
89.32±0.7 
87.5±0.3 

0.32±0.3 
10.50±0.2 
12.34±0.1 

97.43±0.3 
0.18±0.3 
0.16±0.1 

- 
a=b=c=3.6672 

a=b=2.6073, c=4.2311 
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6 
74.22 Cu 
4.81 Ge 
20.97 Pb 

L 
(Cu) 

 

- 
(Cu) 

 

2.35±0.5 
92.02±0.2 

 

0.44±0.3 
7.10±0.3 

 

97.21±0.5 
0.88±0.7 

 

- 
a=b=c=3.6618 

 
 
From results it is noticeable that four different 

phase regions were detected.  
In microstructures of samples 1, 2 and 3 same three 

phases L, (Ge) and η were detected. EDS results of phase 
composition in each samples shows that L phase is rich 
with Pb and have 95.11 to the 96.05 at. % of Pb while 
leftover belongs to the 3.06 to the 3.79 at. % of Ge and 
1.01 to the 1.89 at. % of Cu. For (Ge) solid solution it is 
noticeable that this phase is rich with germanium 98.03 to 
the 99.24 at. % of Ge, while rest part is 0.55 to the 1.56 at. 
% of Cu and  0.18 to the 0.41 at. % of Pb. Last detected 
phase in samples 1, 2 and 3 is η intermetallic compound 
with composition of 72.95 to the 73.56 at. % Cu, 25.67 to 
the 26.25 at. % of Ge and leftover is Pb, 0.18 to the 1.56 
at. % of Pb.  

In microstructure of sample 4, three phases were 
detected L, ε and ξ. Liquid phase is rich with Pb and 
dissolve 1.6 at. % of Cu and 0.51 at. % of Ge. Phase ε and 
ξ are rich with Cu while ξ dissolve 83.33 at. % of Cu and ε 
76.33 at. % of Cu.  

Sample 5, detected another three phases L, (Cu) 
and ξ. As detected in previous cases L phase is rich with 
lead 97.43 at. % of Pb. Next phase (Cu) is copper solid 
solution rich with copper 89.32 at. % whit high solubility 
of germanium 10.50 at. % and small amount of lead 0.18 
at. %. Next phase in this sample is ξ which also can 
dissolve high amount of copper 87.50 at. % and 12.34 at. 
% of Ge and small amount of Pb. Since (Cu) and ξ phase 
have similar phase composition XRD result help to 
distinguished phases. 

Sample 6, detected two phase region L+(Cu). 
Liquid phase L is rich with lead while (Cu) solid solution 
is rich with (Cu) and can dissolve 7.10 at. % of Ge and 
0.88 at. % of Pb. Also XRD result in this sample help to 
detect (Cu) phase. 

Two microstructures of samples annealed at 600 °C 
are given on figure 4. 

 

 

 
Figure 4. SEM microstructure of samples 3 and 5 annealed at 600 °C for five weeks. 

 

Microstructure of sample 3 and 5 are used as 
representative. Sample 3 have three phases in 
microstructure, while L phase is grey oval phase trapped 
between (Ge) and η phase. (Ge) and η phase appears as a 
dark phase while η phase is a little darker. Sample 5, have 
three phases in microstructure L as a ligh gray phase, ξ as 
a gray phase and (Cu) solid solution as a dark phase. 

Since the samples were annealed at 600 °C, EDS 
results of phase compositions were compared with 
calculated isothermal section at 600 °C. Calculated 
isothermal section compared with EDS result is given on 
Figure 5. 

 
 
 
 

B.65



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

M. Milosavljevic, M. Premovic, D. Minic, A. Djordjevic

Figure 5. Calculated Cu-Ge-Pb isothermal section at  600 °C compared with EDS results given in Table 1. 

Seven different phase regions were predicted on 
isothermal section at 600 °C while four are experimentally 
confirmed. Largest region on isothermal section at 600 °C 
belongs to the three-phase region L+(Ge)+η, beside it 
there is other three-phase regions L+ε+η, L+ξ+ε and 
L+(Cu)+ξ and three two-phase regions L+η, L+ξ and 
L+(Cu). Four experimentally confirmed phase regions are 
L+(Ge)+η with three samples 1, 2 and 3, L+ξ+ε with 

sample 4, L+(Cu)+ξ with sample 5 and two-phase region 
L+(Cu) with sample 6. EDS composition of each phase 
detected in observed samples are in agreement with 
calculated phase composition.  

In a next part six experimental results of ternary 
alloys annealed at 400 °C are summarized in Table 2. 
Similar procedure as applied for samples annealed for 600 
°C was applied for those annealed at 400 °C and obtained 
results are given in Table 2. 

Table 2.Combined results of SEM-EDS and XRD analyzes of the selected Cu-Ge-Pb alloys annealed at T=400 °C. 
No. Composition of 

samples (at.%) 
Determined phases Compositions of phases (at.%) Lattice parameters (Å) EDS XRD Cu Ge Pb 

7 
30.28 Cu 
44.13 Ge 
25.59 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

0.26±0.5 
1.15±0.2 
74.97±0.1 

1.61±0.4 
98.13±0.5 
24.38±0.1 

98.13±0.5 
0.72±0.1 
0.65±0.6 

- 
a=b=c=5.6549 

a=5.2915, b=4.2032, c=4.5511 

8 
18.40 Cu 
46.31 Ge 
35.29 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

0.73±0.3 
0.46±0.7 
73.77±0.1 

0.45±0.3 
99.13±0.3 
26.05±0.4 

98.82±0.4 
0.41±0.3 
0.18±0.3 

- 
a=b=c=5.6559 

a=5.2951, b=4.2012, c=4.5508 

9 
26.10 Cu 
27.05 Ge 
46.85 Pb 

L 
(Ge) 

η 

- 
(Ge) 

η 

0.46±0.2 
1.83±0.4 
73.76±0.4 

1.41±0.6 
98.02±0.7 
25.53±0.2 

98.13±0.1 
0.15±0.7 
0.71±0.5 

- 
a=b=c=5.6547 

a=5.2897, b=4.1987, c=4.5523 

10 
67.92 Cu 
19.43 Ge 
12.65 Pb 

L
η 
ξ 

- 
η
ξ 

1.07±0.3 
73.79±0.7 
85.90±0.2 

0.79±0.1 
25.79±0.3 
13.23±0.5 

98.14±0.5 
0.42±0.5 
0.87±0.4 

- 
a=5.2913, b=4.1992, c=4.5512 

a=b=2.6069, c=4.2318 

11 
56.90 Cu 
10.81 Ge 
32.29 Pb 

L
η 
ξ 

- 
η
ξ 

0.69±0.1 
73.47±0.3 
84.95±0.1 

0.48±0.5 
25.92±0.2 
14.37±0.7 

98.83±0.3 
0.61±0.2 
0.68±0.1 

- 
a=5.2909, b=4.2012, c=4.5513 

a=b=2.6052, c=4.2307 

12 
50.51 Cu 
2.88 Ge 
46.61 Pb 

L 
(Cu) 

- 
(Cu) 

1.69±0.5 
95.64±0.2 

0.28±0.2 
4.18±0.4 

98.03±0.5 
0.18±0.7 

- 
a=b=c=3.6653 

Six ternary samples annealed at 400 °C were used 
for test of phase equilibria at same temperature. By 
experiment three different phase regions are detected. 
Samples 7, 8 and 9 detected three-phase region L+(Ge)+η, 
samples 10 and 11 detected another three-phase region 
L+η+ξ and sample 12 detected two-phase region L+(Cu).  
In samples 7, 8 and 9 three phases L, (Ge) and η. Detected 
L which is rich with lead 98.13 to the 98.82 at. % of Pb 
and leftover is copper and germanium. Next phase is (Ge) 
rich with germanium 98.02 to the 99.13 at. % and rest is 
other two elements. Third phase is intermatalic compound 

η which is by literature line compound Cu3Ge, with 
composition 75 at. % of Cu and 25 at. % of Ge, while in 
our experimental study this compound has composition 
73.76 to the 74.97 at. % of copper, 24.38 to the 26.05 at. % 
of germanium and small amount of lead 0.18 to the 0.71 
at. %. Experimental composition of η phase is close to 
literature one. 

In samples 10 and 11, three phases L, η and ξ are 
detected. As in previous case detected L phase is rich with 
Pb 98.14 and 98.83 at. % of Pb, while leftover is another 
two elements. Next phase is η phase with 73.79 and 73.47 
at. % of Cu, 25.79 and 25.92 at. % of Ge and 0.42 and 
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0.61 at. % of Pb. Last phase is ξ phase with composition 
85.90 and 94.95 at. % of Cu, 13.23 and 14.37 at. % of Ge 
and leftover is Pb. 

In sample 12 two phases are detected L and (Cu) 
solid solution. L phase is rich with lead 98.03 at. %, while 
composition of other two elements are 1.69 at. % of Cu 

and 0.28 at. % of Ge. (Cu) solid solution is rich with 
copper with amount of 95.64 at. % and 4.18 at. % of Ge 
and leftover is 0.18 at. % of Pb. 

Two microstructures of samples annealed at 400 
°C are given on Figure 6. 
 

 

 
Figure 6. SEM microstructure of samples 7 and 12 annealed at 400 °C for five weeks. 

 
 

Microstructures of samples 7 and 12 are 
presented as one representative microstructures of samples 
annealed at 400 °C. In microstructure of sample 7, three 
phases are visible L, as a light gray phase, (Ge) as a gray 
phase and η as a dark gray phase. In microstructure of 

sample 12, two phases are visible L phase as a light gray 
phase and (Cu) solid solution as a dark phase. 

Experimental result of EDS test given in Table 2 
are compared with calculated isothermal section at 400 °C 
and given on Figure 7. 

 

 
Figure 7. Calculated Cu-Ge-Pb isothermal section at 400 °C compared with EDS results given in Table 2. 

 
 

Calculated isothermal section at 400 °C consists 
of five different phase regions, three three-phase regions 
and two two-phase regions. Large phase region is three-
phase region L+(Ge)+η and in this region three samples 
are located. Samples 7, 8 and 9 are located in this phase 
region L+(Ge)+η and detected phases of those three 
samples are same predicted. EDS results of each samples 

are marked with color square and it can be notice good 
agreement between calculated phase composition and 
experimental one. Next phase region is L+ξ+η, in this 
region samples 10 and 11 are located. Same phases which 
are predicted are experimentally confirmed. EDS 
compositions marked with corresponding color square are 
close to the calculated composition.  
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Last tested sample 12 is located in two-phase 
region L+(Cu) same phase region as experimental 
predicted. In general good agreement between 
experimental and calculated phase composition is reached. 

Twelve ternary samples were prepared for DTA 
tests. Prepared samples were from three vertical sections 
Cu-GePb, Ge-CuPb and Pb-CuGe. From each vertical 
section four samples were selected as representative ones. 
In Table 3, are summarized DTA results. 

Table 3. Phase transition temperatures of the studied alloys from the ternary Cu-Ge-Pb system determined by DTA at 
pressure p = 0.1 MPa. 

Number 
Composition (at. %) Identified phase transition temperature in °C 

nominal EDS Ternary eutectic 
reaction 

Ternary transition 
reaction Liquidus 

Vertical section Cu-GePb 
13 Cu10Ge45Pb45 Cu10.83Ge44.87Pb44.3 327.8/614.9/642.1 803.5 967.4 

14 Cu30Ge35Pb35 Cu30.08Ge35.61Pb34.3

1
320.1/611.2/630.9 750.8 - 

15 Cu50Ge25Pb25 Cu49.92Ge25.11Pb24.9

7
321.8/618.9/640.1 700.9 - 

16 Cu70Ge15Pb15 Cu69.93Ge14.89Pb15.1

8
329.3/555.3/740.7 809.3 - 

Vertical section Ge-CuPb 

17 Cu45Ge10Pb45 Cu44.92Ge10.19Pb44.8

9
329.8/557.2/747.9 

18 Cu35Ge30Pb35 Cu35.73Ge29.83Pb34.4

4
330.9/620.1/636.9 705.8 - 

19 Cu25Ge50Pb25 Cu25.81Ge49.98Pb24.2

1
323.1/615.9/639.9 777.9 941.7 

20 Cu10Ge80Pb10 Cu10.32Ge79.81Pb9.87 321.9/620.9/638.1 795.7 880.9 
Vertical section Pb-CuGe 

21 Cu40Ge40Pb20 Cu39.81Ge40.05Pb20.1

4
327.8/616.8/636.9 735.1 1120.1 

22 Cu30Ge30Pb40 Cu30.15Ge29.92Pb39.9

3
336.1/606.9/625.9 720.9 

23 Cu20Ge20Pb60 Cu19.83Ge20.18Pb59.9

9
320.9/619.5/633.1 714.5 

24 Cu10Ge10Pb80 Cu10.07Ge9.87Pb80.06 327.1/609.3/636.5 681.2 

Detected temperatures of phase transformation 
summarized in Table 3 are compared with corresponding 
vertical section. For better understanding phase 
transformation calculated vertical sections are plotted 
together and presented on figure 8. 
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Figure 8. Calculated vertical sections of the ternary Cu-
Ge-Pb system compared with DTA experimental results: 

a) Cu-GePb, b) Ge-CuPb and c) Pb-CuGe. 
 

Samples 13 to 16 are used for testing phase 
transformation of vertical section Cu-GePb. By comparing 
results (Fig. 8a)) it is clear that first transformation 
temperature detected with samples 13, 14 and 15 is related 
to the reaction L→η+(Ge)+(Pb). Experimentally this is 
detected at temperature in range from 320.1 to the 327.8 
°C while calculated one is at 326.82 °C. On same samples 
next detected temperature is related to the reaction 
θ→L+η+(Ge) which is calculated at temperature 611.64 
°C while experimental one is in range from 611.2 to the 
618.9 °C. Third detected temperature on all samples is 
related to the same reaction L→θ+(Ge)+L. This reaction is 
experimentally determined at temperatures 640.1, 630.9 
and 639.1 °C, respectively while calculated one is at 
630.40 °C. Next detected temperature on all samples is 

described as a temperature of primary solidification. On 
sample 13 one more temperature is detected and it is 
related to the liquid curve. From same vertical section 
sample 16 was selected for tests. By this sample four 
temperatures were detected. First one is related to the 
reaction L+η→ξ+(Pb) calculated at 326.75 °C, next one is 
to the reaction L+ε→ξ+η calculated at 549.31 °C, third 
one to the L→L+ε+ξ calculated at 735.72 °C, while last 
temperature is related to the temperature of primary 
solidification. Experimentally determined temperatures 
respectively are 329.3, 555.3, 740.7 and 809.3 °C. 

Four samples marked with number from 17 to 20 
are used for testing temperature of phase transformation of 
vertical section Ge-CuPb. By sample 17, three 
temperatures were detected at 329.8, 557.2 and 747.9 °C. 
By comparing detected temperatures with calculated 
vertical section is clear that detected temperatures are 
related to the reactions L+η→ξ+(Pb), L+ε→ξ+η and  
L→L+ε+ξ, respectively. By samples 18, 19 and 20 first 
three temperatures on each samples detected temperature 
of three reactions. Detected temperatures of reactions are 
L→η+(Ge)+(Pb), θ→L+η+(Ge) and L→θ+(Ge)+L. By 
comparing experimental results and calculated 
temperatures reasonable agreement is visible and 
difference between temperatures are less than 10 °C. On 
same samples at high temperature are detected 
temperatures of primary crystallization and liquid.  

Samples 21 to 24 are selected for checking 
temperatures of phase transformation of Pb-CuGe vertical 
section. In all four samples first four detected temperatures 
are detected same transformation. First three temperatures 
are related to the reaction calculated at 326.82, 611.64 and 
630.40 °C. Fourth temperature on each sample is related to 
the temperature of (Ge) primary crystallization. On sample 
21 five temperatures are detected and this temperature is 
related to the liquid. 

5. CONCLUSION 

Two isothermal sections and three vertical 
sections are experimentally tested. Results of experiments 
are compared with calculated corresponding phase 
diagrams. By comparison it is clear that good agreement 
between results is reached. Phase composition shows 
similar composition with calculate compositions also 
experimental temperatures of phase transformation shows 
close value with calculated one. This led to the conclusion 
that thermodynamic dataset made from three constitutive 
binary systems is satisfactory for description of ternary 
system without introducing ternary parameters.  
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Mechanical and electrical properties of the ternary Bi-Ge-Sn alloys were investigated in this study. Calculation of 

isothermal section at 200, 300 and 25 ºC was carried out by using optimized thermodynamic parameters for the 
constitutive binary systems. Microstructures of alloys were observed by using optical microscopy and scanning electron 
microscopy (SEM). Phases in microstructures have been detected by x-ray diffraction (XRD) analysis and compositions of 
the phasis by energy dispersive spectrometry (EDS). ANOVA analysis and using obtained results an appropriate 
mathematical model is proposed for every composition of alloys. The Brinell hardness and electrical conductivity of 
selected alloys were measured and obtained results were analyzed with respect to their overall compositions and phase 
constituents. Based on all the obtained experimental and calculated results, it was concluded that a general good 
agreement was obtained between them. 

Keywords: Ternary Bi-Ge-Sn system, Microstructures, Hardness properties, Electrical properties 
1. INTRODUCTION

As the properties of the material can be changed 
with the addition of other elements, the testing of other 
alloys is always current, in a way to obtain alloys with new 
properties. Due to the technical importance of germanium-
based systems, our group has previously tested 
germanium-based systems [1-3]. Experimental 
examination and thermodynamic description of the ternary 
Bi-Ge-Sn system have been investigated by Aleksandar et 
al. [4]. Electrical and mechanical properties of ternary Bi-
Ge-Sn system have not been investigated before. 
Germanium-based alloys are mainly used as memory 
materials [5-8]. Because of all that, in this study is shown 
experimental investigation of electrical and mechanical 
properties of the ternary Bi-Ge-Sn alloys at room 
temperature (≈25 °C), as well as isothermal sections on 
200 and 300 °C. Thermodynamic data proposed by 
Aleksandar et al. [4] has been used in our study for the 
calculation of selected isothermal sections. Alloys of the 
tested ternary system tested with Brinell hardness test and 
test for electrical conductivity. Too, have been 
investigated phase equilibria of the isothermal sections at 
200, 300 and 25 °C using scanning electron microscopy 
(SEM) with energy dispersive spectrometry (EDS) and x-
ray diffraction (XRD). The results obtained in this paper 
were intended to provide a better insight into the 
properties of the test alloys. 

2. MATERIALS AND METHODS

All tested samples (ternary and binary) with total 
masses of about 5 g were prepared from elements high 
purity (99.999 at. %) Bi, Ge, and Sn. Samples were melted 
in an induction furnace under high purity argon 
atmosphere and slowly cooled. The average weight loss of 
the samples during induction melting was about 1 mass %.  

Samples for investigation of isothermal sections at 200 °C 
and 300 °C, were sealed in evacuated quartz tubes and 
then heated to the appropriate temperatures. Then they 
were extinguished in the water and ice mixture to preserve 
desired equilibrium at appropriate temperatures (200 and 
300 °C). Prepared samples in this way were examined 
SEM-EDS and XRD analysis. Samples cooled to room 
temperature were tested Brinell hardness and electrical 
conductivity. 

The compositions of samples and coexisting 
phases were determined by using JEOL JSM-6460 
scanning electron microscope with energy dispersive 
spectroscopy (EDS) (Oxford Instruments X-act). Powder 
XRD data for phase identification of samples were 
recorded on a D2 PHASER (Bruker, Karlsruhe, Germany) 
powder diffractometer equipped with a dynamic 
scintillation detector and ceramic X-ray Cu tube (KFL-Cu-
2K) in a 2θ range from 10° to 75° with a step size of 0.02°. 
The patterns were analyzed using the Topas 4.2 software, 
ICDD databases PDF2. Microstructures of the samples 
were recorded on a light microscopy using (LOM) 
OLYMPUS GX41 inverted metallographic microscope. 
Hardnesses of the samples were measured using Brinell 
hardness tester INNOVATEST, model NEXUS 3001. 
Electrical conductivity measurements were carried out 
using Foerster SIGMATEST 2.069 eddy current 
instrument. 

3. RESULTS AND DISCUSSION

Constitutive binary systems of the ternary Bi-Ge-
Sn system were extensively studied in the past. Reliable 
thermodynamic datasets for these binary systems are 
available in literature [9-11]. Based on the literature 
information for binary sub-systems considered phase, their 
crystallographic data and database names for the solid 
phases are summarized in Table 1.

B.71



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

A. Djordjevic, D. Minic, M. Premovic, M. Kolarevic, M. Milosavljevic

Table 1: Considered phase, their crystallographic data and database names 
for the solid phases  of the ternary Bi-Ge-Sn system 

Thermodynamic 
database name 

Common 
name 

Space 
group 

symbol 

Struktural 
designation 

Pearson’s 
symbol 

LIQUID Liquid - - - 

RHOMBO_A7 (Bi) R
−

3 mH A7 hR2 

DIAMOND_A4 (Ge) Fm
−

3 m A4 cF8 

DIAMOND_A4 (αSn) Fd
−

3 m A4 cF8 

BCT_A5 (βSn) I41/amd A5 tI4 

In ternary Bi-Ge-Sn system, should appears liquid 
phase and four solid solution phases: (Bi), (Ge), (αSn) and 
(βSn).  

3.1. Izothermal section at 200 °C. 
For investigation of the phase equilibria at 200 

°C, five samples were analyzed by SEM-EDS and XRD 
methods. Experimental results are summarized in Table 2.

        Table 2: Combined results of SEM-EDS and XRD analyzes of the selected Bi-Ge-Sn alloys annealed at T=200 °C 

N. 
Composition 
of samples 

(at. %) 

Determined 
phases Compositions of phases (at. %) Lattice parameters (Å)

EDS XR
D Bi Ge Sn a=b c 

1. 
10.90 Bi 
55.27 Ge 
33.83 Sn 

L 
(Ge) (Ge) 

27.01±0.7 
0.33±0.4 

1.82±0.2 
98.87±0.1 

71.17±0.4 
0.80±0.7 5.6545±0.0002 

2. 
22.28 Bi 
19.14 Ge 
58.58 Sn 

L 
(Ge) (Ge) 

30.21±0.6 
0.65±0.7 

2.63±0.5 
99.12±0.4 

67.16±0.1 
0.23±0.2 5.6589±0.0007 

3. 
33.97 Bi 
33.67 Ge 
32.36 Sn 

L 
(Ge) (Ge) 

27.02±0.3 
0.82±0.7 

3.03±0.6 
98.99±0.1 

69.95±0.7 
0.19±0.9 5.6536±0.0004 

4. 
45.96 Bi 
44.53 Ge 
9.51 Sn 

L 
(Ge) 
(Bi) 

(Ge) 
(Bi) 

10.87±0.7 
0.57±0.7 

99.12±0.7 

5.01±0.4 
98.25±0.8 
0.18±0.9 

84.12±0.8 
1.18±0.7 
0.70±0.2 

5.6512±0.0006 
4.5367±0.0004 11.8124±0.0006 

5. 
63.79 Bi 
13.61 Ge 
22.60 Sn 

L 
(Ge) 
(Bi) 

(Ge) 
(Bi) 

7.53±0.9 
1.07±0.2 

98.76±0.1 

5.27±0.7 
98.12±0.7 
0.62±0.8 

87.20±0.8 
0.81±0.1 
0.62±0.9 

5.6578±0.0005 
4.5398±0.0006 11.8179±0.0003 

As can be seen from the presented EDS and XRD 
results, the all studied alloy samples have the same L and 
(Ge) solid solution phase in microstructure. In addition to 
the liquid phase and (Ge) solid solution phase, in the 
samples 4 and 5 occur an (Bi) solid solution phase. The 
EDS results show that (Ge) solid solution phase is rich 

with germanium with neglected solubility of  other two 
elements. (Bi) solid solution phase is rich with bismuth 
and with neglected solubility of germanium and tin. Liquid 
phase is rich with Bi and Sn. 

SEM micrograph of one sample annealed at 200 °C 
is presented in Figure 1 as an illustration.  

Figure 1: SEM micrographs of the sample 1 annealed at 200 ºC 
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On the given micrograph, (Ge) solid solution phase 
appears as a dark phase and L phase as a light phase. 

Since the samples were annealed at 200 °C, 
compositions of the phases determined by EDS analysis 

were compared with the calculated isothermal section at 
200 °C. Figure 2 shows comparison of the EDS results 
(Table 2) and the calculated isothermal section at 200 °C. 

 

 
Figure 2: Calculated isothermal section at 200 °C compared with EDS results given in Table 2 

 
From Figure 2 it can be seen that the calculated 

isothermal section has five phase regions. Three of them 
are L+(Ge), (Ge)+(βSn) and (Ge)+(Bi) two-phase regions, 
two are (Ge)+L+(Bi) and (Ge)+L+(βSn) three-phase 
regions. Two of the three phase regions have been 
experimentally proven. Tested alloy samples 1, 2 and 3 
belong to L+(Ge) two-phase region. Samples 4 and 5 
belong (Ge)+L+(Bi) three-phase region. 

 

3.2. Isothermal section at 300 °C 
As a next step, five alloys annealed at 300 °C were 

used for checking phase equilibria at 300 °C. Results of 
SEM-EDS and XRD analysis for the alloys annealed at 
300 °C are summarized in Table 3.  

 
 
 

        Table 3: Combined results of SEM-EDS and XRD analyzes of the selected Bi-Ge-Sn alloys annealed at T=300 °C 

N. 
Composition 

of samples (at. 
%) 

Determined 
phases Compositions of phases (at. %) Lattice parameters (Å) 

EDS XRD Bi Ge Sn a=b=c 

1. 
13.03 Bi 
22.91 Ge 
64.06 Sn 

L 
(Ge) 

 

 
(Ge) 

 

23.98±0.7 
0.78±0.7 

 

0.24±0.4 
98.78±0.2 

 

75.78±0.2 
0.44±0.4 

 

 
5.6523±0.0006 

 

2. 
36.75 Bi 
16.77 Ge 
46.48 Sn 

L 
(Ge) 

 

 
(Ge) 

 

24.91±0.6 
0.42±0.8 

 

1.92±0.3 
98.21±0.1 

 

73.17±0.8 
1.37±0.5 

 

 
5.6568±0.0001 

 

3. 
16.29 Bi 
60.83 Ge 
22.88 Sn 

L 
(Ge) 

 

 
(Ge) 

 

38.63±0.2 
0.28±0.4 

 

1.52±0.3 
99.07±0.7 

 

59.85±0.1 
0.65±0.9 

 

 
5.6561±0.0007 

 

4. 
60.18 Bi 
23.01 Ge 
16.81 Sn 

L 
(Ge) 

 

 
(Ge) 

 

41.87±0.3 
0.82±0.1 

 

0.24±0.6 
98.91±0.7 

 

57.89±0.3 
0.27±0.2 

 

 
5.6569±0.0002 

 

5. 
53.36 Bi 
23.30 Ge 
23.34 Sn 

L 
(Ge) 

 

 
(Ge) 

 

21.13±0.3 
0.47±0.8 

 

0.62±0.2 
99.11±0.4 

 

78.25±0.9 
0.42±0.5 

 

 
5.6530±0.0006 

 
 
Detected phases are L and (Ge) solid solution. (Ge) 

solid solution is rich with germanium and can dissolve 
neglected amount of tin and bismuth. EDS result shows 
that L phase have different composition depending on 
composition of the samples. In general L phase is rich in 

tin and bismuth and dissolves a negligible amount of 
germanium. 

SEM micrographs of the sample 2 annealed at 300 
ºC present at Figure 3.

.  
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Figure 3: SEM micrographs of the sample 2 annealed at 300 ºC 

From microstructure it is visible that (Ge) solid 
solution appears as a dark phase and L phase a gray phase. 

The EDS results obtained for the samples annealed 
at 300 °C are given in Table 3 and compared with the 

calculated isothermal section at 300 °C. Figure 4 presents 
comparison of the calculated phase diagram and the EDS 
results. 

Figure 4: Calculated isothermal section at 300 °C compared with EDS results given in Table 3 

The calculated isothermal cross section at 300° C 
consists of two phase regions. One is a single-phase region 
L, and the other is a two-phase region L+(Ge). By 
comparing the EDS composition of the tested samples, it is 
determined that all samples are from the two-phase 
L+(Ge) region, the same region as the experimentally 
detected samples. The EDS phase compositions agree well 
with the calculated phase compositions. 

3.3. Microstructural analysis of slowly-cooled samples 
Twelve slowly cooled ternary samples, marked 

with numbers from 1 to 12, were subjected to the tests of 
mechanical and electrical properties. Overall compositions 
of samples were situated along three vertical sections 
(samples 1 to 4, along Bi-GeSn vertical section, samples 5 
to 8 along Ge-BiSn vertical section and samples from 9 to 
12 along Sn-BiGe vertical section). Figure 5 presents 
calculated isothermal section at 25 ºC with marked 
nominal composition of tested ternary alloys.  
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Figure 5: Predicted isothermal section at 25 ºC with marked compositions of tested alloys 

 
Before determination of hardness and electrical 

conductivity samples were analyzed using XRD and their 
microstructure was observed with light optical 
microscopy. Results of XRD analysis of all samples 

revealed that all samples have (Ge), (Bi) and (βSn) phases 
in microstructure. Three microstructures of samples 1, 4 
and 7 are given in Figure 6. 

 

   
 

  
 

 
Figure 6: LOM micrographs of a) sample 1, b) sample 4 

and c) sample 7 
 
Phases which appear in microstructures are marked 

at presented micrographs. 
 
3.3.1. Brinell hardness measurements 

Twelve ternary samples and three binary samples 
were subjected to the Brinell hardness measurements. 
Based on repeated measurements, mean values of Brinell 
hardness were calculated and presented in Table 4. 
Literature values of hardness for pure elements [12] are 
also shown in Table 4 for comparison. 
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Table 4: Compositions of the investigated samples at room temperature and related Brinell hardness values 

N. 
Alloy nominal composition (at. %) Measured value (MN/m2) Mean value 

(MN/m2) x(Bi) x(Ge) x(Sn) 1 2 3 
B1 0 0.5 0.5 19.40 24.20 18.60 20.73 
1 0.2 0.4 0.4 27.80 28.00 28.30 28.03 
2 0.4 0.3 0.3 23.90 26.20 24.80 24.96 
3 0.6 0.2 0.2 22.60 22.00 24.40 23.00 
4 0.8 0.1 0.1 23.60 19.10 20.20 20.96 
Bi 1 0 0 94.20 [12] 
B2 0.5 0 0.5 15.40 12.30 16.20 14.63 
5 0.4 0.2 0.4 31.90 32.70 32.30 32.30 
6 0.3 0.4 0.3 38.80 43.10 42.80 41.56 
7 0.2 0.6 0.2 41.60 46.20 44.80 44.20 
8 0.1 0.8 0.1 63.30 58.50 56.20 59.33 

Ge 0 1 0 973.40 [12] 
B3 0.5 0.5 0 213.20 215.60 217.40 215.40 
9 0.4 0.4 0.2 37.30 38.00 39.00 38.10 
10 0.3 0.3 0.4 35.50 36.80 34.90 35.73 
11 0.2 0.2 0.6 43.40 42.10 42.80 42.76 
12 0.1 0.1 0.8 39.90 42.30 41.20 41.13 
Sn 0 0 1 51.00 [12] 

In addition to the tabular presentation, the obtained 
values for hardness are also presented graphically. Figure 
7 shows a graphical representation of the relationship 

between the hardness of the tested alloys and the 
composition of the alloys. 

Figure 7: Graphical presentation of Brinell hardness dependence of composition and phase fraction: a) vertical 
section Bi-GeSn, b) vertical section Ge-BiSn and c) vertical section Sn-BiGe 

The highest value of hardness for ternary alloys 
was measured on the sample Bi10Ge80Sn10 of 59.33 
MN/m2, which is understandable due to the high amount 
of germanium. 

As none of the S-models (Scheffe-model) met the 
adequacy requirements, the so-called SV-models (Slack-
Variable mixture models) were used [13,14]. The Quartic 
Slack Mixture model was selected. By utilizing 
experimentally determined values of hardness given in 
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Table 5 mathematical model of the dependence of the 
Brinell hardness on composition for the Bi-Ge-Sn alloys 
was developed. The diagnosis of the statistical properties 
of the assumed model found that the distribution of 
residuals is not normal and that it is necessary to transform 
the mathematical model in order to meet the conditions of 
normality. The Box-Cox diagnostics recommends the 

”Inverse Square Root“ transformation for the variance 
stabilization. 

The final equation of the predictive model in terms 
of Real components is:  

 
 

 
1/Sqrt(HB)=0.0317625+0.07459893∙(Bi)+1.39074537∙(Sn)-3.14882∙(Bi)∙(Sn) 

-0.0033572∙(Bi2)-2.7651581∙(Sn2)+4.02037782∙(Bi2)∙(Sn)+3.92451675∙(Bi)∙(Sn2) 
                                                             +1.48355978∙(Sn3) -3.2914706∙(Bi2)∙(Sn2)                     (1) 

  
The repeated analysis for Inverse Square Root 

model transformation confirms the significance of the 
Transformed Quartic Slack Mixture model. In this case, 

ANOVA confirms the adequacy of the Reduced Quartic 
Slack Mixture model (Table 5). 

 
Table 5: ANOVA for Reduced Quartic Slack Mixture model 

Source Sum of Squares df Mean Square F 
Value 

p-value 
Prob > F 

Model 0.05065 9 0.00563 35.49194 0.00002 
A-Bi 0.00022 1 0.00022 1.40959 0.26918 
C-Sn 0.00593 1 0.00593 37.37938 0.00029 
AC 0.00362 1 0.00362 22.82148 0.00140 
A2 0.00000 1 0.00000 0.00310 0.95699 
C2 0.00286 1 0.00286 18.04155 0.00281 

A2C 0.00597 1 0.00597 37.62949 0.00028 
AC2 0.00175 1 0.00175 11.06407 0.01044 
C3 0.00185 1 0.00185 11.65229 0.00917 

A2C2 0.00118 1 0.00118 7.44329 0.02592 
Residual 0.00127 8 0.00016   

Cor Total 0.05191 17    

    
The F-value of the Model is 35,49 and it implies 

that the model is significant. In this case, all model terms 
are significant. R-squared and other statistics after the 
ANOVA have appropriate values which confirm the 
justification of the choice of the adopted mathematical 
model (Table 6). 

 
Table 6: R-squared and other statistics after the ANOVA 

Std. Dev. 0.01259 R-Squared 0.97557 
Mean 0.16054 Adj R-Squared 0.94808 

C.V. % 7.84322 Pred R-Squared 0.78256 
PRESS 0.01129 Adeq Precision 24.09909 

 
 
 

The diagnosis of the statistical properties of the 
assumed model found that the distribution of residuals are 
normal. After the applied Box-Cox procedure, the value of 
λ is -0.5, the optimum value of λ is -0.26 and the 95% 
confidence interval for λ (Low C.I.=-0.79, High C.I.=0.11) 
contains the value -0.5, thus proving the justification of the 
model transformation (Figure 8). 
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Figure 8: The Box-Cox plot for power transforms 

Iso-lines contour plot for Brinell hardness of alloys 
defined by equation 1 is shown in Figure 9. 

Figure 9: Calculated iso-lines of Brinell hardness in ternary Bi-Ge-Sn system with R2 =0.976 

3.3.2. Electrical conductivity measurements 
Measurements of electrical conductivity were 

performed on the same group of samples used for hardness 
test. For all investigated samples electrical conductivity 
measurements were repeated four times at different 

positions and obtained values for each measured point are 
given in Table 7. Beside measured values, Table 7 also 
includes calculated mean values and literature values of 
electrical conductivity for pure elements [15]. 

       Table 7: Compositions of the investigated samples at room temperature and related electrical conductivity values 

N. Alloy nominal composition (at. %) Value (MS /m) Mean value 
(MS/m) x(Bi) x(Ge) x(Sn) 1 2 3 4 

B1 0 0.5 0.5 2.8010 2.7370 2.7800 2.7680 2.7710 
1 0.2 0.4 0.4 0.5323 0.7698 0.6397 0.7885 0.6825 
2 0.4 0.3 0.3 0.4978 0.4757 0.5042 0.4989 0.4941 
3 0.6 0.2 0.2 0.8899 0.6365 0.7895 0.6325 0.7371 
4 0.8 0.1 0.1 0.9636 0.9800 0.9993 0.8998 0.9606 
Bi 1 0 0 0.77 [15] 
B2 0.5 0 0.5 1.3699 1.0236 1.3698 1.0233 1.1966 
5 0.4 0.2 0.4 0.8161 0.8317 0.8561 0.8383 0.8355 
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6 0.3 0.4 0.3 0.7896 0.6356 0.7853 0.6669 0.7193 
7 0.2 0.6 0.2 0.3168 0.3156 0.3147 0.3158 0.3157 
8 0.1 0.8 0.1 0.3695 0.2225 0.2314 0.2323 0.2639 

Ge 0 1 0  0.002 [15] 
B3 0.5 0.5 0 0.3430 0.3410 0.3530 0.3440 0.3452 
8 0.4 0.4 0.2 0.3080 0.3068 0.3091 0.3087 0.3081 
10 0.3 0.3 0.4 0.3889 0.4545 0.5232 0.4999 0.4666 
11 0.2 0.2 0.6 2.0450 1.9999 2.0050 2.0254 2.0188 
12 0.1 0.1 0.8 3.1232 3.1252 2.9362 2.9316 3.0290 
Sn 0 0 1  9.1 [15] 

 
Figure 10 presents graphical presentation of results 

(mean value) given in Table 7 for easier overview of the 
results. 

 

   

 
Figure 10: Graphical presentation of electrical conductivity dependence of composition and phase fraction a) 

vertical section Bi-GeSn, b) vertical section Ge-BiSn and c) vertical section Sn-BiGe 
 

According to the obtained results, the triple alloy 
Bi10Ge10Sn80 has the highest value of electrical 
conductivity, 3.0290 MS/m, which is expected because in 
this combination of bismuth, germanium and tin, tin has 
the highest electrical conductivity compared to the other 
two components. 

Special Quartic Mixture model was suggested as a 
final equation for prediction of electrical conductivity. The 

diagnosis of the statistical properties of the assumed model 
found that the distribution of residuals is not normal and 
that it is necessary to transform the mathematical model in 
order to meet the conditions of normality. The Box-Cox 
diagnostics recommend the ”Square Root“ transformation 
for the variance stabilization. 

The final equation of the predictive model in terms 
of Actual components is:  
 

Sqrt(σ)=0.976127∙(Bi)+0.0501598∙(Ge)+2.8830787∙(Sn)+0.4271847∙(Bi)∙(Ge) 
                                  -3.0859792∙(Bi)∙(Sn)+0.514126∙(Ge)∙(Sn)-26.711332∙(Bi)∙(Ge)∙(Sn2)   (2) 

 
The repeated analysis for Square Root model 

transformation confirms the significance of the 
Transformed Special Quartic Mixture model. In this case, 

ANOVA confirms the adequacy of the Special Quartic 
Mixture model (Table 8). 
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Table 8: ANOVA for Special Quartic Mixture model 
Source Sum of Squares df Mean Square F 

Value 
p-value

Prob > F
Model 6.97359 6 1.16227 48.75690 0.00000027 

Linear Mixture 5.68286 2 2.84143 119.19764 0.00000004 
AB 0.00972 1 0.00972 0.40762 0.53624788 
AC 0.43643 1 0.43643 18.30800 0.00130137 
BC 0.01211 1 0.01211 0.50815 0.49078544 

ABC^2 0.18397 1 0.18397 7.71754 0.01796658 
Residual 0.26222 11 0.02384 
Cor Total 7.23581 17 

The F-value of the Model is 48.76 and it implies 
that the model is significant. R-squared and other statistics 
after the ANOVA have good values which confirm the 
justification of the choice of the adopted mathematical 
model (Table 9). 

Table 9: R-squared and other statistics after the ANOVA 
Std. Dev. 0.15440 R-Squared 0.96376 

Mean 0.99388 Adj R-Squared 0.94399 
C.V. % 15.53469 Pred R-Squared 0.81299 
PRESS 1.35317 Adeq Precision 29.42299 

The diagnosis of the statistical properties of the 
assumed model found that the distribution of residuals are 
normal. After the applied Box-Cox procedure, the value of 
λ is 0.5, the optimum value of λ is 0.32 and the 95% 
confidence interval for λ (Low C.I.=0.10, High C.I.=0.55) 
contains the value 0.5, thus proving the justification of the 
model transformation (Figure 11). 

Figure 11: The Box-Cox plot for power transforms 

Iso-lines contour plot for Electrical conductivity of 
Bi-Ge-Sn alloys defined by equation 2 is shown in Figure 
12.
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Figure 12: Calculated iso-lines of Electrical conductivity in ternary Bi-Ge-Sn system with R2 =0.964 

4. CONCLUSION

In this study, for ternary Bi-Ge-Sn system are 
experimentally investigated three isothermal sections at 
200, 300 and 25 °C. SEM-EDS and XRD analysis were 
applied for analysis of the chosen ternary samples after 
long-term annealing. Experimental results SEM-EDS and 
XRD techniques were compared with calculated phase 
diagrams at 200 and 300 °C and good agreement between 
data is reached. By using thermodynamic data set, 
isothermal section at 25 °C was calculated and three 
different phase fields were predicted. One of three phase 
region were confirmed with EDS and XRD results. On 
twelve ternary alloys and three binary alloys were 
performed tests microstructural, hardness and electrical 
conductivity. With SEM and LOM microstructures of 
tested alloys were observed. On 25 °C detected phases 
with XRD method  are (Ge), (Bi) and (βSn) solid 
solutions. All results from Brinell hardness test and 
electrical conductivity were used for predicting a 
mathematical model for calculation of properties along all 
composition range. 
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Trajectory Tracking of a Two – Link Gripping Mechanism 
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The manufacturing industry frequently deals with the problem of gripping mechanism and their movement 
optimization. This paper presents an optimization methodology based on the whale optimization algorithm to design an 
optimal fuzzy PD controller of a two - link gripping mechanism (robot arm) as a part of mobile robot working cycle. The 
dynamical analysis of gripping mechanism investigates a coupling relation between the joint torques applied by the 
actuators and the position and acceleration of the robot arm. The proposed fuzzy controller optimizes the trajectory of the 
robot’s end effector. Additionally, a simulation study was done for the specific initial case and the trapezoidal velocity 
profile was generated. Based on the predefined acceleration, movement of the robot arm is shown to be smooth and without 
an abrupt braking. 

Keywords: Gripping mechanism, Trajectory tracking, Fuzzy controller, Whale optimization algorithm
1. INTRODUCTION

Robots take part in an important role in the current 
manufacturing industry. Per se, an essential feature of the 
Industry 4.0 are the autonomous production methods 
powered by robots that can complete tasks intelligently, 
with a focus on safety, flexibility, versatility, and 
collaboration [1]. 

Intelligent mobile robots can be used for many 
different purposes, for example, in the production process, 
one of them is internal transport – material handling. In 
that case we can consider an intelligent mobile robot as 
sort of a transportation machine – device. The main 
characteristic of all transportation machines is their 
working cycle (single or complex). Moreover, we will be 
considering intelligent mobile robot as „a single position 
machine“ with a discontinue working regime. Single-
position machine is a type of machine that will handle only 
one peace – product at a time and during handling it is on 
the machine the whole time 2 . 

Single working cycle of an intelligent mobile robot 
consists of: 1) Robot movement – from the starting point, 
to the position in front of the production machine, in reach 
of the gripping mechanism from where the transportation 
unit can be captured from the production machine; 2) 
Movement of the gripping mechanism - from starting 
(transport) position to the position needed for capturing the 
transportation unit; 3) Capturing of the transportation unit; 
4) Reverse movement of the gripping mechanism with the
transportation unit on it – from the position where the
transportation unit is captured all the way to the starting
(transport) position; 5) Reverse robot movement – from
the position in front of the production machine  to the
starting point. 6) Activity 2), 3) and 4) are repeated, with
the transportation unit releasing instead of capturing.
However, if reverse robot movement is not finished at the
same point i.e. starting point, then the working cycle is
called complex.

Generally, the robot’s motion in the environment is 
realized according to the predefined optimal path based on 
a defined criterion, and the current state of the robot is 
determined using preprocessed images obtained by a 
stereo vision system. In this paper, only a part of 

intelligent robot working cycle, which refers to movement 
of the gripping mechanism, will be considered and 
optimized.   

Many different techniques can be and are utilized to 
control the trajectory of the robot: traditional feedback 
controls (proportional integral derivative (PID) like 
controls), adaptive control, robust control, sliding mode 
control, optimal control, fuzzy control, and many others, 
as well as, a combinations of previous techniques. 

Fuzzy logic controller (FLC) is only one of the 
intelligent controllers and represents a widespread control 
technique since it has a satisfactory performance for 
nonlinear and complex systems. The advantages of a fuzzy 
PID controller for trajectory tracking control of a mobile 
robot, and its gripping mechanism are paramount in its 
rapidity, stability, anti-interference and tracking precision 
[3-5]. The fuzzy PID controller can be designed with a 
trial-and-error approach and the optimization can be done 
by using the cross-entropy method [6]. The varying fuzzy 
PID and proportional-derivative (PD) controllers tend to 
use either the Mamdani or Takagi-Sugeno type of the 
fuzzy systems [7]. Implementation of metaheuristic 
algorithms can deal with nonconvex, nonlinear, and 
multimodal problems subjected to linear or nonlinear 
constraints with continuous or discrete decision variables 
as global optimization algorithms. Differential evolution 
and genetic algorithms have been utilized to conduct the 
optimum design of a fuzzy controller for mobile robot 
trajectory tracking [8-10]. A 2 DOF planar robot was 
controlled for a given trajectory where the parameters of 
Mamdani type FLC were tuned with the particle swarm 
optimization [11]. The genetic algorithm is applied to 
improve the performance of the PID controller in terms of 
control precision and speed of convergence in paper [13]. 
A fuzzy sliding mode tracking controller for robot 
manipulators with uncertainty in the kinematic and 
dynamic models is designed and analyzed in paper [14]. 
Further, a sliding mode controller, an adaptive fuzzy 
approximator, is designed in such way that it controls the 
position tracking of a robot manipulator with two degrees 
of freedom. Initially, by utilizing an inverse dynamic 
method, it reduces the uncertainties bound and finally, 
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sliding mode control eliminates the influence of the 
remaining uncertainties in closed-loop system stability 
[15]. In another paper a multiple-input multiple-output 
(MIMO) fuzzy logic unit was applied to the robot to track 
the desired trajectory with high accuracy. Moreover, in 
order to assess the performance of the proposed MIMO 
fuzzy sliding mode controller in the presence of parameter 
variations and external disturbances, a sudden load 
variation and noise were introduced to the robot system 
[16]. Feedback linearization controller is used to compute 
the required arm torque using the nonlinear feedback 
control law for a robotic manipulator with three degree of 
freedom. In addition, when all dynamic and physical 
parameters are known the FLC works remarkably, but 
given that a large amount of systems have uncertainties 
and the fuzzy FLC can reduce this kind of limitation [17]. 
However, various different approaches are included when 
combating the problem of the robotic arm, including the 
new methods using the neuro-fuzzy approach to estimate 
system uncertainties in paper [18]. 

The main goal of this paper is to design a fuzzy PD 
controller of a two-link gripping mechanism as a part of 
mobile robot working cycle. The whale optimization 
algorithm (WOA), as a novel optimization technique for 
solving optimization problems defined in [19], is used to 
determine the proper parameters of FLC in the trajectory 
tracking control of robot arm with two degrees of freedom 
(2-DOF). 

2. DYNAMICS OF A TWO-LINK
 GRIPPER 

Figure 1 shows the real object - mobile robot with 
gripping mechanism. As the desired task is to optimize the 
motion of this mechanism with two link and two degrees 
of freedom, it can be approximated with the scheme as 

Figure 1: Real object: mobile robot with gripping 
mechanism 

shown in Figure 2, where i , and im  are respectively the 
link angle, the length and the mass of the i-th link, 1, 2i . 
Without considering the friction and the disturbances, the 
dynamic model of a rigid two-link robot can be written as 
follows [20]:  

( ) ( , ) ( )M C Gq q q q q q τ (1) 

where q , q  and 2 1q are the robotic link position, the
velocity and the acceleration vector, respectively; 

2 1τ is the torque input vector; 2 2( )M q  is the
positive definite inertia matrix; 2 2( , )C q q  is the
centripetal Coriolis force matrix; and 2 1( )G q  is the
gravitational vector. 

Assuming that the centres of masses are in the 
middle of the levers, the elements ( )ijM q ( 1,2)i  of the 
inertia matrix ( )M q  are as follows [20]: 

2 2 2
11 1 1 2 2 2 1 2 1 2 2

2 2
12 21 2 2 2 1 2 2 22 2 2

1 1 cos
3 3

1 1 1cos ,   
3 2 3

M m l m l m l m l l q

M M m l m l l q M m l
(2) 

In the case of robot from Figure 2, q  is the vector of 

angular displacements 1  and 2 , 1 2
Tq . 

Figure 2: Scheme of the robotic gripper 

The elements ( , )ijC q q  ( , 1,2)i j  of the matrix
( , )C q q are presented as,

11 2 1 2 2 2

12 2 1 2 2 1 2

21 2 1 2 1 2 22

1 sin
2
1 sin
2
1 sin ,  0
2

C m l l q q

C m l l q q q

C m l l q q C

(3) 

Finally, the elements of the gravitational torque vector 
( )G q are given by: 

1 1 1 2 1 1 2 2 1 2

2 2 2 1 2

1 1cos cos
2 2

1 cos
2

G m l m l g q m l g q q

G m l g q q
(4) 

3. TRAJECTORY PLANING

In view of practical implementation, the 
trapezoidal velocity profile is one of the simplest motion 
profiles. It is composed of the ability to be accelerating to 
a constant velocity and decelerating to a rest state, and can 
therefore achieve fast motions. Its advantages are 
primarily that the time necessary to reach a constant speed 
is used and distributed so that the movement is smooth, 
without abrupt starting and stopping i.e. braking. The 
setting of this movement is actually done by setting the 
acceleration so that the speed decreases slightly until it 
reaches zero.  

According to the time, the profile divides into 
three regions and outputs: the maximum acceleration, 
deceleration, or zero value as acceleration. As shown in 
Figure 3, in the constant acceleration region the 
acceleration is the maximum positive value maxq  until the
velocity reaches the maximum value, maxq . After that the
constant velocity region where the acceleration and 
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velocity are zero, and the maximum value as well, 
respectively, the velocity decreases to a zero with the 
maximum deceleration, maxq .

Figure 3:The trapezoidal velocity profile: the 
acceleration, velocity and position profiles 

Using the following important parameters: the 
initial iq  and the final fq , the total duration of the 
movement fT  and the time provided for acceleration aT , 
the acceleration, velocity and position profiles can be 
described as: 

max

max

0
( ) 0

a

a f a

f a f

q t T
q t T t T T

q T T t T
(5) 

max

max

max

0
( )

a

a a f a

f f a f

q t t T
q t q T T t T T

q T t T T t T

(6) 

2
max

max

2

max

0.5 0

( )
2

0.5

i a

a
i a a f a

f f f a f

q q t t T
T

q t q q T t T t T T

q q T t T T t T

(7) 

Clearly, from the acceleration output, the velocity 
and position profiles are generated by integration 
operations, while taking into account the initial conditions.  

Maximum speed, maximum acceleration and the 
time provided for acceleration have the following 
relationship: 

max max aq q T (8) 

Using the following equation: 

maxf i a f aq q q T T T
(9) 

the only unrevealed variable (maxima acceleration maxq )
can be obtained:  

max
f i

a f a

q q
q

T T T
(10) 

In all previous expressions it is logically assumed 
that / 2a fT T , that is, the acceleration period is shorter 
than half of the total time. In the case of equality, the 
shape of the function becomes a triangle [21]. 

4. FUZZY LOGIC CONTROLLER

In the following section, we will be using the fuzzy 
control technique in order to design a fuzzy controller 
which is able to move a two link robot to track a desired 
trajectory. Consequentially, we will be designing two 
fuzzy controllers, one for each separate link. Some of the 
essential elements when designing a fuzzy controller 
include, first and foremost, defining the input and output 
variables, secondly the choice of fuzzification and 
defuzzification process, and most importantly determining 
the rule-base of the controller. 

In this paper, a proportional derivative (PD) type of 
FLC is utilized. The inputs of this type of controller are the 
error and the change in error, whilst the output is the 
control signal. Nevertheless, in the considered robot 
trajectory control, the input variables of the FLC are the 
error and error derivation of link position. The output 
variable of the fuzzy controller is the link control input, 
i.e. torque. All membership functions for the controller
inputs and outputs are defined on the common normalized 
interval [-1, 1]. For all of the membership functions we use 
symmetric triangular functions (except for the two 
membership functions at the ends, which are trapezoidal) 
with an equal base and 50% overlap with neighbouring 
membership functions as shown in Figure 4 and Figure 5. 

Figure 4: The input membership functions 

Figure 5: The output membership functions 
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Further, fuzzy controllers both of the links share a 
common membership function, where iNe  and iNe , for all

1, 2,...i represent the normalized error and the 
normalized derivative of the error, respectively. The 
normalized control signals are represented by iNu , for all

1, 2i  respectively, for the link 1 and link 2. 

Table 1: Fuzzy IF-THEN rules for the robot trajectory 
control 

Ne  NB NS Z PS PB 

NB NB NB NM NS Z 

NS NB NM NS Z PS 

Z NM NS Z PS PM 

PS NS Z PS PM PB 

PB Z PS PM PB PB 

In a standard fuzzy partition, each fuzzy set 
determines the value of the linguistic variable. The fuzzy 
linguistic variables NB, NM, NS, Z, PS, PM and PB 

represent the negative big, negative medium, negative 
small, zero, positive small, positive medium and positive 
big values. Hence, the fuzzy IF-THEN rules for the robot 
trajectory control are given in Table 1. 

In addition, the use of normalized domains 
requires a scale transformation, i.e. input normalization, 
which maps the physical values of the input variables into 
a normalized domain. Furthermore, output 
denormalization maps the normalized value of the control 
output variable into its respective physical domain. In 
stating the above, the relationships between scaling factors 
and the input and output variables are as follows: 

,  ,  ,  1,2
i i iiN e i iN de i i u iNe S e e S e u S u i  (11) 

where ie , ie and iu are error, the derivative error and
control input, respectively. Practically, the proposed FLCs 
are implemented in Matlab/Simulink, with the product 
inference engine and center average defuzzification 
method. Simulink model of the two link robot system with 
fuzzy control is shown in Figure 6. 

Figure 6:  Simulink model of the 2-DOF gripping mechanism with fuzzy control 

5. OPTIMIZATION OF FLC

5.1. Whale optimization algorithm 
The highly utilised and implemented WOA was 

first suggested by Seyedali Mirijalili and Andrew Lewis in 
their paper [19]. The WOA has proven to be outstanding at 
resolving a variety of modes, multimodal and  problems 
that are not linear. The foremost supremacies of this 
algorithm, and all metaheuristic algorithms in general, are 
that it has random distribution, which avoids getting stuck 
in the local minimum. The hunting method which they 
deeply rely on is the bubble-net feeding method. Using 
this method they dive deep, a couple of meters deep into 
the ocean and then start swimming upwards to the surface 
creating a bubbles in a spiral shape while encircling the 
prey. 

5.1.1. Encircling the prey 
Since the whales can recognize the location of the 

prey, the WOA algorithm assumes that the current best 
solution is the target prey, or very close to it. Stressing 
this, after the best search agent is defined the other search 

agents will try to update their position towards it. The 
mathematical model of encircling the prey is proposed 
using the following equations (where D  is the distance 
vector and X  is the vector utilized to update the position): 

* ( ) ( )t tD CX X (12) 
*( 1) ( )t tX X AD  (13) 

where t  indicates the current iteration, A  and C  are 
coefficient vectors, *X  is the position vector of the best 
solution obratined so far, X  is the position vector [19]. 

5.1.2. Exploitation phase: Hunting using the Bubble-net 
method 

Moreover when stating the mathematical 
modeling of the exploitation phase it is found that there are 
two diverse approaches to it; the shrinking encircling 
mechanism and spiral updating position. An universal 
assumption suggests that there is a 50% chance that the 
whale will chose between one of these two approaches, 
when updating the position. The first approach is related to 
decreasing linearly the value of a from 2  to 0  over the 

e

Ne
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course of iterations. Hence, the random values for A  are 
between 1,1 , where the new position of the agent is
located between the current best agent and the original 
position. The second approach is based on the calculations 
of the position of the prey and the whale. 

The mathematical model for these approaches is 
henceforward, depicted as the following equation: 

*

' *

( ) 0.5
( 1)

cos(2 ) ( ) 0.5bl

t if p
t

e l t if p
X AD

X
D X

 (14) 

where p  is a random number in 0,1 , b  is a constant for
defining the shape of the logarithmic spiral, l  is a random 
number in 1,1  and ' * ( ) ( )t tD X X  indicates the
distance of the i -th whale from the prey [19]. 

5.1.3. Exploitation phase: Search for the prey 
The whales search for the prey randomly 

according to the position of each others locations. The 
parameter A  is used to force the search agent to move far 
away from a reference whale. The position update here is 
based on the position of a randomly chosen search agent, 
instead of the best agent so far. The mechanism and 

1A  emphasizes the exploration and allows the WOA 
algorithm to perform a global search, henceforward it 
favors exploration and local optima avoidance. In other 
words the agent is diverging and moving away from the 
prey, unlike the converging and the best solution selection 
when using 1A  [19]. The mathematical model is as 
ensuing: 

randD CX X (15) 
( 1) randtX X AD  (16) 

5.2. Optimization of FLC using the whale optimization 
algorithm 

In a general sense, fuzzy controllers have a large 
number of parameters that can be adjusted in an attempt to 
gain an optimal dynamical response. Those parameters are 
the shape of the membership functions, the number of the 
linguistic variables for input and output values of the set of 
rules, scaling factors, etc. Moreover, in using the 
predetermined membership functions for the input and 
output values defined in section 4, and on Figure 4 and 
Figure 5, as well as, the set of rules (Table 1), it becomes 
obvious that the performance of the fuzzy PD controller 
depends on the input and output scaling factors, in turn the 
design of the fuzzy controller can be simply be attributed 
to the choice of the input/output scaling factors. 

In this paper we have been focused only on the 
tuning of the scaling factors, considering that is 
correspondent to the gains of the controller. Further, for 
the design of the optimal fuzzy PD controller the WOA 
optimization algorithm was used. Moreover, the 
mentioned parameters are all coded into one whale, i.e. 
one agent, that is presented with a vector which contains, 
in our case, six parameters. For the objective function we 
utilized the algebraic sum of ITAE (integral of time-
weighted absolute error) performance criterion of both 
links, as defined in the ensuing equation:  

1 2
0

( ) ( )J t e t e t dt (17) 

6. EXPERIMENTAL RESULTS

Finally, in order to demonstrate the methodology 
previously discussed, a 2-DOF robot, that is depicted in 
Figure 2, is used in order to perform the following 
simulation. The physical parameters for the gripping 
mechanism are 1 0.00799m kg, 2 0.00521m kg, 

1 0.05831l m and 2 0.0422l m.
The desired end-effector trajectory of the 2-DOF 

manipulator is specified according to trapezoidal velocity 
profile defined in Section 3. The initial position of the 
robotic gripper is determined by the mechanism itself. In 
our case, the initial link configuration is defined as 

0 1.3963 0.5236 Tq rad and lastly, the initial end-
effector position is 0 0.0373x m, 0 0.0898y m. 

The control task is to move that point from its 
initials to the finals coordinates defined by angles 

0.7854 0.7854 T
fq rad, and the end-effector 

position 0.0834fx m, 0.0412fy m. 
The time required to reach this position is set to be 

6fT s, the maximum acceleration maxq and the time
provided for acceleration aT  are calculated based on the 
equation (10) and the following, 

max1 max 22 2
m m2 s,  0.0763 ,  0.0330 

3 s s
f

a

T
T q q

In the proposed WOA algorithm the population is 
set to 10, while the total number of iterations is set to 30. 
Furthermore, in this optimization method, one agent 
represents one potential optimal fuzzy controller. All of 
the parameter values that were used in the implementation 
of the WOA were taken from the original paper [19]. The 
convergence curve of the objective function value is 
depicted in Figure 7. 

Figure 7: The convergence curve of the objective function 
value 

In addition, after the optimization the obtained 
parameters for the scaling factors are:  

1
1.8505eS , 

1
0.0784deS , 

1
0.9218uS  

2
1.5eS , 

2
0.0025deS , 

2
1.4385uS  
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In the following two pictures, we have shown the 
comparison between the real trajectory and the desired 
trajectory of the link 1 (Figure 8) and link 2 (Figure 9).  

Figure 8: A comparison between the desired and real 
trajectory of link 1 

There we can also observe that the real and desired 
trajectory curves both almost match, with very slight 
deviations, nearly neglectable. 

Figure 9: A comparison between the desired and real 
trajectory of link 2 

Moreover, the errors of position tracking for link 1 
and link 2, are given in Figure 10 and Figure 11, 
respectively. 

Figure 10: Position tracking  error of link 1 

Figure 11: Position tracking  error of link 2 

The error for the position tracking of the first link is less 
than 0.005 rad, while for the second link it is less than 
0.001rad. Finally, in Figure 12 and Figure 13 we have 
depicted the control torque of both link 1 and link 2. 

Figure 12: Control torque of link 1 

Figure 13: Control torque of link 2 

Furthermore, the robustness of the designed fuzzy 
controllers is tested, as follows. Hence, in order to test the 
robustness, the mass of the robotic arm of each link is 
increased three times, as in [11].  

The parameters of the fuzzy controller, which were 
optimized using the WOA algorithm, have remained 
unchanged, and comparisons of real and desired 
trajectories are given in Figure 14 and Figure 15. 
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Figure 14: A comparison between the desired and real 
trajectory of link 1 (increased mass of links three times) 

Figure 15: A comparison between the desired and real 
trajectory of link 2 (increased mass of links three times) 

In the pictures above we can clearly notice that even 
though we enlarged the mass of link 1 and link 2, the 
optimized algorithm works exceptionally well. 

In addition, the errors of position tracking for link 1 
and link 2, where the given links have a mass that has been 
increased three times in order to test the robustness, are 
given in Figure 16 and Figure 17, respectively. 

Figure 16: Position tracking error of link  1 (increased 
mass of links three times) 

Figure 17: Position tracking error of link  2 (increased 
mass of links three times) 

Here the error for the position tracking of the first link is 
about 0.015 rad, while for the second link it is about 
0.001rad. 

7. CONCLUSION

In this paper, fuzzy controllers were proposed for 
the trajectory tracking control of a two-link gripping 
mechanism as a part of mobile robot working cycle. The 
whale optimization algorithm was used to optimize the 
scaling factors of the proposed fuzzy PD controller. 
Namely, optimal input/output gains for the fuzzy PD 
controller were generated according to ITAE performance 
criterion. Numerical simulations were done to analyze the 
trajectory tracking performance of the designed controller. 
Moreover, the robustness of the controllers was tested in 
the case of the mass changes. The simulation results have 
shown that the proposed controller was capable of dealing 
with the nonlinearities of the robot and the changing of its 
parameters. One possible area of the future work can be 
simultaneous optimization of the scaling factors as well as 
parameters of input and output membership functions. 
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This paper presents a feedback linearization controller for trajectory tracking of two degrees of freedom (2DOF) 
gripping mechanism.  To reach this goal, after deriving the dynamical equations of the gripping mechanism, the feedback 
linearization approach is utilized to change the nonlinear dynamics to a linear one. Classical proportional-derivative 
controller with feedback linearization is applied for positioning and tracking control. Furthermore, in order to achieve 
movement of the mechanism without the sudden stopping at the desired point, a trapezoidal velocity profile is used to 
obtain desired trajectory. Numerical simulations using Matlab/Simulink successfully demonstrate the effectiveness of the 
proposed method.  

Keywords: Gripping mechanism, Robotics, Feedback linearization, Control engineering 

1. INTRODUCTION

A robot gripping mechanism is a device that 
enables the capturing, handling, releasing and tightening 
of an object that is manipulated. Modern robotics and their 
grippers use integrated mechanisms and controls to 
simulate movements of human hands. Robotic grippers are 
only one component of an automated system, that has been 
around for more than fifty years ever since the 
development of the first Stanford arm, an early robot that 
would come to be known as the first readily controllable 
gripper. Many of its design and control elements are used 
in grippers of today [1]. The focal point of this paper is on 
the implementation of feedback linearization for trajectory 
tracking of a robot gripping mechanism with two degrees 
of freedom. Furthermore a proportional integral-derivative 
(PID) controller is used along with the feedback 
linearization. The PID controller uses a control loop 
feedback mechanism, to control process variables and to 
keep the actual output from a process as close to the target 
as possible, hence it is to this day the cheapest and the 
most accurate and stable controller.  

Since, it is necessary to implement feedback 
linearization control (FLC), nonlinear feedback terms are 
utilized and a mathematical model for the two-link robot is 
of the essence if this technique is applied. An exact 
mathematical models cannot be easily obtained, 
particularly for the system parameters of a two-link 
gripping mechanism. One way to battle this kind of 
problem was introduced in the paper which used real 
coded genetic algorithm with a multiple-crossover in order 
to estimate the unknown system parameters. In order to 
later on incorporate the resulted system model to the 
feedback linearization control such that the nonlinear 
robotic system can be transferred to a linear model with a 
nonlinear bounded time-varying uncertainty [2]. FLC is 
used to compute the required arm torque using nonlinear 
feedback control law. In addition, when all dynamic and 
physical parameters are known the FLC works 
remarkably. Given that a large amount of systems have 
uncertainties and the fuzzy FLC can reduce this kind of 
limitation. A robotic manipulator with three degree of 
freedom is controlled by a novel fuzzy sliding feedback 

linearization controller. In this paper the work outline uses 
soft computing in order to increase the stability and 
robustness new mathematical switching sliding mode 
methodology is applied to the fuzzy FLC [3]. Additionally, 
a new optimal proportional–derivative (PD) feedback 
linearization controller is employed to achieve the finest 
trajectory tracking for nonholonomic wheeled mobile 
robots. In this paper a teaching-learning-based 
optimization is utilized in order for the proposed controller 
to handle the difficulty of the integrated kinematic and 
dynamic tracking [4]. In the ensuing paper a numerical 
algorithm, based on the Newton–Euler dynamic equations, 
is used in order to compute the inverse dynamics of robot 
manipulators with an arbitrary number of joints. 
Furthermore, a variant of the algorithm is used for 
implementing a FLC law for the accurate tracking of 
desired link and stiffness trajectories. Considering that the 
algorithm does not use numerical approximations, it grows 
linearly in complexity with the number of joints and is 
therefore suitable for online feed forward and real-time 
feedback control [5]. In the next paper utilizing a 
systematic method to build a kinematic model and 
dynamic model of a nonholonomic wheeled mobile robot 
with a longitudinal and lateral slip, a control law is used 
with the input-output feedback linearization method to 
drive the mobile robot to track a given trajectory while 
longitudinal, and lateral slip simultaneously exist. The 
asymptotical stability of the system is corroborated by 
solving second-order differential linear equations [6]. 
Moreover, a variety of control methods were used to 
control the space robots attitude to obtain time response in 
order to minimize the eulerint criterion. The PD controller 
was used, as well as, other control methods including 
LQR, pole placement and adaptive feedback linearization. 
All of this was conducted using the quaternion kinematics 
to determine which method yields the lowest value, 
control effort and simulation elapsed time [7]. 
Furthermore, the integration of a cable-driven parallel 
Robot with a wheeled mobile robot is proposed to 
overcome some of the issues related to each of these 
robots. In order to derive the dynamic equations the 
Gibbs–Appel formulation is used. Howbeit, based on some 
conditions, the equations are input–output linearizable via 
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a static feedback. The platform trajectory is designed 
based on the given end-effector trajectory tests [8]. 
Ensuing all the following, in one of the papers the 
trajectory tracking problem is addressed of the end-
effector of a single link flexible arm in which the gravity 
forces and the joint friction forces are taken into account. 
As an overall approach, a double loop cascade control is 
used to deal with the joint friction, while in its outer loop 
an input-state feedback linearization-based controller is 
implemented to suppress the vibrations and track an end-
effector trajectory [9]. Similarly, a paper that develops a 
simple learning strategy for the FLC algorithm for 
uncertain nonlinear systems is proposed. Here, the strategy 
uses desired closed-loop error dynamics to update the 
controller coefficients and the disturbance term in the 
feedback control law, whilst the traditional feed forward 
control law is designed based on the nominal model by 
using FLC method [10]. Moreover, in a different paper an 
optimal super-twisting algorithm with time delay 
estimation is designed based on input/output feedback 
linearization for uncertain robot manipulators. Lyapunov 
theory is used to prove the finite-time convergence of the 
sliding surface and its derivative, into the bargain this 
structure is used to estimate unknown dynamics and to 
reduce the control effort and the chattering phenomenon 
[11]. A predictor-based controller for a high-DOF 
manipulator to compensate a time-invariant input delay 
during a pick-and-place task is proposed in this paper. The 
controller is formulated in the presence of input delay, in 
order to track desired trajectories later on being able to 
investigate the effects of input delays in the absence of a 
robust predictor.  In due course this reveals a robustness of 
the formulated algorithm [12]. 

As the construction industry frequently deals with 
the problem of robot’s movements and gripping 
optimization, the main goal of this paper is to apply some 
of the more conventional techniques like the PID with 
feedback linearization, so as to achieve the movement of 
the mechanism without the sudden stopping at the desired 
point. In those purposes, a trapezoidal velocity profile will 
be used to obtain a desired trajectory. 

This study proposes only a fragment of intelligent 
machine working cycle, which refers to movement of the 
gripping mechanism. 

2. MATHEMATICAL MODEL OF THE OBJECT

Real object is shown in the Figure 1. Robot has a
gripper that can be represented as link mechanism with 
two degrees of freedom (2DOF), which is approximated 
with the scheme as shown in Figure 2.  

Figure 1: Mobile robot with gripping mechanism 

Figure 2: Scheme of the robotic gripperer 

It is assumed that the centers of masses are in the middle 
of levers. 
From the Figure 2 coordinates of centers of masses for the 
first: , and the second link:  are: 

 

 

 

 

(1) 

where  and  are lengths of links and φ and θ are angles, 
taken to be generalized coordinates. Potential energy  
can be easily calculated: 

 
(2) 

where ,  are the masses of the links. 

Kinetic energy of the system can be found as: 

 

(3) 

Energy is conserved, so the Lagrangian of the system is 
described as: 

 (4) 

and the Euler - Lagrange equations for the two – link 
rotary system are: 

 

 

(5) 

where  are the generalized forces. 

C.10



X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021

 For: 

 (6) 

where  are torques. The Euler-Lagrange equations is a 
systematic method of finding the equations of motion, i.e., 
EOMs, of a system. Once the kinetic and potential energy 
are obtained and the Lagrangian is found, then the task is 
to compute various derivatives to get the EOMs. By 
introducing generalized coordinates and abbreviations: 

, , , , 
, , , 
 and after going through this process, the 

nonlinear equations of motion i.e.  dynamic model for the 
rotary two – linked gripping mechanism is: 

 
 

(7) 

where: 

 

 

 

(8) 

 
is the inertia matrix, 

(9) 

is vector of generalized coordinates, 

 

 

 

 
 

(10) 

is vector of Coriolis and centrifugal forces, 

 

 

 

(11) 

is a vector of gravity torques, 
 (12) 

is the vector of torque and it will be considered as the 
control (input signal);  is the output. 

3. VELOCITY PROFILE OF THE GRIPPING
MECHANISM 

3.1. Trapezoidal velocity profile 
The trapezoidal velocity profile is a realistically 

feasible implementation of motion at a constant speed. 
Namely, since the robot starts from a state of rest it takes 
some time to reach that constant speed. Also, stopping 
does not happen abruptly. Instead it include braking in a 
controlled manner at the end of the movement, and the 

speed decreases to zero. This movement can be described 
from the mathematical aspect. Important parameters are: 
the initial  and the final  generalized coordinates, as 
well as the total duration of the movement  and the time 
provided for acceleration, i.e. deceleration  The 
position, velocity and acceleration profiles are shown in 
Figure 3. 

Figure 3:The trapezoidal velocity profile: the 
acceleration, velocity and position profiles 

From Figure 3 it can be seen that, in the time 
interval from the initial moment to the moment  
acceleration is positive, constant and equal to . It is 
clear that body moves with uniformly accelerated 
rectilinear motion, so the speed of movement increases 
linearly, from the value of zero, i.e. rest, to the value of 

, while the position changes according to smooth 
curve. This interval represents robot acceleration period. 

From the moment  to the moment , the 
acceleration is equal to zero, so the body moves at a 
constant speed . In this period, the change of position 
is a linear function of time. 

Finally, from the moment  to the end of the 
motion, body has the negative constant acceleration 

, i.e. deceleration, so the movement is uniformly
decelerated. Therefore the velocity is linear decreases from

 cruising speed to zero when the robot stops. Change
of position in this interval is again a squared function of
time. This interval of movement is called the period robot
braking. Due to the appearance of the velocity graph, this
movement was called trapezoidal movement speed profile.
Maximum velocity, maximum acceleration and the time
provided for acceleration are not of independent
magnitude:

 (13)
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From the Figure 3. acceleration is given with the 
equation: 

(14) 

 The velocity can be determined by integrating 
equation (14), taking into account the initial conditions 
and connection given by expression (13), in the following 
form: 

 (15) 

The expression for the position can be obtained by 
integrating the expression for velocity (15) and taking into 
account o again initial conditions: 

 
(16) 

 Since that assumption is made that the important 
parameters are the given range of position change from  
to , total movement execution time , as well as 
acceleration or braking time , the only unknown 
quantity in expressions (13) - (16) is the maximum value 
of acceleration , which, obviously, must depend on 
the initial parameters. The required value of maximum 
acceleration is determined as follows. The change of the 
position from the beginning to the end, i.e. the distance, 
must be equal to the area below speed chart. Given the fact 
that the graph has the shape of a trapezoid, it is easy to 
establish connection: 

 (17) 

where, according to the (15) expression  
represents trapezoid height, while the expression  
stands for the length of the trapezoid midsegment. With all 
of these expression it is easy to obtain unknown parameter 
of the maximum acceleration as: 

(18) 

In all previous expressions it is logically assumed 
that: 

(19) 

that is, the acceleration or braking periods cannot be 
longer than half of the total time. In the special case, when 

 the acceleration and deceleration periods last per 
half of the total time, as soon as the speed is reached 
the braking starts. Trapezoidal velocity profile from Figure 
3 is then deformed because the central part is lost for the 

movement with the constant speed, this kind of movement 
is called a triangle speed profile. The other way for 
obtaining the trapezoidal velocity profile is taking into the 
account the robot's movements, from the point of view of 
velocity and acceleration, which are limited by the applied 
actuators. In other words, there is a maximum acceleration 
given by the actuator, so time parameters can be obtained 
according to it. Therefore, sometimes in practice, it is 
common, instead of setting the duration of the movement 
and acceleration or deceleration periods, setting the 
maximum acceleration, and to calculate the time 
parameters [13]. 

4. FEEDBACK LINEARIZATION

4.1. Introduction 
One of the major engineering problems is finding a 

mathematical model that is good enough to describe the 
system, and at the same time easy enough to treat 
mathematically and analytically. Depending on the design 
goals, there are several formulations of the control 
problem. The task of stabilization, tracking, and 
disturbance rejection or attenuation (and various 
combination in them) lead to a number of control 
problems. There are many control tasks that require the 
use of feedback [14].  That is why feedback linearization 
is a very useful technique that strikes a great balance 
between a good model and simple nonlinear control 
algorithm.  Precisely because of these features, this 
method has found wide usage in research and applied 
engineering. It has been successfully implemented in many 
applications of control, such as industrial robots, high 
performance aircraft, helicopters and biomedical 
engineering. The central idea of the approach is to 
algebraically transform a nonlinear system dynamics into a 
(fully or partly) linear one, so that linear control 
techniques can be applied. [15]. Feedback linearization 
requires extremely precise measurements of system 
parameters to eliminate the effect of nonlinearity from the 
system and thereby achieve the anticipated effects [16] – 
[19].  

4.2. Conditions 

Feedback linearization approach differs from the 
classical linearization (about the desired equilibrium point) 
in that no approximation is used; it is exact [14]. This 
differs entirely from conventional linearization in that 
feedback linearization is achieved by exact state 
transformations and feedback, rather than by linear 
approximations of the dynamics [15]. 

In this section, the theoretical basis for the 
application of the proposed method will be presented Also, 
the conditions for applying this algorithm on the 2DOF 
gripping mechanism will be checked. 

Of specific concern will be creating the control 
approach in the sense of the feedback algorithm law which 
will bring the annulment of nonlinearity in the equations 
that describe the system. 

      For the single  input – single  output nonlinear 
SISO system [14]: 
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where f(x), g(x) and h(x) are sufficiently smooth in 
a domain  is a state vector. It 
is necessary to find a state feedback control u, that 
transforms the nonlinear system into an equivalent linear 
system. Clearly, generalization of this idea is not possible 
in every nonlinear system: there must be a certain 
structural property that allows performing in such a 
manner of cancellation. There are four conditions that 
must be met to enable this type of control. 

A. State equation of the system has to be in the following
form:

 

Note: If the system is not in this form, in some cases it is 
possible to transform it by transforming the coordinates. 
All functions has to be smooth enough. 

B. Pair (A, B) must be controllable, i.e. there has to be a
controllability matrix whose rank is equal to the order of
the system: 

C. γ(x) must be nonsingular, or if it is a scalar value then
it has be different from zero.

D. All functions i.e. functions has to be differentiable
(smooth enough).

In order to determine form of the control law new 
term relative degree of the system will be explained.  

The relative degree of a linear system is defined as 
the difference between the poles (degree of the transfer 
function's denominator polynomial number) and zeros 
(degree of its numerator polynomial) [20]. 

Relative degree, in notation r, of the system which 
can be described at a point   is defined if: 

1.  = 0 for all  in a
neighbourhood

of  and all  

2.

The terms  and  represent the Lie derivative of 
taken along and k−times along  , 

respectively.  

Now finally, using these theoretical definitions, a 
control law can be formed by annulling nonlinearities in 
order to obtain linear equations: 

 (20) 

This control signal will reduce the input – output map to: 

, (21) 

So this kind of linearization is called Input – Output 
Linearization, and z is called ‘new control signal’. The 
control signal given in (22) has a more general form: 

 (22) 

The equation (20) has the same constrains as it is in C. and 
that is  has to be different from zero. 

4.3. Control law synthesis 

One of the first steps in the synthesis of a feedback 
linearizing controller is to check all of the constraints from 
the previous section. 

A. State equation of the system could be easily
transformed into a suitable form:

 
 

 
 

(23) 

B. Controllability matrix has the following
form:

(24) 

where the following substitution was made: 

C. γ(x) is a scalar value, equal to 1

D. All functions are differentiable (since in them are only
sine and cosine functions), so this condition is met.

It is obvious from (7) that the second derivative of the 
output Y will be the first derivative that will be equal to the 
function, which depends on the input signal (τ). It is clear 
from the definition of relative degree that: r=2 - relative 
degree of the system is two: 

 (25) 

In order to fulfil (20) the control signal  is chosen to be in 
the form: 

, (26) 

and new linear system is in the form: 

 
 

(27) 

The new control signal z is chosen to be in the form of 
proportional derivative controller: 
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 (28) 

Coefficient of the PD controller has been chosen as: 

 
 

(29) 

where is a natural frequency and  is a damping factor 
and they were calculated with the respect of the overshoot 
and settling time: 15 and  , so the 
parameters of PD controllers are (they have same values):  

 

5. EXPERIMENTAL RESULTS

5.1. The desired shape of the trajectory 
The initial position of the robotic gripper is 

determined by the mechanism itself. The initial 
generalized coordinates are equal to: 

and  
This means that the gripping mechanism (end effector) 
from the Figure 2 has the coordinates:  and 

 
Main goal of this study was to move that point from its 
initials to the finals coordinates. In order to do so, the 
feedback control system with the proportional derivative 
gains was developed. It is important to notice that its 
algorithm is convinient for any reference, i.e. it allows 
tracking of a given path to any endpoint with the desired 
velocity (and therefore with the desired position and 
acceleration) profile. For example, in this paper task will 
be to achieve angles (or in the Cartesian coordinates, end 
effector should be in): 

 
, 

 
 

 Additionally, the time required to reach this 
position is set to be  

Maximum acceleration  and the time provided 
for acceleration, i.e. deceleration  are calculated 
according to (18) and Section 3 as: 

and  

The parameters for the gripper are given in Table 1. 

Table 1: Gripping mechanism parameters 
mass [kg] length [m] 

first link 0.00799 0.05831 

second link 0.00521 0.0422 

Comparisons between the desired trajectory signals and 
the output signals are shown on the following Figures. All 
Figures were obtained from Matlab and Simulink 

graphical programming environment for modelling, 
simulating and analyzing dynamical systems. 

Figure 4: Comparison: Desired and simulated position for 
link 1 

As it is very difficult to see, from the previous 
Figure (4),the difference between the desired and the 
output signal, the next one (Figure 5) shows an enlarged 
detail from it. 

Figure 5: Increased detail from Figure 4 

Velocity profile is given as trapezoidal function of 
maxima acceleration, time, and specific moments in time, 
as shown on Figure 6. 

Figure 6: Comparison: Desired and simulated velocity for 
link 1 

For constant velocity, the acceleration will be zero, 
Figure 7. 
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Figure 7: Comparison: Desired and simulated 
acceleration for link 1 

Same conclusion can be drawn for Figures 8 – 11. 

Figure 8: Comparison: Desired and simulated position for 
link 2 

Figure 9: Comparison: Desired and simulated velocity for 
link 2 

Figure 10: Comparison: Desired and simulated 
acceleration for link 2 

Figure 11: Position tracking errors 

6. CONCLUSION

As a means to give an insight into the navigation 
and to obtain satisfying examination of the mobile robot’s 
arm before the fabrication, this paper proposed detailed 
solution to the specific control problem for the two 
degrees of freedom (2DOF) gripping mechanism. Firstly, 
mathematical model has been obtained using Lagrange’s 
approach and an evaluation of the theoretical bases was 
made.  The nonlinear mathematical model has been 
derived using the positions and velocities of the points, 
along with the moments of inertia and energies of the 
system. Due to the existing nonlinearities that occur in the 
system, the feedback linearization with proportional 
derivative controller method was chosen. For the given 
trajectory controller parameters were chosen based on the 
new linear model, which was obtained using nonlinearities 
cancellation. Additionally, a simulation study was done for 
the specific initial case and the trapezoidal velocity profile 
was generated. This profile  was used to obtain referent 
signal so the motion of the robot is shown to be flat and 
without an abrupt braking. Obtained experimental results 
are provided and they have verified the effectiveness of 
the proposed performance. The control algorithm has been 
validated using Matlab/Simulink software. Finally, by 
applying this approach satisfying results are achieved and 
the reasonableness of each assumption has been proven.  
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Nonlinear Model Predictive Control (NMPC) formulations through quasi-Linear Parameter Varying (qLPV) 

embeddings have been brought to focus in recent literature. In this brief paper, we evaluate the application of this kind of 
control strategy to the reference tracking problem of a cascaded tank system. This benchmark application has four states 
and two control inputs, which represent the fluid inlets to the upper tanks. The levels of each of the four tanks dependent 
not only on these input flows, but also on bounded disturbance variables. The system exhibits nonlinearities due to the fluid 
dynamics, which are incorporated as state-dependent qLPV variables. This case study serves to illustrate how a Sequential 
Quadratic Program (SQP) is an elegant solution to NMPC design: the qLPV realisation of the nonlinear dynamics yields 
linear predictions at each sampling instant, which can be refined through sequential operations of a single QP. The 
resulting numerical toughness is much smaller than the Nonlinear Programs generated with “regular” NMPC design, 
which is very convenient. Moreover, the SQP solution provides estimates of the future scheduling parameters, with 
convergence properties. Using realistic simulations, we demonstrate the effectiveness of this control approach with respect 
to piecewise constant reference tracking and disturbance rejection, which are assessed using standard performance 
indexes. 
Keywords: Nonlinear Model Predictive Control, Cascaded Tanks, Linear Parameter Varying Systems 
 

1. INTRODUCTION 
Model Predictive Control (MPC) represents a 

family of advanced control techniques, derived in the late 
1980's for industrial processes subject to with constraints 
[1], since then, they have been intensively studied by 
academics and used by engineers. With thousands of 
industrial applications [2], some of the problems still open 
for research are nonlinear applications and their 
particularities. Nonlinear Model Predictive Control 
(NMPC) may, among other problems, bring real-time 
obstacles, given that the resulting numerical complexity 
increases. 
 

The key step of MPC algorithms, solving an 
optimization problem, gets complicated in the majority of 
nonlinear systems: this procedure is not trivial and is 
frequently avoided through approximations. One possible 
solution explored more recently is the use of sophisticated 
tools for solving Nonlinear Programming (NP), as [3-5]. 
 

Linear Parameter Varying (LPV) framework has 
been, concurrently, expanded lately, as a way to 
circumvent these nonlinear issues. For a large class of 
nonlinear systems, it is possible to make use of a quasi-
LPV (qLPV) embedding in order to redesign state 
equations by the means of linear maps parametrized by 
known and bounded scheduling variables, denoted ρ. 
 

Nevertheless, qLPV embedding are not compatible 
with linear MPC techniques, since these realisations are 
based on the availability of the scheduling parameters, 
which depend on endogenous variables of the process. As 
the future process variables are unknown, qLPV model-

based predictions are of uncertain computation, these are 
based on scheduling variables. The usual solution for this 
kind of problem would be Robust MPC (RMPC), but it 
usually implies excessive conservativeness.  
 

Recent methods have provided alternative options 
to the robust design, considering qLPV embedding, [6-8]. 
Bearing in mind this context, a NMPC solution based on 
Sequential Quadratic Programming (SQP) is presented in 
this work. This approach contrasts with full nonlinear 
MPCs, making real-time applications possible, as well as 
with RMPCs, since the method does not imply in 
conservative results. The method is applied to a 
benchmark quadritank process [9], for which we 
demonstrate the effectiveness of the method in terms of 
reference tracking and disturbance rejection. 
 

This paper is organized as follows: Section 1 
introduces briefly the subject studied; Section 2 lays down 
the problem setup, passing through qLPV framework, 
qLPV MPC and SQP problems; Section 3 describes the 
process used as case study; and finally, on Section 4, 
results derived from a numerical simulation are shown. 
 

2. PROBLEM SETUP 
Consider the following discrete-time nonlinear 

system: 
 

 
[ 1] ( [ ], [ ])

[ ] ( [ ], [ ])
x k f x k u k

y k g x k u k
+ =

 =
 (1) 

 

C.17



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

G.N.G. Reis, M.M. Morato, J.E. Normey-Rico, V. Stojanovic 

where xnx∈R , unu∈R  and yny∈R  are, 
respectively, state, input and output variables, all 
constrained to sets X , U  and Y . Functions 

: x u xn n nf + →R R  and : yx u nn ng + →R R  are called the 
state and output maps, respectively. 

2.1. qLPV-embedding 
Consider that the Linear Differential Inclusion 

property is satisfied [10], which means that 
( ) ( )( , ) : x y x ux u n n n nn nG x u + × ++∃ →R R  such that 

( , ) ( , ) ( , )
T TT T T Tf x u g x u G x u x u   =    . 

Then, there exists a qLPV realization for the considered 
nonlinear system, as follows: 
 

[ 1] ( [ ]) [ ] ( [ ]) [ ]
[ ] ( [ ]) [ ] ( [ ]) [ ]

[ ] ( [ ], [ ])

x k A k x k B k u k
y k C k x k D k u k

k h x k u k

ρ ρ
ρ ρ

ρ

+ = +
 = +
 =

  (2) 

 
where nρρ ∈ ⊆ RP  is called scheduling variable vector 

and : x u nn nh ρ+ →R R , scheduling map. As all four 

matrix functions : x xn n nA ρ ×→R R , 

: x un n nB ρ ×→R R , : y xn nnC ρ ×→R R  and 

: y un nnD ρ ×→R R derive from LDI matrix, 

( [ ], [ ]) ( [ ]) ( [ ])
( [ ], [ ]) ( [ ]) ( [ ])

f x k u k A k B k
g x k u k C k D k

ρ ρ
ρ ρ

   
=   

   
(3) 

 
Note that Eq. (1) and Eq. (2) are equivalent, with 

the upper part of Eq. (2) is outsourcing the nonlinearities 
through the scheduling parameter interconnection 

( , )h x uρ = , which depends on the endogenous variables 
x and u. Hence, we emphasize the quasi(-LPV) prefix 
given that ρ  is not exogenous. 

2.2. qLPV MPC Problem 
As an intrinsically discrete-time technique, MPC 

solves, at each sampling instant, an optimization problem, 
which attempts to minimize a cost function subject to a set 
of constraints, with respect to a vector of decision 
variables. It does so by making use of a model of the 
system to be controlled in order to predict future values for 
the output vector and utilizing these predictions to evaluate 
performance. 
 

Consecutively applying state equation from some 
initial condition 

0kx  yields 
 

0 0 0 0 0

0 0 0 0 0

0 0 0

( ) ( )

( ) ( )

( , )

k k k k k

k k k k k

k k k

X x U

Y x U

X U

 = Ρ + Ρ
 = Ρ + Ρ
 Ρ =

A B
C D

H
                 (4) 

 
where

0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

[ 1| ] [ ] [ 1| ]
[ 2 | ] [ 1| ] [ 2 | ]

[ | ] [ | ] [ | ]

|

1

k k

p p p

k

x k k u k k y k k
x k k u k k y k k

X U Y

x k N k u k N k y k N k

+ +     
     + + +     = = =
     
     + + +         − 

  
     (5)

 
are the prediction vectors for, respectively, states, inputs 
and outputs. Also, 
 

 
 

 

0 0 0 0 0 0[ ] [ 1| ] [ ]1|T T TT
pk k k k k N kρ ρ ρΡ =  −+ +                                        (6)

 
represents the predictions for scheduling variables, which 
parametrizes all matrix functions 

( ): p p x xN n N n nρ ×→R RA , ( ): p p x uN n N n nρ ×→R RB , 
( ): p p y xN n N n nρ ×→R RC  and ( ): p p y uN n N n nρ ×→R RD , 

and map ( ): p x u pN n n N nρ+ →R RH  defines it. Previous 
vectors take values from instant 0k  to instant 0 pk N+ , 

thus comprising the full prediction horizon of pN  steps. 
 
Accordingly, we consider the following quadratic cost 
function: 
 

T T
k k k k kJ E E U U= + ∆ ∆Q R                          (7) 

as a performance index, where k k kE R Y= −  is a 

reference tracking prediction vector and kU∆  is the input 

variation prediction vector, weighted by matrices Q  and 
R , implies on a nonlinear cost function for the problem 

0
( , )k kx RP : 
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0 0 0 0 0

0 0 0 0 0

0

0

0

0

0

0

0

0

0

( ) ( )

(

m

) ( )

( ,

in

. .

)

kU k

k

k

k

k

k

k k k k

k k k k k

k k k

X x U

Y x U

J

Xs t
U

X

P

U

Y

∆






 ∈
 ∈
 ∈



= Ρ + Ρ

= Ρ + Ρ

Ρ =

∈

A B
C D

H
X
U
Y
P

           (8) 

 
Since a qLPV embedding was used to rewrite Eq. 

(1) as Eq. (2), all state nonlinearities were reallocated to 
the definition of the scheduling variable . Yet, problem P  
still has to include its nonlinear dynamics, which 
implicates a NP problem. 

2.3 Sequential Quadratic Programming 
 
In this paper, we follow the method from [6]. 

Accordingly, we solve a Sequential Quadratic Program, 
which is operated as follows: we solve the original 
optimization problem (6) by iterating a sequence of QPs, 
all parametrized by a scheduling vector P . Starting with 
some suitable initial guess 0P , the MPC optimization 
problem is solved as a QP, given that Eq. (4) based on 0P  
is linear. Then, with the optimal values resulted from 
previous QP, P  is updated to 1 ( , )k kP h X U=  and this 
process is iterated until a convergence threshold is 
reached: 1l lP P ε−− ≤ . This SQP is able to 

approximate the NP problem form, Eq. (6), very well, for 
any arbitrarily small positive scalar ε  and can be solved 
more quickly. 
 

However, equality constraint ( , )k k kP X U= H  is 

the only nonlinear aspect of P . Thus, employing a SQP 
algorithm to solve it transposes a NP problem into a 
number of QP problems. This means any commercial QP 
solver would handle 

0
(x , R , P )k kSQP

lP  on a reasonable 
time. 
 

00

0 0 0

0 0 0

0

0

0

min

( ) ( )

( ) ( )

. .

kU k

k k k

k k k
l

l l

l

k

k

k

l

U

P

U

J

X x U

Y x

s t

P

P P

X

Y

P

∆

 = +


= +








∈

∈

∈

∈

A B
C D

X
U
Y
P

              (9) 

 

 
Algorithm 1: SQP qLPV MPC 

0k k←  

0
[ 1] kx k x− ←  

0
[ 1] ku k u− ←  

0 0
[ 1] ( , )k kk h x uρ − ←  

while control condition 
    Measure [ ]x k  
    0l ←  
    1lP α←


 

    while converge condition 
        Solve 

0
, R , P )(P

l
k kSQ xP  

        1 ( , )l l l
k kP h X U+ ←  

        1l l← +  
    Apply [ | ]u k k  

 
3. CASCADED 

In order to test the SQP method, we use the case 
study from [9]. Consider the scheme of four cascaded 
tanks as shown in Fig. 1. This system is an educational 
benchmark for illustration of performance limitations, with 
a focus on the adjustable multivariable zeros. 
 

Consisting of four tanks, two valves, two pumps 
and a reservoir, it is shown in Fig. 1. Fed by the reservoir, 
both pumps fill crossed lower and upper tanks, regulated 
by the valves. Each tank has an outlet hole that either fills 
another tank or the reservoir, this way there is no loss of 
liquid. 
 

 
Figure 1: Cascade Tanks Process. Fig. from Johansson 

(2000) 
 

From mass balance and Bernoulli's law, it is 
possible to model this process, yielding nonlinear ordinary 
differential equations, Eq. (8), 
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where ih , 1, 2,3, 4i = , is the water level on the i -th tank, 

iv , 1, 2i = , is the voltage applied on the i -th pump and, 

lastly, iγ , 1, 2i = , is the position of the i -th valve. 

Parameters ia  and iA , 1, 2,3, 4i = , are, respectively, 
the area of the outlet hole of the i -th tank and the bottom 
area of the i -th tank. Also, ik , 1, 2i = , is the 
proportionality coefficient of flow per voltage of the i -
pump. 
 

This system is clearly a nonlinear model, which can 
be put in state-space by taking the following state, input 
and output vectors, respectively: 

[ ]
[ ]

[ ]

1 2 3 4

1 2 1 2

1 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

T

T

T
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u t v t v t t t

y t h t h t

γ γ
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=

      (11) 

Since this model satisfied the LDI property, we 
can obtain a qLPV realization by considering the 
scheduling variables vector as 

( ) ( ) ( )
TT T

x ut t tρ ρ ρ =   , with 

1 2 3 4

1 1 1 1
( ) ( ) ( ) ( )( )

T

x h t h t h t h ttρ  =    and 

[ ]1 2 1 2( ) ( ) ( ) ( ) ( ) T
u t v t v t t tρ γ γ= , 

 
( ) ( ( )) ( ) ( ( )) ( )

( ) ( ( )) ( ) ( ( )) ( )

dx t A t x t B t u t
dt

y t C t x t D t u t

ρ ρ

ρ ρ

 = +

 = +
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This qLPV model is discretized in order for it to 
be presented in the form of Eq. (2). It is noteworthy the 
fact that ( ( ))A tρ  depends affinely only on ( )x tρ , 

( ( ))B tρ depends affinely only on ( )u tρ  and C  and D  
are constant matrices. 
 

4. SIMULATION RESULTS 
A simulation scenario is carried out to validate the 

SQP qLPV MPC algorithm in practice and it is described 
in detail in the sequence. 

Starting with the model itself, it is used Eq. (1) to 
reproduce the process, as it is a numerical simulation, and 
Eq. (8) for MPC predictions, both normalized, with 
sampling period 0.1st s= . Table 1 displays all model 
parameters. 
 

Table 1: Model Parameters 
2[ ]a cm  [ ]0.5 0.5 0.5 0.5 T  

2[ ]A cm  [ ]1 1 1 1 T  

3 1cmk
s V

 
 
 

 [ ]1.4 1.4 T  

[ ]
0kh cm  [ ]5 5 5 5 T  

[ ]
0

%ku V  5 0.5 5 0.5 0 0
T

 
   

 

Additionally, state, inputs and outputs constraint 
sets X , U  and Y  are given by 

0 10
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0 10
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    
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    

= ∈ ≤ ≤    
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





X

U

Y

              (14) 

 
as the scheduling variables constraint set can be derived 
from there, on an abuse of notation, 

( , ) nh ρ= ⊆ P X U . 

Now, on the control system scheme, Algorithm 1 is 
employed. All states are considered to be available, by 
measurement or estimation. Initialization for lP  is taken 
as a constant vector, 0 [ ] 1P kρ= ⊗


, and convergence 

condition is a limit on the number of iterations, iterl n≤ , 

and a lower bound on the variation of P , 

( ) ( )1 1Tl l l lP P P P ε− −

∞
− − ≤ . 

 
Cost function kJ  is the same from Eq. (5), where 

10I=Q  and I=R , both of appropriate dimensions, 
meaning it is 10 times more important to track reference 
than to have constant input signals. Also, the prediction 
horizon is chosen to be 20pN =  samples or 2pN s= . 

 

 
Figure 2: Cascaded Tanks: States - in blue is 1( )x t ; in 

red is 2 ( )x t ; in green is 3 ( )x t ; in pink is 4 ( )x t ; 

 

Fig. 2 depicts, starting on 
0kh , all four state's 

trajectories: in order, on blue, red, green and pink. On Fig. 
3, upper graph shows first output 1( )y t  and its reference 

signal 1( )r t  and lower graph, second output 2 ( )y t  and its 

reference signal 2 ( )r t . It is evident, by the first 12 
seconds, this approach can maintain the process on 

stationary regime, as the pair ( )0 0
,k kh u  is an equilibrium 

point. Likewise, as reference changes its value, both 
outputs can achieve a zero-error steady-state after just a 
few seconds. Nor first, nor second outputs do it with 
oscillations, although they present small overshoots when 
descending. Assessing disturbance rejection, every 12 
seconds, starting on 4t s= , it is applied 4 seconds long 
step-like signals with 10% of max level amplitude as 
additive disturbances, and MPC takes just a few seconds to 
completely reject them, implying a zero-error steady-state. 
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Figure 3: Cascaded Tanks: Outputs - (a) in black 
dashed is 1( )r t ; in blue is 1( )y t ; (b) in black dashed is 

2 ( )r t ; in red is 2 ( )y t ;

Fig. 4 exhibits all four input signals, both pump 
voltages and valves positions. It is clear that when it is 
necessary, such as during reference changes, there are 
significant inputs variations. 

Figure 4: Cascaded Tanks:  Inputs 

 As a way to quantify how well SQP qLPV MPC 
works, three indexes are proposed: integral squared error 
(ISE), integral average control variation (IACV) and mean 
value of cost function kJ . The first is an already 
established performance index and comprises of 

0

2

0

1 ( ( ) ( ))
k

k

ISE r y d
k k

τ τ τ
∞

∞

= −
− ∫ . The second is 

defined by 
00

1 ( )
k

k

IACV u d
k k

τ τ
∞

∞

=
− ∫ . The third is 

calculated by Eq. (5) divided by the number of samples. 
All indexes are presented in Table 2. 

Table 2: Performance Indexes 
3( 10 )[]ISE −×  [ ]3.6 3.9 T

3( 10 )[]IACV −×  [ ]14.9 17.1 14.7 18.0 T

3( 10 )[]kJ −×  6.2

[ ]compt s  0.3072

5. CONCLUSION
This paper offered validation through numerical 

simulation of an MPC algorithm for the nonlinear 
benchmark process Cascaded Tanks. Combining the qLPV 
framework and a SQP approach, the method showed 
satisfactory results for the tracking and rejection problems. 
And it does so because predictions for the scheduling 
variables converge to its nonlinear dynamics after a few 
iterations of QP optimization. 
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Control of a Liquid Level System Based on Classical and Fuzzy PID 
Like Controller Using the Grey Wolf Optimization Algorithm  
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This paper deals with liquid level control as one of the frequent problems in industry. Several classical methods for 
tuning a PID like controller were applied. Furthermore, parameters for the controller were optimized using grey wolf 
optimizer. In addition to the classical controller, fuzzy PID like controller has also been designed and optimized using the 
same optimization algorithm.  Experimental results obtained on the tank system are provided. 

Keywords: grey wolf optimizer, fuzzy control system, liquid level control 

1. INTRODUCTION
Different types of liquid tank plants have wide 

application in various industries such as chemical, 
petrochemical, food & beverage industry, etc. 
Consequently, the liquid level control is an open question 
that is always relevant and constantly requires optimal 
solution.  
Classical Ziegler-Nichols (ZN) [1] and Cohen-Coon (CC) 
[2] methods are often used for tuning PID like controllers
and obtained results are frequently compared with the
results of newer methods. This is exactly done in [3]
where the authors compared ZN, CC and Takahashi’s
tuning method in order to obtain optimal parameters for PI
controller for liquid flow process and in [4], on coupled
tank system, where performance comparison was made
between ZN, CC and Ciancone tuning methods for PI and
PID. Another available control technique for nonlinear
systems is feedback linearization. Paper [5] proposed
feedback linearization control method for level control of
coupled tanks system. It concluded that achieved benefit
was reducing chattering and lowering control effort with
better control results. A new approach in automatic control
theory appeared when Lotfi A. Zadeh laid the foundations
of fuzzy logic [6]. The basis of fuzzy logic is that right
value of variables can be any value from [0,1] set. Applied
fuzzy logic controller (FLC) can be found in [7]. There,
authors studied and implemented PID controller and FLC
using Arduino for the experiment of liquid level control.
The results showed that FLC can be easily formed and
dominates over PID controller in removing the overshoot
and steady state oscillations. The conducted research in [8]
offers a comparison between ZN, CC, Chien-Hrones-
Reswick (CHR) PID tuning method and tuning PID
controller using fuzzy logic. Obtained overcome on four-
coupled tank system showed that applied decentralized
fuzzy PID controller could be used in industrial process as
it provides an optimal solution. In paper [9] researchers
made comparative study of fuzzy PI + fuzzy PD controller
and conventional PID in feedback and cascade system
configuration. In both configurations fuzzy PI + fuzzy PD
controller achieved better results in liquid-level control
process, especially in cascade loop configuration. Another
strategy for solving this problem is finding an optimal
solution in field of artificial intelligence. On coupled tanks
system, neural network NARX model was used for

identification and control of a non-linear process in [10]. It 
was proven that neural network identified model achieved 
sufficient accuracy. Additionally, achieved improvements 
in control process using neural network control scheme 
compared to conventional PI controller were presented. 
Succeeding, fuzzy logic and neural network were 
combined in order to improve control of non-linear 
process. Paper [11] demonstrated superiority of 
application Neuro Fuzzy Controller over the FLC for 
control process of coupled tank system. Further, used 
strategies found basis in nature process. Natural selection 
and genetics gave ideas for development of Genetic 
Algorithm (GA), that led to generation of high-quality 
solutions to optimization problems. The article [12] 
researched optimal PID controller for coupled tank liquid 
level control. ZN method has been applied for tuning PID 
and optimized with bat algorithm in various time domain. 
In [13] authors proposed Takagi-Sugeno fuzzy model 
optimized with the whale optimization algorithm for 
control of a liquid level system. Paper [14] presented 
comparison of  ZN, CC, minimum effort criteria (ISE, 
IAE, IATE) and GA tuning method of PID controller for 
three tank liquid level process. Research [12-14] 
concluded that GA provided superior solution and gave 
better results of output signal characteristic such as 
decreased pick overshoot, rise and settling time.  

In this study liquid level control system was 
conducted using classical and fuzzy PI controller 
optimized with grey wolf optimization (GWO) algorithm. 

2. SYSTEM DESCRIPTION

Physical values and parameters, that describe 
system used in the study are given in Table 1.  

Table 1: System parameters 
Pump Flow Constant, pK  5.39∙10-6 m3/s/V 

Out 1 Orifice Diameter, 1oD  0.47625 ∙10-2 m 

Out 2 Orifice Diameter, 2oD  0.47625 ∙10-2 m 

Tank 1 Inside Diameter, 1D  4.445 ∙ 10-2 m 

Tank 2 Inside Diameter, 2D 4.445 ∙ 10-2 m 
Gravitational constant, g 9.81 m/s2

System consists of two identical cylindrical tanks 
placed one above another, water pump and reservoir. 
Water from reservoir is pumped vertically through 
pumping system into water tank in higher position. The 
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water level of the second tank needs to be controlled. Fig. 
1 represents diagram of the used system. 

Figure 1: Liquid level system 

3. SYSTEM MODELLING

3.1. Nonlinear model 
System of the study is consisted of two subsystems, 

tank 1 and tank 2. The input value in tank 1 is pump 
voltage pV , and the output is water level in tank 1, 1H . 
The flow into tank 1 can be expressed as 

1 .i p pQ K V  (1)
The outflow from tank 1 is a product of outflow velocity, 

1oV  and the cross-sectional opening area of the first tank, 

1oA , 

1 1 1o o oQ A V . (2) 
Finally, mass balance equation for the first subsystem is 

1
1 1 1 1 12i o p p o

dH
A Q Q K V A gH

dt
, (3) 

where 1A  is cross-sectional area of the first tank. Outflow 
from the tank 2 is a product of outflow velocity 2oV  and 
the cross-sectional opening area of the second tank 2oA , 

2 2 2o o oQ A V . (4) 
The second subsystem mass balance equation is 
determined as  

2
2 2 2 01 1 2 22 2i o o

dH
A Q Q A gH A gH

dt
. (5) 

By choosing state variables 1 1X H , 2 2X H , output 
variable 2Y H  and control variable pU V  nonlinear 
state space model is obtained as, 

1
1 1

1 1

2p o
K A

X U gX
A A

, (6) 

1 2
2 1 2

2 2

2 2o oA A
X gX gX

A A
, (7) 

2Y X . (8) 

3.2. Linearized model 
For a steady state condition it is considered that 

water level in tank 2 has constant nominal value, and 
herefore, water level in tank 1 and pump voltage have 
constant values as well.  

1 1 ,NH H  2 2 ,NH H  p pNV V . (9) 
The following step is approximating nonlinear functions 
(10), (11) using Tailor’s series representation at nominal 
values (9).  

1 11
1

1 1

2p p oK V A gHdH
f

dt A A
, (10) 

1 1 2 22
2

2 2

2 2o oA gH A gHdHf
dt A A

. (11) 

The result is polynomials of the following form 

1 1 1 1 ,ph a h b v  2 2 2 2 1h a h b h . (12) 
In equations (12) variables 1 2, , ph h v  represent deviations 
from a nominal values, 

1 1 1 ,Nh H H  2 2 2 ,Nh H H  p p pNv V V , (13) 
and coefficients 1a , 2a , 1b , 2b  are determined as in the 
following expressions, 

1
1 1

11 1

,
2

po

N

KA g
a b

AA gH
, (14) 

2 1
2 2

2 2 2 1

,
2 2
o o

N N

A g A ga b
A gH A gH

. (15) 

Thus, taking into account the defined state variables and 
(13), from (12) follows linear state space model: 

1 1 1 1x a x b u , (16) 

2 2 2 2 1x a x b x , (17) 

2y x . (18) 
Based on the previous equations, the transfer functions of 
each subsystem can be easily obtained, which will be 
discussed in more detail in the next section. 

3.3. Identified model 
The identification method was used based on the 

plant's step response. In this study, system transfer 
function was obtained based on measured input output 
data using MATLAB ‘System Identification Toolbox’. In 
the Table 2 all nominal values and transfer functions of 
linearized and identified model, for tank 1 and tank 2 can 
be found.  

Table 2: Nominal values and transfer functions 
Tank 1 Tank 2 

Nominal 
water 
level 

1 0.1273NH  m 2 0.13NH  m 

Linearized 
model 1

0.0034734( )
0.07126

G s
s 2

0.071258( )
0.07051

G s
s

Identified 
model  1

0.002577( )
0.04471

G s
s 2

0.06278( )
0.05793

G s
s

5.32pNV V 

Figure 2 represents comparison of measured open loop 
system output signal, with nonlinear, linearized and 
identified model of the system when deviation from a 
nominal pump voltage equals 0.3pv V. In order for the 
results to be observed better, the filtered measured 
response (labeled as “Experiment”) is shown in Fig. 2. The 
same moving average filter with a span of 100 data points 
has been used for every measured signal in this paper.  
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Figure 2: Comparison of measured open loop system 
output  with nonlinear, linearized and identified model 

4. CLASSICAL PI CONTROLLER

Block diagram of control system with PID like 
controller is shown on Fig. 3.  

Figure 3: Block diagram of liquid level control system 

Controller input is error signal 
2 2( ) ( ) ( )de t H t H t  (19) 

and output is control signal expressed with 

0

1( ) d
t

P P I I
I

u t K e t e K e t K e t
T

. (20) 

PI controller transfer function equals 
1( ) 1PI P
I

G s K
T s

. (21) 

Proportional gain and integral time constant are 
determined by PK  and IT , respectively. Parameters of 
PID like controllers could be tuned by many different 
methods. In this research, well known Ziegler-Nichols and 
Cohen-Coon tuning methods will be applied for 
comparison with the methods described bellow. 

4.1. Ziegler-Nichols tuning method 
Observed system is the second order and stable 

that implies utilization of ZN open-loop tuning technique 
[15]. Primarily, step response of the open-loop is obtained.  

Table 3: Ziegler-Nichols formula 

pK IT DT

P /T KL - - 

PI 0.9 /T KL 3.3L  - 

PID 1.2 /T KL 2L  0.5L
Further, the response is used for finding parameters 
necessary for tuning, as dead time L , time constant T and 
process gain K , as it is shown on Fig. 4. Table 3 gives 
insight in ZN formula for determination P, PI and PID 
parameters.  

Figure 4: Tangent  method 

4.2. Cohen-Coon tuning method 
For CC tuning method typical process reaction 

curve was used in the same way as in Fig. 5.  

Figure 5: Process reaction curve 

CC tuning formula [14] is given in Table 4.  

Table 4: Cohen-Coon formula 

PK IT DT

P 1
3K

- - 

PI 0.9
12K

330

209
- 

PID 
4
3 4K

 

632

813

4
211

 

Values from Table 4 are 

2 1
3
2

t t , (22) 

2t . (23) 
Finally, the calculated values for identified model from 
Table 2 are given in Table 5.   
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Table 5: Parameters for PI controller 
Ziegler-Nichols Cohen-Coon

PK IT DT PK IT DT

PI 140.4 18.19 - 48.989 20.226 - 

5. FUZZY PI LOGIC CONTROLLER

Fuzzy logic controllers are designed in order to 
avoid using complicated mathematical models that are 
crucial in conventional control. Fuzzy logic is inspired by 
human intelligence and knowledge where defining value 
of variable is not numerically strict and precise. Input sets 
in fuzzy controller are linguistic variables.  Values that can 
be used in fuzzy rules for fuzzy PI controller as inputs are 
error (19) and integral of error, that from (20) can be 
defined as 

0

( ) d
t

Ie t e . (24)

Membership functions for error, derivative of error and 
control are defined on the normalized domain [-1, 1]. Input 
and output membership functions and depicted in Fig. 6 
and Fig. 7, respectively. 

Figure 6: Input membership functions 

Figure 7: Output membership functions 

Rules for PI controller are given in Table 6. 
Linguistic values from Table 6 have usual meaning NB – 
negative big, PB – positive big, NS – negative small, PS – 
positive small, Z – zero. 

Table 6: Rules for PI controller 
eN \ eIN N Z P 

N NB NS Z 
Z NS Z PS 
P Z PS PB 

Centre of area (COA) is used as defuzzification method. 
Fig. 8 shows the fuzzy PI controller that will be used later 
in this paper. It is important to realize that the scaling 
factors PfK , IfK  and fK  are not the only parameters that 

can be tuned to improve the performance of the fuzzy 
control system. Sometimes, what is needed is a more 
careful consideration of how to specify better membership 
functions or additional rules. 

Figure 8: Fuzzy PI controller for liquid level system 

The problem with this could be that there are too many 
parameters to tune (e.g., membership function shapes, 
positioning, type and number of rules) and often there is 
no clear connection between design objectives (e.g., 
smaller overshoot) and method that should be used to tune 
parameters. 

Increasing scaling factors PfK  will often make 
the system respond faster. Increasing IfK leads to 
reducing error but increases overshoot. In addition to these 
two parameters, the fuzzy PI controller has one more 
parameter fK  that provides the possibility of finer 
settings. 

6. THE GREY WOLF OPTIMIZER

The GWO algorithm represents type of 
metaheuristic optimization technique whose characteristic 
such as simplicity, applicability to different types of a 
problem and derivation-free mechanisms allow application 
on constrained and unconstrained problems of nonlinear 
systems. GWO algorithm was first proposed in [17]. 
Inspiration for developing this optimization algorithm was 
found in hierarchical organization of a pack of grey 
wolves and their hunting way. Pack of grey wolves can be 
divided into four hierarchical levels, α, β, δ, ω where α 
represents the most dominant wolves that lead the pack. 
Next, β level is consisted of subordinate wolves that help 
alpha in making decisions and replace alpha in case of 
dead or oldness. The ω level wolves have to submit to the 
will of all others more dominant pack members, and 
wolves from δ level submit to wolves from first two levels 
and dominates over omega wolves. Capturing pray takes 
place through several phases. In the first phase wolves that 
participate in hunt encircle prey. Grey wolf can change its 
position depending on position of the prey in any random 
location. Mathematical description of this phase is given 
by the following equations  

( ) ( )t tpD C X X , (25)

( 1) ( )t tpX X A D . (26)
Vector Xp indicates the position vector of the prey, X is 
the position vector of a wolf and t indicates the current 
iteration. Equations for calculating coefficient vectors A 
and C are  

12A a r a , (27)

2 2C r . (28)
In equations (27) and (28) components of vector a are 
linearly decreasing from 2 to 0 during the iterations and 
vectors r1 and r2 are random vectors from [0,1]. Following 
phase is hunting. Assuming that alpha, beta and delta 
participate in hunting and that alpha leads the hunt it is 
possible to suppose that they know potential location of 
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the pray, especially alpha. Three best solutions of potential 
location of the pray are saved and rest of the search agents 
are obligated to change their positions according to 
position of agent that is the nearest to the pray. This phase 
can be described mathematically by following equations, 

1D C X X , (29)

2D C X X , (30) 

3D C X X , (31)                                                                                          

1 1X X A D- , (32) 

2 2X X A D- , (33) 

3 3X X A D- , (34) 

1 2 3( 1)
3

t
X X XX . (35) 

When the prey stops moving grey wolves begin 
attacking and then starts exploitation phase. Decreasing 
the value of a from 2 to 0 is mathematical approach related 
to lowering the distance between grey wolves and pray. It 
is possible to conclude that vector A can be any value in [-
2a, 2a] and when A takes value in [-1,1] search agent can 
change its position into any position between position of 
the prey and its momentary position. In other words, when 
|A| < 1 wolves start to attack.  The last phase is exploration 
phase which implies searching for prey. When |A| > 1 grey 
wolves are forced to search for the prey and then wolves 
split up in order to complete the task which 
mathematically means that A consists of random values. 
Also, vector C of random values is used to provide 
weights for prey in order to point up exploration process 
during all iterations.  

In the proposed GWO algorithm the total number 
of iterations is set to 30 while the population is set to 20. 
The number of iterations and the population size are 
determined based on a series of experiments with different 
values. In this optimization method one agent represents 
one potential optimal controller. Additional optimization 
requirement is that the value of control signal should be in 
the allowable range of 0-12V. The integral of squared 

errors (ISE) is taken as an objective function and it can be 
calculated as 

2
2 2

0

d
t

dJ H t H t t . (36) 

6.1. Optimization of classical PI controller 
In order to achive better performance of the plant 

a more adequate control signal, relative to classical PI 
controllers, is achieved by adjusting the parameters of the 
controller gains. The mentioned parameters are all coded 
into one wolf, per say one agent that is presented with a 
vector which has two parameters ( PK  and IT ) in case of 
optimized classical PI controller. As a result of 
optimization, the following values were obtained. 

Table 7: Parameters for optimized classical PI controller 
PI GWO 

PK IT

298.45 294.59 

6.2. Optimization of fuzzy PI controller 
When it comes to optimization of fuzzy PI 

controller, there are three parameters which are all coded 
into one wolf. Optimized parameters PfK , IfK  and fK

from Fig. 8 are given in Table 8. 

Table 8: Parameters for optimized fuzzy PI 
Fuzzy PI GWO 

PfK IfK fK

200 0.17832 10.481 

7. SIMULATION RESULTS

In this section, the simulations show the behavior of 
the plant controlled by different controllers that were 
designed in the previous sections. Simulation results for 
change in level 2H  controlled by four different PI 
controllers are given in Fig. 9. Change in control signals 
for all implemented controllers is shown in Fig. 10. 

Figure 9: Simulation results of level H2 controlled by different PI controllers
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According to the values from Table 9, it can be expected 
that optimized fuzzy PI controller achieve the best result 
on the experiment as its ISE was the lowest. Numerical 
ISE values from Table 9, were calculated based on the 
operation of the system for 200 seconds, while in order to 
achieve better visibility, only the first 140 seconds are 
shown in the figures. The same goes for Table 10 and 

experimental results. Comparative display of overshoot, 
rise time and settling time is given in the same Table 9. 

Table 9: Simulation step response characteristics 
PI ZN PI CC PI GWO fuzzy PI GWO 

ISE 0.00462 0.00513 0.00235 0.00215 
Overs.[%] 60.6 37.8 42.5 42.5 
Rise t.[s] 11.6 22.0 8.5 7.9 
Set. t.[s] 115.1 112.0 64.0 52.6 

Figure 10: Control signals for PI controllers obtained by simulation 

8. EXPERIMENTAL RESULTS

This section presents the results of the experiments 
performed for the PI controller parameters determined in  

the previous sections. Change in level 2H controlled by all 
four PI controllers is shown in Fig. 11. 

Figure 11: Experimental results of level H2 controlled by different PI controllers  

To explicitly see the improvement caused by the 
optimization, the numerical values of an ISE calculated 
using (36), are given. Mentioned values for four different 

controllers (PI ZN, PI CC, PI GWO, fuzzy PI GWO) are 
given in Table 10. Step response characteristics are in the 
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similar relationship to that previously given for simulation 
responses and are also shown in Table 10. 

Table 10: Experimental step response characteristics 
PI ZN PI CC PI GWO fuzzy PI GWO 

ISE 0.00527 0.00547 0.00269 0.00247 

Overs.[%] 62 33 34.7 34.7 

Rise t. [s] 13.3 26.6 11.2 10.5 
Set. t. [s] 129 129 75.1 50.4 

Taking into account minimum integral of squared 
errors as the criterion for comparison, the results show that 
the lowest value is obtained when using an optimized 
fuzzy PI controller (fuzzy PI GWO) and the highest when 
using a Ziegler Nichols PI controller (PI ZN). According 
to this criterion the optimized classical PI controller (PI 
GWO) performed worse than the optimized fuzzy PI 
controller (fuzzy PI GWO).  

 A comparison of control signals obtained by 
using different PI controllers is given in Fig. 12. 

Figure 12: Control signals for PI controllers obtained by experiment 

9. CONCLUSION

 This research concerned optimization of classical 
and fuzzy controllers using GWO algorithm and its impact 
on the liquid level control of coupled tanks as one of the 
current problems in industry.  

Firstly, analytical nonlinear, linearized and 
identified model were compared to obtained experimental 
results for noncontrolled system. It was shown that 
identified model was suitable for describing real system. 

  This paper covers process control using PI 
controllers. GWO algorithm was used for optimization of 
classical and fuzzy PI controller. In order to verify 
effectiveness of their performance a comparison was made 
with two different classical tuning methods.  

All of the designed controllers were tested in 
simulation and experimentally and all obtained results 
were analyzed and compared to each other using minimum 
integral of squared errors criteria. Experiment confirmed 
expectations from simulations, but ISE had higher values 
in the experiment. Nevertheless, the difference between 
values was not drastic. 

 The best result in general was obtained by 
applying optimized fuzzy PI controller, according to the 
mentioned criteria. Also, its result achieved better step 
response characteristics that is an argument more for the 
application of this type of controller in liquid level process 
control.  
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Abstract: Hammerstein-Wiener systems can be described with a structure consisting of three cascade blocks, two of 

which represent static nonlinearities with a linear dynamical block laying between them. Some of the common linear model 
structures include rational transfer function, FIR, ARX, ARMAX, Box-Jenkins and Output-Error model structure. In this 
article a new improvement is proposed, which is consisted in the basic structure of HW models with a new class of the 
orthogonal polynomials applied. The newly proposed structure was used to identify the hydraulic system. 
Keywords: Hammerstein-Wiener models, orthogonal polynomials, system identification, hydraulic multitank system

1. INTRODUCTION
Throughout the years, Hammerstein-Wiener 

models have proved to be an adequate tool for nonlinear 
systems representation. They have a wide range 
application: from the use for control systems to medical 
purposes. In the last years, some of the examples of 
Hammerstein-Wiener models application can be found in 
[1] where Hammerstein-Wiener model was used for
identification of precision motion stage, and in [2] where
the application for robotic bone biopsy procedures has
been proposed.

Hammerstein-Wiener systems can be described 
with a structure consisting of three cascade blocks, two of 
which represent static nonlinearities with a linear 
dynamical block laying between them. The first and the 
last blocks are usually referred to as input and output 
nonlinearity, respectively. Some of the common linear 
model structures are mentioned in [3] and include rational 
transfer function, FIR, ARX, ARMAX (also used in [4, 5]) 
and Box-Jenkins model structure (used in [6]) and Output-
Error model. The nonlinearity blocks can be continuous 
and discontinuous (such as death-zone, saturation [1], etc.) 
[3]. Continuous nonlinearities can be represented using 
function expansion, with polynomial representation as a 
simple case [3, 5]. Splines can also be used for continuous 
nonlinearity representation [6]. The application of neural 
networks has also been explored by some authors. Authors 
in [7] used two independent single-hidden layer 
feedforward networks, whose parameters were identified 
by extreme learning machines (ELM) algorithm. 
Commonly, the output nonlinearity is supposed to be 
invertible [6, 9, 11]. However, this is not always the case. 
For example, the work of Wills et al. considered a 
Hammerstein-Wiener system with no such constraint if the 
derivatives of the input and the output nonlinearity 
function with respect to their parameter vectors exist [10].  

Identification algorithms have been proposed for 
Hammerstein-Wiener model estimation by many authors, 
some of which are presented in [3, 4, 6-12]. Bai proposed 
an identification algorithm which is divided in two stages: 
recursively calculating the least square estimate of the 
parameter vector and singular value decomposition of 
fixed size matrices [8]. The Hammerstein-Wiener structure 
studied in the previously mentioned paper [8], was 

reformulated in [9]. In [9], the authors applied and 
compared the performances of over-parameterization and 
iterative approach for the identification of the proposed 
model. A blind approach, where the structure of the input 
nonlinearity does not necessarily have to be known, is 
presented in [11]. Guo introduces adaptive recursive 
pseudo-linear regression method where smoothing 
techniques are employed in [3]. Relaxation iteration 
scheme was proposed and studied as an optimization 
method for SISO Hammerstein-Wiener model estimation 
in [6]. Maximum likelihood approach with the 
expectation-minimization algorithm employed is 
suggested for very general model estimation by Schoukens 
et al. in [10]. For Hammerstein-Wiener ARMAX models, 
Wang D. et al. developed an extended stochastic gradient 
algorithm [4]. Wang Y. et al. proposed two algorithms: 
recursive generalized extended least squares and 
generalized extended stochastic gradient algorithm [12]. A 
forgetting factor was introduced for additional 
optimization of the second algorithm in [12]. Authors in 
[3, 4, 12] achieved the acceleration of convergence by 
using the forgetting factor. 

An interesting approach can be found in [13], 
where Aljamaan et al. proposed using Hermite 
polynomials to represent nonlinearity, and global 
orthogonal basis functions for the representation of linear 
block of a Wiener system. 

In this paper, the authors consider the application of 
orthogonal polynomials of Legendre type [14-15] for the 
representation of input and output nonlinearities of a 
Hammerstein-Wiener system. In [16, 17] authors proposed 
a new class of almost orthogonal polynomials with 
application in modeling of dynamical systems. Papers [18-
21] presented some possibility applications in orthogonal
endocrine adaptive neuro-fuzzy systems. Also, authors in
[22-27] proposed a new classes of quasi-orthogonal
polynomials and their applications in modeling, neural
networks, sliding mode control and control of dynamical
systems. The proposed structure of HW is used to identify
a hydraulic multitank system.

This paper is organized as follows. In Section 2 the 
basic structure of Hammerstein-Wiener models is 
described. Section 3 gives a short mathematical 
background of orthogonal, almost orthogonal and quasi-
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orthogonal polynomials of Legendre type. The descriprion 
of multitank system is given in Section 4, while simulation 
results are presented in Section 5. The last section consists 
of concluding remarks. 

2. HAMMERSTEIN-WIENER MODEL
As it has been mentioned previously, Hammerstein-

Wiener model structure is formed of two nonlinear blocks 
and a linear block between them. This structure is a 
combination of Hammerstein (Fig. 1. a) and Wiener model 
structures (Fig. 1. b). Hammerstein model is presented 
using input nonlinearity and then a linear model of the 
system, while Wiener model consists of linear block 
followed by output nonlinearity. Depending on the way 
this models are combined, Hammerstein-Wiener (HW) or 
Wiener-Hammerstein (WH) structure can be formed. HW 
model structure is presented in Fig. 1. c) and Fig. 2, while 
WH structure is presented in Fig. 1. d). 

Figure 1: a) Hammerstein model structure; b) Wiener 
model; c) Hammerstein-Wiener model; d) Wiener-

Hammerstein model. 

Figure 2: HW model structure 

In Fig. 2. u(t) is denoting the system input and y(t) 
the output. Nonlinear functions f1 and f2 are representing 
the input and the output nonlinearity, respectively. The 
linear block can be described using various model 
structures [3]. The output signal of the structure presented 
in Fig. 2 can be determined using equations (1) to (5). 

( ) ( )( )1 1w t f u t= (1) 

( ) ( )( )2 1( )w t G z f u t= (2) 

( ) ( )( ) ( ) ( )( )2 2 2 1y t f w t f G z f u t= = (3) 
One of the commonly used models for the 

representation of the linear block is the ARMAX model 
(Fig. 3.) [3].  

Figure 3: HW ARMAX system 

The linear part of the system can be described with 
the following equation [3, 5]: 

2 1
( ) ( )( ) ( ) ( )
( ) ( )

B z C zw t w t e t
A z A z

= + (4) 

where e(t) represents the disturbance term, and A(z), B(z) 
and C(z) are polynomials of order na, nb and nc, 
respectively [3, 5]: 

1
( ) 1

an
i

i
i

A z a z−

=

= +∑ (5) 

1
( ) 1

cn
i

i
i

C z c z−

=

= +∑ (6) 

1
( )

bn
i

i
i

B z b z−

=

= ∑ (7) 

Substituting (1) and (4) in (3), the term for the 
output signal is derived: 

2 1
( ) ( )( ) ( ( )) ( )
( ) ( )

B z C zy t f f u t e t
A z A z

 
= + 

 
(8) 

The influence of measurement noise ε on the output 
signal can also be considered [3, 10, 12]: 

2 2( ) ( ( )) ( )y t f w t tε= +  (9) 

In this paper, Output-Error (OE) model has been used 
for the parametrization of the linear part of the system [3].  

Figure 4: Output-Error model structure 

OE model structure can be described using following 
equation: 

( )( )( ) ( )
( ) k

B zy t u t n e t
A z

= − +  (10) 

where nk is an input delay. 
The advantages of the Wiener system with 

orthogonal Hermite polynomials used for nonlinearity 
representation have been presented in the work by 
Aljamaan et al. [13]. In this paper a class of orthogonal 
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polynomials of Legendre type is proposed for the 
nonlinearity functions’ f1 and f2 representation. 

3. ORTHOGONAL POLYNOMIALS
Authors of this article developed several new types 

of orthogonality. In this paper we give mathematical 
background for almost and quasi-orthogonal polynomials. 

Almost orthogonal system [14, 15, 28-30] is a 
sequence of polynomials ( ) ( ){ }kP xε  such that: 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( ) 2

,

,

,        

b

n m n m
a

n

P x P x P x P x w x dx

n m

P n m

ε ε ε ε

ε

ε

= =

≠= 
=

∫
(11) 

where ε  is a very small positive real number 
( )0 1ε< << . 

( ) ( ) ( )
0

lim n nP x P xε

ε→
= , i.e., when ε  strives to zero, 

sequence of almost orthogonal polynomials becomes a 
sequence of orthogonal polynomials. We should also 
notice that because of the presence of additional ε , the 
property of distributivity of inner product no longer 
applies. Because of that, majority of rules that apply to the 
classical orthogonal polynomials, do not apply to the 
almost orthogonal polynomials. 

Since monic polynomials ( ) ( ){ }
0

n

k k
P xε

=
 form basis in the 

space of polynomials with order not greater than n, the 
following two relations, which give the connection 
between orthogonal and almost orthogonal polynomials, 
are valid [14, 15]: 

( ) ( ) ( )
( ) ( ) ( )

1

2
0

nn
k

n n k
k k

b
P x P x P x

P
ε ε−

=

= +∑ , (12) 

( ) ( ) ( ) ( ) ( ) ( )( )
0

       1
n

n n
n k k n

k
P x c P x cεε

=

= =∑ (13) 

Coefficients ( )n
jb  can be calculated as: 

( ) ( ) ( ) ( ) ( )( )0
0

     0,1,..., 1
j

n j
j n i

i
b c j n n Nε ε ε

=

= = − ∀ ∈∑ , (14) 

and they do not depend on n. 

An example of sequence (first three members) of 
almost orthogonal polynomials is (almost orthogonal 
Legendre monic polynomials ( ) ( ){ }nP xε derived from 

shifted monic Legendre polynomials orthogonal over 
interval (0, 1) with weight function ( ) 1w x = ): 

( ) ( ) ( )
( ) ( ) ( )

0 1

2 2 2
2

1,  2 1 2 ,

 6 6 1 12 12 1 30 36 ,

P P x

P x x

ε ε

ε

ε

ε ε ε ε

= = − −

= − − + + − + 
(15) 

Now, we give a short mathematical background for 
quasi-orthogonal polynomials of Legendre type. 

Concept of quasi-orthogonality was introduced in 
[30] as a mathematical tool for solving problem of
moments in mechanics. Quasi-orthogonal functions, and,

especially, quasi-orthogonal polynomials, were later 
explored in several papers [20, 22, 23, 27, 29, 32]. 
Quasi-orthogonal system is a sequence of polynomials 

( ){ }k
nP x  such that: 

( ) ( )( ) ( ) ( ) ( )

,

,

0, 0 1
0,      1

b
k k k k

n m n m
a

k
n m

P x P x P x P x w x dx

m n k
N n k

= =

≤ ≤ − −=  ≠ ≥ +

∫
(16) 

where k represents the order of quasi-orthogonality, a and 
b are the boundaries of quasi-orthogonality interval, and 
w(x) is the weight function. 

Complete mathematical background for quasi-
orthogonal polynomials can be found in [23, 27].  

An example of sequence (first three members) of of 
Legendre first order (k=1) quasi-orthogonal polynomials 
are given as: 

( )
( )
( )

1
1

1 2
2

1 3 2
3

1,

2 3 1,

5 10 6 1,

P x x

P x x x

P x x x x

= − +

= − + −

= − + − + 

(17) 

For the purposes of this paper, functions have been 
performed as ( te x− = ): 

( ) ( ) ( ) ( )1 11
1 1

1 1, .
2 1 2 1t tP t and P t
e e

ε

ε
− −

− −= =
− − − +

4. MULTITANK SYSTEM – DESCRIPTION
For the purpose of analysis of HW and orthogonal

HW models, we used a multitank system shown in Fig. 5. 
The multitank system [33] comprises a number of separate 
tanks fitted with drain valves. The separate tank mounted 
in the base of the set-up acts as a water reservoir for the 
system. Some of the tanks have a constant cross section, 
while others are spherical or conical, and so have a 
variable cross section. This creates the main nonlinearities 
of the system. A variable speed pump is used to fill the 
upper tank. The liquid flows out of the tanks due to 
gravity. The tank valves act as flow resistors. The area 
ratio of the valves is controlled and can be used to vary the 
outflow characteristic. Each tank is equipped with a level 
sensor based on hydraulic pressure measurement. 

The multitank system relates to liquid level control 
problems commonly occurring in industrial storage tanks. 
For example, steel producing companies around the world 
have repeatedly confirmed that substantial benefits are 
gained from accurate mould level control in continuous 
bloom casting. Mould level oscillations tend to stir foreign 
particles and flux powder into molten metal, resulting in 
surface defects in the final product.  

The multitank system given in Fig. 5. can be 
described using the well-known “mass balance” equations: 
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( ) ( )

( ) ( )

( ) ( )

1

1 2

32

1
1 1

1 1 1 1

2
1 1 2 2

2 2 2 2

3
2 2 3 3

3 3 3 3

1 1

1 1

1 1

dH q C H
dt H H

dH C H C H
dt H H

dH C H C H
dt H H

α

α α

αα

β β

β β

β β

= −

= −

= −

 (18) 

where q represents the inflow to the upper tank, Hi is the 
fluid level in the i-th tank (i=1, 2, 3), Ci is the resistance of 
the output orifice of i-th tank, αi represents the flow 
coefficient for the i-th tank. ( )1 1Hβ  represents the cross 
sectional area of i-th tank at the level Hi. These values for 
the single tanks are the following: ( )i iH awβ =  is the 
constant cross sectional area of the upper tank; 

( ) 2
2 2

2 max

HH cw bw
H

β = + is the variable cross sectional 

area for the middle tank, and 

( ) ( )22
3 3 3H R R Hwβ = − −  is the variable cross 

sectional area of the lower tank. 

Figure 5. The multitank system by Inteco 
The specified parameter values are the following: 

0.25 ,  0.345 ,  0.1 ,  0.035 ,  0.364a m b m c m w m R m= = = = =
and 1max 2 max 3max 0.35H H H m= = = . 
Rewrite the right sides of (19) in the form F(x, q)=[F1, F2, 
F3], where: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1 2

32

1 1 1 1
1 1 1 1

2 1 2 1 1 2 2
2 2 2 2

3 2 3 2 2 3 3
3 3 3 3

1 1,

1 1,

1 1,

F q H q C H
H H

F H H C H C H
H H

F H H C H C H
H H

α

α α

αα

β β

β β

β β

= −

= −

= −

(19) 

For the model (19), for fixed q=q0 we can define an 
equilibrium state (steady-state points) given by 

31 2
0 1 10 2 20 3 30q C H C H C H αα α= = = . 

The linearized model is obtained by the Taylor expansion 
of (19) around the assumed equilibrium state: 

H q
dh J h J u
dt

= + (20) 

where: h=H-H0 is the modified state vector (deviation 
from the equilibrium state H0), u=q-q0 is deviation of the 
control, relative to q0, Jp and Jq are Jacobians of the 
function (20). 

( ) ( )

0 0 0 0, ,

, ,
,  H q

H H q q H H q q

F H q F H q
J J

H q
= = = =

∂ ∂   
= =   ∂ ∂   

i.e.:

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

1

1 2

2 3

1 1
1

10 1 10

1 1 2 2
1 1

10 2 20 20 2 20

3 32 2
1 1

20 3 30 30 3 30

1 10

0 0

0 ,

0

1

0
0

H

q

C
H H

C CJ
H H H H

CC
H H H H

H
J

α

α α

α α

α
β
α α
β β

αα
β β

β

−

− −

− −

 −
 
 
 − =
 
 
 
 
  
 
 
 
 =
 
 
  

(21) 

This linear model (21) can be used for the sensitivity 
analysis, for the stability analysis, and for the design of 
local controllers of the pump-controlled system. 

5. SIMULATION RESULTS
The proposed improvement in HW structure was 

tested through simulations in Matlab. Firstly, the input-
output dataset has been formed using the model of 
multitank system Eq. (21). The dataset used for this 
purpose is presented in Fig. 6.  

Figure 6: Generated dataset used for system identification 
and validation of the results. 

We then applied the proposed HW structure to 
identify the system. For this purpose, the first half of the 
generated dataset has been used to determine HW model 
parameters. Afterwards, the second half of the dataset has 
been used to test the performance of the obtained structure. 

The HW structure proposed in this paper consists of 
nonlinear blocks presented by orthogonal functions 
performed as ( te x− = ). In order to implement orthogonal 
functions as HW model nonlinearities, Matlab function 
customnet has been used [34]. Two cases were explored: 
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the first case in which input nonlinearity has been 
represented using function ( ) ( ) 1

1P tε − and the output

nonlinearity has been represented using ( ) 11
1P t − , and the 

second case in which both the input and output 
nonlinearities have been represented with 

( ) ( ) 1
1P tε − function.

The comparison of simulated response of multitank 
system and proposed HW structure, used to identify it, is 
shown in Figs. 7 and 8.  

Figure 7: Comparison of simulated response of the 
multitank system (zv signal) and of HW model of the 
system (m1). The input and output nonlinearities of a HW 
model have been represented using ( ) ( ) 1

1P tε − and ( ) 11
1P t −  

functions. 

Figure 8: Comparison of simulated response of the 
multitank system (zv signal) and of HW model of the 
system (m1). Both the input and output nonlinearities of a 
HW model have been represented using ( ) ( ) 1

1P tε −

function. 
The results in Fig. 7 show that the proposed HW structure 
with ( ) ( ) 1

1P tε − as input nonlinearity and ( ) 11
1P t −  as output 

nonlinearity is able to capture the behavior of the 
multitank system.  

Fig. 8 shows the results obtained when both the 
input and output nonlinearities are represented using 

( ) ( ) 1
1P tε − function.

In this case, the proposed structure is also able to 
capture the behavior of the multitank system. It can be 
noticed that the structure with both input and output 
nonlinearities realized using ( ) ( ) 1

1P tε − gives slightly better
results and follows the multitank system response with 
slightly higher precision. Based on the results, it can be 
concluded that HW models with orthogonal polynomials 
implemented as nonlinearities are very robust. 

6. CONCLUSION
During the last fifteen years, Hammerstein-Wiener 

models have proved to have a wide application: from 
medical purposes to their use in control systems. They 
have especially shown their potential for nonlinear 
systems representation. In this paper, we considered the 
application of orthogonal polynomials for the 
representation of nonlinearities of a Hammerstein-Wiener 
system. For this purpose, the application of almost 
orthogonal and quasi-orthogonal polynomials has been 
addressed. The functions used have been performed as 
( te x− = ). We used the proposed structure to identify a 
multitank system. The simulated results of our research 
have shown that Hammerstein-Wiener models with 
proposed orthogonal functions implemented in nonlinear 
blocks effectively capture the behavior of the system. The 
proposed structure is very robust.  
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This paper considers optimal tracking control for hydraulic servo actuator with unknown dynamics. The aim is 
to achieve asymptotic tracking and disturbance rejection by minimizing some predefined performance index. Through the 
combination of adaptive dynamic programming (ADP) and internal model principle, an approximate optimal controller is 
iteratively learned online using measurable input/output data. Unmeasurable states are also reconstructed from input/output 
data. The discrete-time algebraic Riccati equation is iteratively solved by ADP approach. Simulation results demonstrate the 
feasibility and effectiveness of the proposed approach. 
Keywords: Adaptive dynamic programming, Optimal control, Hydraulic servo actuator, Unknown dynamics, 
Algebraic Riccati equation 

1. INTRODUCTION 
The performance of hydraulic servo systems 

strongly depends on the control valve and spool geometry 
as well as their manufacturing tolerances. Without a proper 
model, accurate analysis of hydraulic system performance 
is not possible. It is well known that it is very difficult to 
determine a large number of physical parameters which are 
integral part of complex systems. Despite the fact that many 
system parameters are available with some reasonable 
accuracy, a large number of parameters are known within a 
certain range, while some parameters are entirely unknown 
because manufacturers consider these data as proprietary 
information. For example, precise determination of system 
parameters such as dimensions of certain components, 
leakage and friction coefficients, as well as static and 
dynamic friction forces due to impossibility of direct 
measurement or calculation causes great difficulty in 
control of servo actuators [1]. More precise knowledge of 
the system parameters increases the model quality, which 
causes better control performances. Recent reviews 
dedicated to the influence of disturbances, modeling errors, 
various uncertainties in the control systems in the real 
systems[2-3].  

Adaptive dynamic programming (ADP) provides a 
feasible and effective way to achieve optimal control 
performance based on traditional or intelligent control 
methods. It combines the theories of dynamic programming 
and neural networks, trying to solve optimal control 
problems in dynamic programming problems using the 
approximating characteristic of neural networks [4-5]. 
Recent years the ADP also has been extended and applied 
to many different areas, such as robots, spacecraft and so on 
[6-7].  

For the reason that ADP not only has unique 
algorithm and structure, but also overcomes the 
disadvantage that classical variational theory cannot deal 
with the optimal control problem of control variables with 
closed-set constraints, and also solves the curse of 
dimensionality problems, more and more research and 
application attentions have focused on it. 

When the state of a system is not directly measurable 
and the system matrices are unknown, it is thus meaningful 
to resort to output feedback based ADP. An output feedback 
ADP methodology for discrete-time linear systems is 
proposed in [8]. The measurable input/output data are used 
to describe the state of the discretized model, and then use 
policy iteration (PI) and value iteration (VI) to obtain 
optimal control policy. Nevertheless, in order to get the 
unique solution in each iteration step, some exploration 
noise need to be added, which may influence the accuracy 
of solutions.  

It is usually too expensive to measure directly the 
system states. Self-applied state estimation methods 
assume that the system parameters are constant. In the real 
world, these parameters can’t know exactly (e.g., 
friction coefficients, temperature, pressure, or flow). It’s 
also known that the dynamic behavior of complex systems 
can be described by a linear stochastic state-space model 
with online estimated dynamics [9]. Precise knowledge of 
system parameters and states is crucial for successful 
realization of many control techniques. Many modern 
engineering applications such as intelligent vehicles[10], 
microphone sensing[11], maintaining security of cyber–
physical systems[12], robotic manipulation tasks[13], 2-
degree-of-freedom helicopter[14], require real-time control 
based on linear models. 

In this paper, the continuous-time linear plant is 
discretized due to easier practical implementation, and then, 
the optimal control problem is considered. An adaptive 
optimal output feedback strategy for the discretized model 
is applied for optimal control of hydraulic actuator with 
unknown dynamics. Simulation results demonstrate the 
validity and effectiveness of the proposed control approach, 
in which the exploration noise does not affect accuracy of 
the solution of discrete Riccati equation. 

 
2. HYDRAULIC SERVO ACTUATOR 

Hydraulic systems are often employed in high 
performance applications that require fast response and 
high power. These applications include high bandwidth 
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control position and force. The problem is that these 
systems contain non-smooth nonlinearities caused by 
variable geometry and variable working conditions. The 
external load consists of the mass of external mechanical 
elements connected to the piston and a force produced by 
an environmental interaction. Schematic view of double 
acting, asymmetric hydraulic cylinder with connected four-
way spool valve is shown on Figure 1. 

 
Figure 1: Schematic representation of the valve-controlled 

asymmetric piston 

The total mass of the piston tm includes the mass of 
piston rod pm and the mass of the load m  referred to the 
piston. 

A detailed mathematical model derivation of the 
hydraulic servo actuator is given in [1]. Using this model, 
we can express the system model in the state space. 

 

2.1. Force balance equation for piston 
Applying Newton’s second law to the forces on the 

piston, the resulting force equation is: 
 ( )a a b b t f e extA p A p m y F y K y F− = + + +   (1) 

The spool valve displacement is denoted as vx . 
Pressures ap  and bp denote the forward and the return 
pressure, respectively, the corresponding flows are aq  and 

bq , y  is the piston displacement, eK denotes the load 
spring gradient, Sp  is the supply pressure, and 0p  is the 
tank pressure. The piston displacement depends on the 
action of fluid pressures as well as on the load referred to 
the piston. This load can be seen as summing effects of 
inertia which comes from the total piston mass tm , friction 
forces fF , spring load forces eK y and disturbance forces

extF . The total mass of the piston tm  in addition to the mass 
of piston rod pm also includes the mass m  of the load 
referred to the piston. The mass of the piston is considered 
together with the load mass due to the fact that, in every 
moment, the load directly affects on the piston. The term 

fF  in equation (1) describes the summing nonlinear effects 
of viscous, static and Coulomb friction forces of the system. 
The detailed analysis for the influences of friction forces 
can be found in [15]. The area ratio of the asymmetric piston 
is b aA Aα = , where bA  is the effective area of the head 
side of the piston, and aA  is the effective area of the rod 
side of the piston, see Figure 1. 

2.2. Pressure dynamics in cylinder chamber 
Applying the continuity equation to each of the 

cylinder chambers yields: 

 a
a Li a a

e

V
q q V p

β
− = +   (2) 

 b
b Li Le b b

e

V
q q q V p

β
+ − = +   (3) 

where eβ  is the bulk modulus of the fluid, Liq and Leq
denote the internal leakage flow and the external leakage 
flow, respectively. The internal leakage flow can be 
calculated by: 
 ( )Li Li a bq c p p= −  (4) 
where Lic  is the internal leakage flow coefficient. External 
leakage (leakage from each cylinder chamber to case drain 
or to tank) is usually neglected, 0Lea Lebq q= = . 

The total fluid volumes of two cylinder sides, aV  and 

bV , are given as:  
 0a a aV V yA= +  (5) 
 0 ( )b b aV V L y Aα= + −  (6) 
where L is the piston stroke and 0aV  and 0bV  represent 
initial chamber volumes. Equations (2) and (3) can be 
rearranged to yield the pressure dynamics equations 

 ( )
( )
e

a a a Li Lea
a

p q A y q q
V y
β

= − − −   (7) 

 ( )
( )

e
b b a Li Leb

b

p q A y q q
V y
β

α= + + −   (8) 

2.3. Valve flow equatins 
The flow through the i th valve orifice sviq  is 

described by next relation, which takes the direction of the 
pressure drop into account: 

 
 ( , ) sg( ) ( )svi v vi vq q x p c x sign p p= ∆ = ∆ ∆  (9) 
where 1,2, , 4i =  . 
The function ( )sg x  is defined by: 

 
, 0

( )
0, 0
x x

sg x
x
≥

=  <
 (10) 

where 1,2, , 4i =  . 
Discharge coefficients of valve orifices 0vic > , 1, 2,3, 4i =  
represent valve constants, which will be equal if all orifices 
are identical. Consider the four-way spool valve as shown 
in Figure 2. 

 
 

Figure 2: Four-way spool valve 
The corresponding flow equations for two valve 

chambers can be written as: 
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1

2

1 2

0 0

( ) ( )

( ) ( )

a sv sv v v s a s a

v v a a

q q q c sg x sign p p p p

c sg x sign p p p p

= − = − − −

− − − −
 (11) 

3

4

3 4

0 0

( ) ( )

( ) ( )

b sv sv v v s b s b

v v b b

q q q c sg x sign p p p p

c sg x sign p p p p

= − = − − − −

− − −
 (12) 

2.4. Dynamic model of the hydraulic servo actuator 
If state variables and input variables are defined as: 

 1 2 3 4[ ] [ ]T T
a bx x x x x y y p p=   (13) 

 vu x=  (14) 
then a completely nonlinear model of the hydraulic system, 
can be expressed in a state-space form as:

 

( )

( )

( ) ( )
1 4

3 2

1 2

2 3 4 2 1

3 3 3 3 0 3 0 2 3 4
1 0

4 4 4 4 0 4 0 2 3 4
1 0

1 ( ) ,

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

a a f e
t

e
v s s v a Li

a a

e
v s s v a Li

a b

x x

x A x A x F x K x
m

x c sg u sign p x p x c sg u sign x p x p A x c x x
A x V

x c sg u sign p x p x c sg u sign x p x p A x c x x
A L x V

α

β

β
α

α

=

= − − −

= − − − − − − − − −
+

= − − − − − − + + −
− +









 (15)

 It is known that there are coefficients with random 
characters in the nonlinear state space model of a hydraulic 
servo system [16]. Taking into account that some parameter 
changes have random character, as well as the possibility of 
approximation of nonlinear models with a model with time-
varying parameters, see [17], this paper proposes a linear 
stochastic model with time-varying parameters. 

It is now more convenient to define the pressure drop 
across the load, or simply the load: 
 L a bp p pα= −  (16) 
which can be seen as the "virtual" pressure required to 
counterbalance the friction and load forces. 

Finally, after linearization of nonlinear equations 
(15), using previous notation which allows us to present the 
hydraulic servo system in more compact form, with new 
state vector [ ] [ ]1 2 3 ( )T T

Lx x x y k y p∆ ∆ ∆ , the 
continuous time state-space description of the reduced 
order, can be obtained as [16]: 
 ( ) ( ) ( )x t Ax t Bu t= +  (17) 

 ( ) ( )y t Cx t=  (18) 

where 

0 1 0
10

10

a

m p

d
h

A
A

T m

K
T

 
 
 
 −

=  
 
 − −
  

, 0 0
T

QB K =   . 

The damping of the resonance frequency is determined by 
the viscous friction ( 1 m C pT B m− = − ) and the leakage (

1 hT− ), where m t CT m B= . Other useful quantities are the 

hydraulic capacitance , 1
d

h

AK
C

= , 

valve flow-pressure coefficients QpK , valve flow gains QxK
, as well as pressure sensitivities p x Q x Q pK K K=  and 
damping ratio: 
 ( ) 1

1 1
T T

j d j d d j dK R B P B B P A
−

− −= +  (19) 

3. OPTIMAL PROBLEM FORMULATION 
For practical implementation in the hydraulic 

actuator control system, we will consider the discretized 
system described by: 
 1k d k d kx A x B u+ = +  (20) 
 k ky Cx=  (21) 

in which Ah
dA e= , ( )

0

h
A

dB e d Bτ τ= ∫  and 0h >  is the 

sampling period, assuming 2h hω π=  is non-pathological 
sampling frequency [18]. In other words, one cannot find 
any two eigenvalues of A  with equal real parts and 
imaginary parts that differ by an integral multiple of hω . 
The state, input, and output vector at the sampled instant kh  
are kx , ku , ky , respectively. Then, both ( ),dA C  and 

( )1 2,dA Q C  are observable and ( ),d dA B  is controllable. 
Cost for (20)-(21) is: 

 0
0

( ) T T
d j j j j

j
J x y Qy u Ru

∞

=

= +∑  (22) 

The optimal control law minimizing (un) is 
 *

k d ku K x= −  (23) 
where discrete optimal feedback gain matrix is 

( ) 1* * *T T
d d d d d d dK R B P B B P A

−
= + , and *

dP  is the unique 
symmetric positive definite solution to 
 * * * * 0T T T

d d d d d d d dA P A P C QC A P B K− + − =  (24) 
Up to now, this known optimal control design 

method is mainly applicable to low order simple linear 
systems. In fact, for high order large scale systems, it is 
usually difficult to directly solve *

dP  from (24), which is 
nonlinear in dP . Nevertheless, many efficient algorithms 
have been developed to numerically approximate the 
solution of (24). One of such algorithms was developed by 
Hewer [19]. By iteratively solving the Lyapunov equation 

( ) ( ) 0
T T T

d d j j d d j j jA B K P A B K C QC K RK− − + + =  (25) 
which is linear in jP , and updating jK  by 

 ( ) 1

1 1
T T

j d j d d j dK R B P B B P A
−

− −= +  (26) 

2e e
h

A B
C

V V
β βα

 
= + 
 
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the solution to the nonlinear equation (24) is numerically 
approximated. It has been concluded that sequences { }

0j j
P

∞

=
 

and { }
0j j

K
∞

=
 computed from this algorithm converge to *

dP  

and *
dK , respectively. Moreover, for 0,1,j =  , d d jA B K−

is a Schur matrix. 
It should be noted that Hewer’s algorithm is model 

based policy iteration (PI) algorithm which cannot be 
implemented when the system matrices are all unknown, 
since it is an offline algorithm relying on system 
parameters. In order to implement it online, we will develop 
an adaptive optimal control algorithm for the discretized 
system (20)-(21) via output feedback which does not rely 
on the knowledge of the system matrices. 
 

4. ADAPTIVE OPTIMAL CONTROLLER DESIGN 
Just like in [8] the extended state equation using 

input/output sequences on time horizon can be written as  
[ , 1]k N k− − : 

 1,

1, 1,

( )
( ) ( )

N
k d k N k k N

k k N k N k k N

x A x V N u
y U N x T N u

− − −

− − − − −

= +

= +
 (27) 

where 
1, 1 2[ ]T T T T

k k N k k k Nu u u u− − − − −=   

1, 1 2[ ]T T T T
k k N k k k Ny y y y− − − − −=   

1( ) [ ]N
d d d d dV N B A B A B−=   

1( ) [( ) ( ) ]N T T T T
d dU N CA CA C−=   

2

3

0
0 0

( )
0 0 0
0 0 0 0

N
d d d d d

N
d d d

d

CB CA B CA B
CB CA B

T N
CB

−

−

 
 
 
 =
 
 
  





    





 

and max( , )u vN ρ ρ=  is the observability index, where uρ
is the minimum integer which can make ( )uU ρ full column 
rank, vρ is the minimum integer which can make ( )vV ρ full 
row rank.  

A lemma about the uniqueness of state 
reconstruction is shown below.  
 
Lemma 1. Given a controllable and observable system (20)
-(21), the system state is obtained uniquely in terms of 
measured input/output sequences by 

k kx z= Θ                                 (28) 
where ( ) ( )u yM V N M T N= − , ( )N

y dM A U N+= , 

u yM M Θ =   , 1, 1,

TT T q
k k k N k k Nz u y− − − − = ∈   , where 

[dim( ) dim( )]q N u y= + . 
Now, based on (25)-(26) online output feedback learning 
strategy for linear discretized system (20)-(21) can be 
derived. The discrete model (20) can be rewritten as 

( )1k j k d j k kx A x B K x u+ = + +                  (29) 

where j d d jA A B K= − . Letting j jK K= Θ and 
T

j jP P= Θ Θ , from (25) and (29) it follows that, 

( )
1 1

1 1 2 2( ) ( )

T T
k j k k j k

T T T
к j к j k k k j j k

z P z z P z

vec H vec H y Qy z K RK zφ φ
+ + − =

+ − +
      (30) 

in which 1 T
j d j dH B P B= , 2 T

j d j dH B P A= Θ , 
1 ( )( )T T T T T T
к k k k k j ju u z z K Kφ = ⊗ − ⊗ ⊗ , 
2 2 ( )( ) ( )T T T T T
к k k q j k kz z I K z uφ  = ⊗ ⊗ + ⊗   

This assumption is related to the condition of persistent 
excitation in adaptive control theory [20]. Then, 1jK + can 
be computed as  

( ) 11 2
1j j jK R H H

−

+ = + .                  (31) 

Here, (30) is called policy evaluation, which is used to 
uniquely solve jP , and (31) is policy improvement (PI), 

which is used to update control gain 1jK + . Then, we present 
our output feedback adaptive optimal control algorithm. 

 
Figure 3: Flowchart of adaptive optimal controller design 

5. SIMULATION RESULTS 
A basic prerequisite for energy savings in processes 

of production, transportation, and energy consumption is a 
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high-quality synthesis of optimal control algorithm. In this 
section, we conduct simulations on the valve-controlled 
hydraulic actuator to show the effectiveness of the output-
feedback ADP control algorithm in the case with unknown 
system matrices and unmeasurable states.  

Through iterative calculation, the approximated optimal 
control gain and performance index for the discrete-time 
system can be obtained. Furthermore, the discrete control 
policy is implemented on the continuous plant by zero-order 
holder. Adopted sampling time is 0.1h s= .  

The model parameters are: 82.1 10e Paβ = ⋅  is the bulk 
modulus of the fluid, 110eK −= denotes the load spring 
gradient, extF represents the load force disturbance on the 
piston, 40Sp bar=  is the supply pressure, and 

0 1.7p bar=  is the tank pressure, 6 3
0 0 8 10a bV V m−= = ⋅  

represent initial chamber volumes, 1L m=  is the piston 
stroke, 20m kg= is the piston mass.  

The area ratio of the asymmetric piston is 
b aA Aα = , where 4 22.36 10bA m−= ⋅  is the effective area 

of the head side of the piston, and 4 24.91 10aA m−= ⋅  is the 
effective area of the rod side of the piston. Discharge 
coefficients of valve orifices 1.14vic > , 1, 2,3, 4i =  
represent valve constants, and 145 10Lic −= ⋅  is the internal 
leakage coefficient.  

Behavior of the control algorithm will be considered 
on discretized continuous linear model (17)-(18). For the 
purpose of simulation, Q and R  are chosen to be identity 
matrices. The observability index is N = 3 and the stopping 
criterion is 0.1ε = . By solving of the discrete-time Riccati 
equation (24), we get the optimal values *

dP , *
dK .   More 

precisely

 *

 269.1657 -377.7014 139.5220 7.7063 -276.6863 293.3140
-377.7014 535.9737 -199.3177 -10.0756 387.6731 -419.0086
139.5220 -199.3177 74.4521 3.7667 3.7667 156.5180

7.7063 -10.0756 3.7667 1.5862 -7.2146 7.9186
-276.6830 387.

dP =

6731 -142.9420 -7.2146 284.9547 -300.5013
293.3140 -419.0086 156.5180 7.9186 -300.5013  329.0404

 
 
 
 
 
 
 
 
  

 (32) 

 [ ]* 3.3615 -4.4696 1.6358 0.3700 -3.3307 3.4388dK =  (33)
The input/output data are collected from 0.8 to 4 seconds, 
and the PI is started from t = 4s. The online information of 
input and output are collected in the whole process and the 

adaptive optimal controller is also computed iteratively. 
After 6 iterative iterations, we obtain the derived 
approximate optimal values as shown below: 

 *
6

 269.1659 -377.7057 139.5221 7.7082 -276.6863 293.3106
-377.7057 535.9646 -199.3158 -10.0757 387.6722 -419.0119
139.5221 -199.3158 74.4526 3.7667 -142.9427 156.5181
 7.7082 -10.0757 3.7667 1.5861 -7.2146 7.9186

-276.686

P =

3 387.6722 -142.9427 -7.2146 284.9548 -300.5016
293.3106 -419.0119 156.5181 7.9186 -300.5016 329.0404

 
 
 
 
 
 
 
 
  

 (34)

 [ ]*
6 3.3615 -4.4695 1.6358 0.3700 -3.3306 3.4387K =  (35) 

Figures 4-6 depict the plots of input, output and states of the 
hydraulic actuator. At t = 4s, the approximated optimal 
control gain is thus obtained by applied optimal ADP and is 
implemented online. 

 
Figure 4: Trajectory of input 

 
 
 

 
Figure 5: Trajectory of output 
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Figure 6: Trajectory of states 

 
6. CONCLUSION 

In this paper, ADP based optimal controller design 
has been considered for the hydraulic servo actuator with 
completely unknown dynamics. Applied sampled-data 
adaptive optimal control strategy based on the discretized 
model and output feedback has been shown as useful tool 
in this cases. It should be noted that exploration noise does 
not affect accuracy of the solution of discrete Riccati 
equation. Simulation results demonstrate the validity and 
effectiveness of the proposed control approach. 
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The paper discusses electrohydraulic variable supply systems in different design concepts. In the forefront of 

discussion are design concepts with constant and speed-controlled electric motor in combination with constant and 
variable pumps, implemented within different control strategies. 
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1. INTRODUCTION 
Reductions in energy consumption and noise 

reduction regarding drive systems, as well as cost-
effectiveness, are increasingly important factors in modern 
machinery design. All of the above requirements are 
especially important for machines equipped with hydraulic 
supply and drive systems. Application areas are heavy tool 
and metal shaping and forming machines, presses, and 
extruders, machines in the steel processing industry and all 
machines with a large installed power in many other areas. 
In some applications, rational energy use is more 
important than drive dynamics, while in other cases it is 
important to both. [1-2] 

Adapting to the energy needs of the actuator, to the 
current load of the actuator or actuators, can be achieved 
with an adaptive hydraulic power supply system and an 
appropriate strategy for adjusting the power of the 
hydraulic actuator or actuators. For example, the Load-
Sensing, LS system, has long been known as one such 
system, as well as the Flow-Matching system and many 
other variants, which represent larger or smaller upgrades 
of these and similar systems of this kind. What these 
systems have in common is that adjustable, variable 
hydraulic pump flow is used to adapt to the needs of the 
actuators – volumetrically pump control. Only the 
principle of volumetrically-controlled hydraulic energy 
(variable supply systems e.g. with the use of variable 
pumps), has proved satisfactory for the above 
requirements and solutions. In some cases, adaptation can 
be achieved with both hydraulic-mechanical and electro-
hydraulic variant of the pump control, whereby the latter 

variant providing a number of additional advantages, 
especially in terms of the use of appropriate adaptive 
control concepts – electro-hydraulic adaptive control 
concepts. In this regard, electro-hydraulic solutions in 
particular, make it possible to use all the advantages of 
modern electrical signal transmission and controller 
designs. [3-6] 

In the electro-hydraulic version hydraulic variable 
supply systems of the pump control can be, in principle, 
controlled on hydraulically (pump control) or electrically 
(electric motor control) site. Constant-speed electric 
motors in combination with a variable displacement 
volume pump are commonly used solutions, in order to 
control flow, or consequently, the pressure of the fluid. 
The second concept represents the drive design using a 
constant displacement volume pump in combination with 
variable rotational speed electric motor. The latter concept 
is extremely interesting in praxis due to the affordable 
price and robustness of the complete drive. This is 
especially true in cases where a conventional, speed-
controlled asynchronous electric motor and a suitable gear 
pump are used to perform the drive. In the third case, a 
speed-controlled hydraulic variable pump can be used. [7-
10] 

All three mentioned examples of variable drive 
design concept: variable pump and constant electric motor 
(hydraulic pump variable system), constant pump and 
variable speed electric motor drive (electric variable 
hydraulic system) as well as variable pump and variable 
speed electric motor drive (electric and hydraulic variable 
system), are shown schematically in Table 1. 

Table 1: Different electrohydraulic variable drive concepts 
 Design concept CV 

 
 

Asynchronous motor 
Variable axial piston pump 

Design concept VC 
Variable frequency drive 

controller 
Asynchronous motor 
Constant gear pump 

Design concept VV 
Variable frequency drive 

controller 
Asynchronous motor 

Variable axial piston pump 

Pump's rotational speed Constant Variable Variable 

Pump's displacement Variable Constant Variable 

Scheme 

    

M 

 

 

 

M 

 

 

 

M 
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The paper discusses in more detail two design 

concepts for speed-controlled hydraulic drives. In the first 
case, a simpler example of a speed-controlled constant 
hydraulic pump is presented, using a cost-effective 
frequency-controlled asynchronous electric motor. A 
press-brake machine served as an example of the 
application of this concept. In the second case, the concept 
of a speed-controlled variable pump is presented. This 
concept involves the simultaneous control of the rotational 
speed of the drive electric motor combined with 
simultaneously adjusting the variable axial piston pump. 
This concept of cascade-control, with two controllers, 
enables the control of the drive with the highest efficiency, 
at the same time with higher dynamics. 

 
2. VARIABLE PUMP FLOW WITH CONSTANT PUMP 

The use of a constant pump driven by a speed-
controlled asynchronous electric motor is one of the most 
cost-effective variants. In the case of a robust gear pump 
with internal gears, the entire design is additionally very 
robust and less sensitive to solid contaminants in hydraulic 
fluids. Using a low noise gear pumps (so-called silence 
pump), the noise level of the hydraulic drive is lower. 

In a variant with a speed controlled asynchronous 
electric motor and the constant pump, the question often 
arises about the dynamics of the drive and its efficiency. 
“What are the characteristic properties and comparative 
advantages or disadvantages of this concept, particularly in 
regard to dynamic behaviour?” and “Is it possible to 
replace an existing hydraulic supply system powered by a 
hydraulic-mechanically controlled variable pump, with a 
speed-controlled constant pump?” The main concern is the 
high inertia of electro motors’ rotational parts, compared 
to the swash-plate of a variable pump. 

In order to answer the above questions, the real 
application of an industrial press-brake was considered, 
which is used for cast product finishing in the automotive 
industry. Part of the hydraulic scheme of the discussed 
hydraulic press brake with its existing hydraulic-
mechanically controlled axial piston pump needing to be 
replaced with speed controlled constant pump, is shown in 
Figure 1 (for more details see [4]). 

Figure 1: Hydraulic press brake with a variable pump 
replaced with a speed controlled constant pump 

Each machine has its own working cycle – the 
duration of each working phase and the dynamics of speed 
changes between phases. In the case of replacing one type 
of drive with another, special care must be taken to ensure 
the same dynamics. This is even more important in the 
case of speed control with an electric motor, which is 
characterized by a large inertia mass of the rotor. 

For the purpose of using a different drive concept, 
it is therefore first necessary to check the drive dynamics: 
to know the exactly profile of the working cycle. In the 
next step, it makes sense to build a test facility where we 
can practically check the dynamics of the new drive 
concept and give a statement on the suitability of the drive. 

In order to carry-out the intended drive 
replacement, it was necessary to establish a real working-
profile of the machine and its pressure characteristics over 
the whole working cycle and adapt it for testing purposes. 
The actual course of pressure changes in regard to more 
dynamically demanding machining is presented in 
Figure 2. It was used as a starting point for further studies.

 
Figure 2: Real pressure profile over the working cycle with working phases 
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Figure 3: Adapted pressure profile for testing purposes 

 
An adapted, but dynamically comparable pressure 

profile was generated, to be achieved by using a speed-
controlled constant pump in load-sensing control 
concept. The adapted profile is presented in Figure 3. 

2.1. Testing the speed-controlled constant pumps concept 
In the first step, it was necessary to determine the 

difference in the dynamics of the response in the pressure 
control, performed once with a conventional variable 
pump and a second time with a speed-controlled constant 
pump. For this purpose and for the purposes of further 
research, a multi-purpose test facility was built, as shown 
in Figure 4. The drive capacity of the existing power unit 
was considered. A selection of those components to be used 
on the suggested drive concept was introduced for the test-
rig. Cost-effective industrial components, available on the 
market, were used intentionally to build the rig. 

A commonly used variable axial piston swash-plate 
pump (A10VSO NG30, Bosch-Rexroth), driven by a 
15 kW asynchronous electric motor was used for the 
variable pump principle. Due to the constant drive speed 
(1500 min-1) the flow depends solely on the pump swash-
plate angle. Control of the swash plate system is done by a 
proportional valve. The swash-plate control system is 
internally supplied from the pressure control pipeline 
system. Consequently, additional disturbance is 
introduced, but no additional supply system is needed. 

For the concept of speed-controlled constant pump, 
axial piston pump was replaced by a constant internal gear 
pump (PGF3 31/032RE07VE4, Bosch-Rexroth) driven by 
the same 15 kW, but now speed-controlled asynchronous 
electric motor. The electric motor is driven by a frequency 
converter (Midimaster vector 6SE32, Siemens). The pump 
supplies a hydraulic pipeline system of equivalent length 
and dimensions (comparable hydraulic capacity and 
inductivity [4]), and corresponds to the existing pipeline 
systems of the press-brake, or different design variant 
(variation of pipeline lengths). 

Overloading of the system is prevented by an 
additional pressure relief-valve. The remaining 
components of the test-rig are the loading unit, pressure 
sensors, and the control and signal acquisition system. 

The loading unit consists of two throttle valves TV1 
and TV2 which, used together with a proportional pressure 
valve, make-up the load – hydraulic cylinder of the press. 
The components of the loading units enable realistic 
simulation of the real system’s workloads. Disturbances of 

the control, such as switching on/off the additional 
actuators, was simulated by a directional-valve mounted in 
front of the throttle valve TV2, enabling an almost instant 
change in the hydraulic flow. 

Two additional pressure sensors were applied at the 
pump outlet port (p1), and at the end of the pipeline system 
(p2), for pressure variation acquisition. 

All the devices needed for control of the constant 
pump and variable-speed electric motor (setting of control 
structure, controllers…) were integrated into the frequency 
converter. The setting of reference values, data acquisition, 
monitoring, and graphical interfacing were performed 
using a personal computer. 

 
Figure 4: Structure of the test-rig 

2.2. Features of both control concept  
The conceptual design of such complex systems, 

including the interference of hydraulics, electronics, 
control techniques and sensor technology is a very 
demanding task. Application of a suitable block scheme 
can be a very helpful tool. 

The special features of both concepts must be 
considered in order to understand and clearly describe the 
actual state and, consequently, specific behavior of the 
discussed control systems. [4] 

For instance, in the case of the variable pump, it 
is reasonable to consider a specific type of supplying 
swash-plate system. An internally supplied 3/2-
proportional control valve was used in our case. Such a 
design solution is simpler than a valve with additional 
external supply, but has certain disadvantages: any change 
in the disturbance value or reference values, influences the 
control loop’s properties. A variable amount of fluid 
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needed for internal valve supply is taken from the 
controlled pipeline system, with the additional influence of 
the current pressure level. Consequently, inferior dynamic 
and static performance can be expected. 

The principal simple block scheme of pressure 
control with a variable pump within a single control loop, 
and including the above specific features as used on our 
test rig, is presented in Figure 5 above. 

When constant pump and speed-controlled 
asynchronous motor are used for pressure (or for flow as 
well as power) control, there are two active control loops: 
the speed control loop of the asynchronous motor as a 
secondary (internal) control loop, and the pressure control 
as a primary control loop. Such a solution is known as 
cascade-control [13]. 

In the case of cascade-control, two variables, 
pressure p and electric motor turning speed n are 
monitored. Both values are measured and controlled. A 

principal block diagram of pressure control in the case of a 
constant pump is shown in Figure 5, below. The control 
system structure is typical example of cascade-control. 

In the case of cascade-control, special attention 
should be paid to choosing an appropriate type of 
controller (see e.g. [13]). It is important to ensure that the 
selected secondary controller provides sufficient control 
loop dynamics, which must be as fast and stable as 
possible, over whole the expected operating range. The 
primary controller must allow for optimal pressure control 
behaviour. In the case under consideration, a P-controller 
was used in the secondary loop, and a PID-controller was 
used in the primary control-loop. When both secondary 
and primary controllers are applied, more appropriate 
dynamic behaviour can be expected. The application of a 
secondary controller allows for faster disturbance 
handlings in the secondary loop. 
 

 
 

 
Figure 5: Principal block diagram of discussed control concepts; with a variable pump (above) and constant pump (below) 
 

For the testing purposes regarding the dynamic 
behaviour of both pressure control concepts a principal 
pressure profile of the combined reference-disturbance 
behaviour, for the equal pipeline length, was designed – 
Figure 6. The assumed ratio of dynamic responses 
corresponds to the ratio of inertia of the electric motor’s 
rotational parts, compared to the swash-plate of the 
variable pump. Consequently, due to a higher electric 
motor, the inertia speed-controlled concept is expected to 
react more slowly. 

The reference behaviour of the control (following 
the prescribed reference pressure profile) is presented by a 
step change of the reference value up to 140 bars. The 
disturbance behaviour is afterwards simulated by 
switching the additional load (throttle valve TV2) on/off. 
Throttle valves are adjusted in such manner that at the 
working point OP1 the pump flow tilts in order to deliver 
35 % of maximum flow and approximately 70 % in OP2. 

 
Figure 6: Expected responses to the reference and  

disturbance steps for both drive concepts 
Rapidly opening of the throttle valve causes a 

substantial drop in pressure. Consequently, fluid flow 
changes according to the components characteristics. Due 
to control error, the swash-plate angle is increased, in the 
case of speed-controlled motor, and turning speed is 
increased, respectively. Until the flow through the throttle 
valves is higher than the pump flow, the pressure 
decreases. In order to sustain the required pressure, the 
pump must replace the missing volume. The swash-plate 
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angle, or electric motor turning speed, respectively, 
increases until the pressure exceeds the required value. 
When the required pressure is reached, both the increasing 
values remain fixed. Analogous, but inverse behaviour is 
present when closing the same throttle valve. 

It is necessary to perform both control concepts 
under equal conditions: the same operating conditions, 
same change of operational points, same pipeline lengths 
and same loads. 

A satisfactory answer to the question: “What is the 
actual difference between the dynamic responses of both 
pressure control concepts?” can only be obtained by 
experimental comparison of both. A comparison of the 
concepts is shown here only for the case of a 33 m long 
pipeline and for equal control requirements. 

The main objective of the control was to achieve a 
quality pressure profile as a controlled quantity, regarding 
reference and disturbance actions: small or no steady state 
errors, acceptable overshoot, appropriate dynamics and a 
short-time of disturbance compensation. The control 
responses achieved by the variable and constant pump are 
presented in Figure 7. 

The Figure 7 shows the dynamic responses to 
typical steps in the reference value achieved with the 
variable pump in a test the configurations for 33 m long 
pipeline. Any influence on the operating points and 
corresponding pressure losses can be noticed. The pressure 
losses (difference between p1 and p2) are due to a 
relatively smaller pump flow in OP1 (see value of the 
swash-plate angle α) smaller than in OP2. 

 

 
Figure 7: Experiment; pressure, rotational speed and power distribution in the case of a variable pump (above) and a 

speed-controlled constant pump (below) 
 

Comparison of the dynamics regarding the 
reference behavior of pressure between variable and 
constant pump concepts gives the ratio 1 : 4.7. In the case 
of disturbance behavior when switching on the load, the 
obtained ration is approximately 1 : 3 and by switching the 
load off 1 : 4.4. Based on the obtained experimental 
results, the general ratio of dynamic responses (variable 
pump versus constant pump principle) can be estimated at 
between 1 : 4 and 1 : 5. In other words, the variable pump 

control, CV-concept responds 4 to 5 times faster than the 
constant pump VC-concept, in spite of the much higher 
rotating masses inertia ratio (swash-plate versus electric 
motor rotor). 

Besides the known dynamic ratio of both compared 
control concepts, it is reasonable to consider some other 
features like the necessity of pressure signal conditioning, 
choice of appropriate electric motor and frequency 
converter to be applied in hydraulic systems and, 
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nevertheless, to choose an appropriate constant pump and 
to be familiar with the operational regime that is to be 
applied in such a concept. This complex and 
interdisciplinary know-how is needed to assure faultless 
and maintenance-free operation. 

In the case of constant pump VC-concept, much 
higher pressure pulsation can be noticed than in the case of 
the variable pump. Such behavior can be ascribed to the 
applied signal conditioning. 

In the case of variable pump flow and, 
consequently, pressure pulsation corresponds to the 
turning speed, the number of pump pistons, and is 
constant. Signal filtering can be set regarding the above 
known frequency. This is not the case when pressure 
control is realized with a constant pump and variable 
electric motor turning speed. Frequency changes according 
to the value of the product: number of gear teeth times 
turning speed. 

In the case with speed-controlled pump, it is 
possible to filter the controlled value with a filter of 
constant settings, whereas it is inapplicable in the second 
case. An adaptive filter (see e.g. [14]) should be used or a 
turning speed (operating point) should be chosen, where 
the signal filtering is optimal. Consequently, signal 
filtering will not be optimal at every other turning speed. 
The latter type of filtering was applied in order to preserve 
a simple design for the suggested control concept. 
Consequently, it results in higher pulsation of the pressure 
at every non-optimal rotation speed, and a corresponding 
influence on the control of the electric motor’s rotation 
speed. For more information regarding pressure control 
with both concepts and different influencing factors, 
modelling the system is given in the literature [12], [13], 
[15], [16]. 

2.3. Load-sensing pressure control concept 
In our case, the implementation of a speed-

controlled constant pump, the pressure control was 
performed according to the load-sensing (LS) control 
concept. When supplying a number of independent valve-
controlled actuators with different loads and with a single 
pump, in the load-sensing concept, the supply pressure is 
adjusted to suit the actuator’s highest pressure value. 

In a load-sensing concept, the supply pressure is 
variable. It changes to accommodate the highest load 
pressure. It lies at a value ∆pLS above the highest load 
pressure. When the LS-system with variable pump is used, 
the pressure and flow dependent losses are reduced. 
Pressure is measured at the most loaded actuator p2, (see 
Figure 4), while the pump is controlled according to the 
pressure increased by a certain ∆pLS (actual pump control 
pressure is: p2 + ∆pLS), needed to cover the losses in a 
hydraulic pipeline system. The use of a variable displacement 
pump in a load-sensing operation presents the most 
economical energy supply type for several valve-controlled 
actuators (for more details see [12]). 

LS-control concept is, in fact, a pressure control 
approach where the controlled value is not ‘given from 
outside’ but generated inside the controlled system, 

depending on the actual load. The required pressure level 
corresponds to the current level of load increased for the 
value of the pressure difference due to the load ∆pLS. To 
reduce power losses, ∆pLS should be as small as possible, 
then again big enough to ensure the expected dynamic. 

In the following, the LS-pressure control concept 
using a variable speed motor and constant pump was 
tested experimentally for a previously presented 
operational profile of a metal forming machine. Such a 
strategy was chosen due to the fact that the hydraulic 
cylinder of the press for most of the working cycle 
operates as the most loaded actuator with variable load 
(except in the initial and final phases during product 
manipulation – see Figure 2). Above all, the main purpose 
of the presented work was to check the feasibility of the 
LS-control concept with a variable speed motor and 
constant pump in the case of a real operational profile for 
metal-forming machine. 

Application of such concept was motivated by 
scepticism regarding the dynamic properties of control 
systems using variable pumps with higher inertia of 
rotational parts. It could be even slower in combination 
with the LS-control concept where the controlled value is 
generated inside the controlled system. 

The existing controllers in the used frequency 
converter were used for realization of cascade-control. It 
was necessary to configure the control structure and set 
appropriate controller parameters, to meet the 
requirements of the described cascade control. Definition 
and optimisation of both controllers was carried out, in 
accordance with the principles of the control technique: 
always in a stable and optimally steady-state, and with 
dynamic behaviour. The above-mentioned necessary tasks 
were also done in compliance with the manufacturer's 
instructions for the applied frequency converter. 

A PI-controller was used, as a secondary 
controller, to control speed, whereas the integral parameter 
was set as low as possible (to achieve behaviour similar to 
the suggested simple P-controller). A PID-controller was 
used, as primary controller, to control the pressure, 
whereas a higher integral parameter was set to achieve 
pressure control without steady-state error. 

An actual profile of the achieved control-values, 
using the suggested LS-control concept, is shown in 
Figure 8. The actual profile is in accordance with a 
simplified pressure profile as shown in Figure 3. The 
variable flow of the constant pump and power is presented, 
in addition to the pump pressure profile. The latter two 
profiles were calculated from the actual turning speed and 
geometrical volume of the pump, regarding the influence 
of compressibility and temperature of the media. 

The pressure, rotational speed and calculated 
power of the driven electrical motor are achieved using 
load-sensing reference value ∆pLS,ref = 10 bar. As 
mentioned before it must be sufficient to cover all pressure 
losses in the system and to enable expected dynamics. 
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Figure 8: Experiment; pressure, rotational speed and power distribution in the case of  

a speed-controlled motor and internal gear pump ∆pLS,ref = 10 bar 
 

As it can be seen from Figure 8, ∆pLS,ref =10 bar 
enables suitable dynamics of the actuator pload = p2 – press 
cylinder to follow pressure changes during the working 
cycle. 

Choosing a suitable ∆pLS,ref is very important for 
achieving adequate dynamics. This system will provide 
very good control dynamics if too high a value is selected, 
but will operate at higher pressure than needed. 
Consequently energy consumption and power losses will 
be increased. In the case of ∆pLS,ref set too low (e.g. 
∆pLS,ref = 6 bar), power losses will decrease but it will be 
impossible to achieve the required control dynamics. To 
satisfy general power-loss reduction efforts, it certainly 
must be taken into account. [4] 

As can be seen from the experimental results, the 
suggested LS-control concept using variable speed motor 
and constant pump enables low energy losses and 
reasonably priced solutions. It can be used for metal 
forming machines, despite some doubt regarding 
dynamics. 

3. VARIABLE PUMP FLOW WITH SPEED 
CONTROLLED VARIABLE PUMP 

The fact is, that the most machines are still using 
the classic drive concept: A constant volume pump or, as a 
better solution, the usage of a variant variable 
displacement pump, in both cases driven at constant speed. 
The requirement for greater robustness, taking into 
account the reasonable price, has led to usage of the speed 
controlled constant pumps. However, such a concept 
cannot meet the dynamic requirements of the classic drive 
concept. 

The more effective approach, to adapt the supply 
energy to the actual needs of the actuator(s) or load, offers 
the combination of a variable pump and a speed-controlled 
electric motor. Within this drive concept, two parameters 
need to be adjusted: The rotational speed of the electric 
motor and the displacement volume of the used variable 

pump as well. All three mentioned adaptive supply 
principles with main properties are shown in Table 1. 

More information regarding the detailed drive 
design, including the specified type and characteristics of 
used components, along with its efficiency, reliability, 
robustness, operating costs, purchase price, has been the 
subject of various researches e.g. [17] – [22]. The same 
applies to studies related to the use of a wide range of 
control concepts and control strategies, from classical to 
non-linear approaches that have proven to be effective on 
hydraulic or other types of drives, e.g. [23] – [29]. In 
studies, the focus was on efficiency of a specified drive 
concept, at different operating points, but with less 
attention to its dynamics. 

In this control concept (VV-concept), two aspects 
are in the forefront of interest. The first is achievable 
dynamics, as in this case we have two options to "speed 
up" the response: by changing the setting of the variable 
pump (for example, the angle of the swash-plate of the 
axial piston pump) and at the same time by changing the 
speed of the electric drive motor above the nominal speed 
characteristic for mains voltage frequency. 

Another aspect is to achieve the best possible 
efficiency of the entire electric motor-pump drive unit. For 
both the electric motor and the pump, the value of the total 
efficiency of each component depends on the operating 
parameters. Thus, e.g. the value of the total efficiency of 
the variable pump depends on the operating speed of the 
pump, the height of the operating pressure and the setting 
of the variable pump (of course at a certain viscosity of the 
hydraulic fluid). Similarly applies to the efficiency of the 
electric motor. In the case that the maximum efficiency of 
the entire drive is at the forefront as a control strategy, the 
speed of the electric motor and the pump setting can be 
adjusted so that at each operating point, the total efficiency 
is always in the area of the highest values. Similarly, we 
can set a strategy for achieving the fastest system 
response. 
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In the case of using a variable pump, a fourth 
concept can be used: the variable pump can be used as a 
constant pump, by setting it to the maximum flow 
quantity, or even to a smaller one. This variant 
corresponds in principle to the use of a constant pump, e.g. 
gear pumps, only in this case we use another type of 
pump, e.g. axial piston pump (APP), which has a higher 
efficiency than the gear pump. In the case of a speed-
controlled variable APP set to a constant maximum value, 
this concept could be termed VC-APP-concept. 

3.1. Comparison of dynamics and efficiencies 
To compare different drive concepts, the 

comparison criteria need to be chosen. The most sensible 
is to compare the efficiency. However, since all the drive 
concepts do not follow the pressure set-point the same 
way, it is necessary to compare the included control error - 
the difference between the pressure set-point and the 
actual pressure. This can best be done by calculating the 
root mean squared error according Eq. (1), since it 
eliminates the influence of the sign of the error. 
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RMSE [bar]   root mean square error 
n  [-]       number of pressure measurements 
p*(i) [bar]   pressure set-point of ith measurement 
p(i) [bar] ... actual pressure of ith measurement 

 

Because the pressure waveform is different, 
supplied hydraulic energy is also not the same for all 
concepts, so it makes sense to add the consumed electrical 
and supplied hydraulic energy to the list. A lot of 
information of the dynamics of each concept is hidden in 
overshoot and setup time of the step change. Overshoot is 
defined as the maximum excess of the desired value of; 
set-time as the time that elapses from the initiation until 
the actual value reaches and remains within 5 % of the 
desired value. The comparison will include both 
parameters at a step change from 50 bars to 150 bars. 

To increase ease of comparison, all the criteria will 
be combined using weighted average, which will result in 
a numeric score. All the criteria, including weights, are 
shown in Table 2. 

The best scores in each category are indicated in 
Table 3. The percentages for all criteria are weighted, 
summed and displayed in the last column of Table 3. 

The consumed electricity and the supplied 
hydraulic energy have been measured over 50 consecutive 
cycles, which improves the accuracy of the measurements, 
as a cycle lasts for only 5 s. The average yield was 
calculated as the quotient between the produced and 
consumed energy. Both form of energies quoted in Table 4 
refer to one cycle. RMSE was calculated for the entire 
cycle and only sinusoidal change (3 s to 5 s). For the 
second step, settling time and overshoot were calculated. 
A close-up view of step changes of all the concepts is 
presented in Figure 9. 

Table 2: Weights and criteria for comparing different drive concepts 
Category Energy Dynamics 
Category weight 60 % 40 % 

Criterion Average 
efficiency 

Consumed 
electricity 

Supplied 
 hydraulic 

 energy 

Total 
RMSE Sine RMSE Settling 

time Overshoot 

Weights inside 
category 50 % 30 % 20 % 60 % 20 % 10 % 10 % 

Final weights 30 % 18 % 12 % 24 % 8 % 4 % 4 % 

 
Figure 9: Comparison of step responses (from 50 bars to 150 bars) for different drive concepts  
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Table 3: Measurement results of dynamics of different drive concepts 

Concept Average 
efficiency 

Consumed 
electricity 

[kJ] 

Supplied 
hydraulic 

energy 
[kJ] 

Total 
RMSE 
[bar] 

Sine 
RMSE 
[bar] 

Settling 
time 
[s] 

Over-shoot 
[bar] Total 

CV-concept 57,7 % 46,2 26,7 12,55 8,10 0,22 1,63 94,0 % 
VC-concept 56,9 % 45,4 25,8 21,22 14,42 0,28 7,07 79,7 % 

VC-APP-concept 57,5 % 46,0 26,5 19,79 12,56 0,36 0 83,1 % 
VV-concept 53,6 % 47,5 25,5 14,49 4,45 0,13 14,00 89,3 % 

 
Based on the average efficiency all the drive 

concepts perform similarly. The least efficient was the 
VV-concept with PID2-controller. The smaller average 
efficiency is due to non-optimal setting of the pump 
setting, and the unneeded acceleration and braking of the 
rotating parts. Although the desired pressures for all the 
concepts are the same, the produced hydraulic energy 
differs throughout different concepts, due to different 
control strategies. Concepts with lower dynamics 
produced less hydraulic power. 

The ability to trace the desired profile is higher 
when using a variable displacement pump. RMSE is there 
more than 3-times lower. The dynamics of the systems are 
similar; VV-concept, which has for one-third the shortest 
settling time times with little higher overshoot. We were 
surprised that the dynamics (short settling time) of the 
drive concepts using a variable displacement pump were 
approximately 3-times higher, compared to those using a 
constant pump, whereas the literature states approximately 
4-times higher dynamics. The case for this difference 
could be noise on the pressure signal, which prevented us 
from attenuating the controller parameters further. 

4. CONCLUSION 
Using a constant speed electric motor and variable 

pump (CV-concept) is the concept with a fairly high 
dynamic but a lower overall efficiency, (when also 
considering the electric motor efficiency at the pump’s 
operating point), and less robust than a constant pump and 
variable speed drive (VC-concept). 

VC-concept was asserted mainly due to good 
efficiency and a wide operating range [31]. It also excels 
at lower operating costs and a consecutively smaller effect 
on the environment. Lower operating costs and higher 
efficiency come mainly from the more efficient connection 
of the motor to the electrical grid via a variable-frequency 
drive controller. However, VC-concept also has one major 
drawback: a slow system response that occurs due to the 
moments of inertia of the rotating parts (motor rotor and 
rotary parts of the pump). The response of CV-concept is 
up to 5 times faster than the response of VC-concept [30] 
but both responses are good enough for most hydraulic 
applications. 

If we look for the highest efficiency of the entire 
drive train at high responsiveness, the third concept (VV-
concept) is promising drive concept. The biggest drawback 
of VV-concept is the highest purchase price amongst all 
the concepts because a variable frequency drive controller 
and a variable displacement pump are needed, where the 
variable displacement pump is the more expensive 
component of the required components. Additionally is 
also necessary to pay attention to the hydraulic fluid 

cleanliness level and, of course, to know the values of the 
efficiencies of each component within the entire field 
regarding all operating parameters. 

A principle comparison of the characteristics of 
each type of drive design concept is summarized in 
Table 4. 

One of the disadvantages of the speed variable 
drive concepts, based on the use of an asynhronous) 
electric motor, is motor acceleration and deceleration for 
short pressure bursts. If a valve opens for 1 second, for 
example, the motor starts to accelerate to increase pressure 
and, after 1 second, has to decelerate again as the pressure 
is too high because the valve has closed again. 

Every acceleration and deceleration using 
asynchronous electromotors results in higher current, 
which yields higher copper losses, where energy from 
decelerating rotating masses can be regenerated when 
using a state-of-the-art variable frequency drive controller. 
It is easily avoidable by adding a hydraulic accumulator to 
the hydraulic circuit, which smooths short pressure bursts 
and aids the motor and pump in their battles with rapid 
pressure changes. 

From the drive component point of view, instead of 
usage of a frequency controlled asynhronous motor, a 
much better variant represents the usage of a speed-
controlled electric servo motor. Due to its smaller inertia, 
its reponsiveness is much better. This was also the reason 
why the VV-concept did not show even better dynamics 
than was achieved with the currently used "slow" 
asynchronous electric motor. 

On the signal side, in respect to the control concept, 
the further improvement in regard to the energy efficiency 
is the implementation of an advanced control strategy, e.g. 
the usage of the s.c. η-drive concept or maximum 
efficiency drive concept, which is based on the VV-
concept [31]. 

The heart of the η-drive concept is a maximum 
efficiency controller. The maximum efficiency controller 
controls the pump’s displacement and rotational speed of 
the asynchronous motor using the variable frequency drive 
controller. 

The maximum efficiency controller is based on a 
combination of a Look-up Table and a classic PID 
controller. The PID-controller is used to control the 
displacement of the axial piston pump. The advantages of 
using a PID-controller for displacement control are 
elimination of steady state error, fast response to rapid 
pressure changes and the ability to track pressure when the 
rotational speed of the motor is changing to the optimum. 
[32]
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Table 4: Considered variable electrohydraulic supply concepts in comparison 

 Design concept CV 
 
 

Asynchronous motor 
Variable axial piston pump 

Design concept VC 
Variable frequency drive 

controller 
Asynchronous motor 
Constant gear pump 

Design concept VV 
Variable frequency drive 

controller 
Asynchronous motor 

Variable axial piston pump 
Pump's rotational speed Constant Variable Variable 

Pump's displacement Variable Constant Variable 

Scheme 

   

Efficiency Lower Higher Highest 

Reliability High High High 
Robustness Less More Less 

Operating costs Highest Higher Lower 

System dynamics Highest 
4.4 

Low 
1.0 

Control principle 
dependent (approx. 4) 

Purchase price Higher Lower Highest 
 

The next limitation when implementing the variable 
drive concept is at those operating points where the best 
efficiencies are achieved at pump settings close to 100 %. 
A Look-up Table that reports the best rotational speed at 
which a pump setting of higher than 100 % would be 
needed to reach the pressure set-point. This error can arise 
due to fluid changes, temperature changes, wear or Look-
up Table smoothing during calculation. To avoid this 
limitation, a feedforward loop for rotational speed should 
be added to increase rotational speed further if the desired 
pressure set-point cannot be reached with a 100 % pump 
setting. 

Further improvement can be made for machines 
with cyclic operational cycles, where the pressure cycle or 
load demands are repeating throughout the machines’ 
operations. The pressure changes in this case can be 
predicted in advance. Therefore, it would be reasonable to 
couple the maximum efficiency controller with the Model 
Predictive Controller (MPC), which has already proved to 
be very useful for machines with repeating operation 
cycles. 
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Abstract: This paper presents design of a PID controller for the system of a pump-controlled motor with a long 
transmission line. By using possibilities offered by computers and software the graphical method is used in the design of 
PID controllers. The D–decomposition method including system performances, damping and settling time was applied. 
This type of controllers frequently satisfies practical needs because the feedback loop system is fast, and the static error is 
reduced to 0. The proposed method allows easy design of PID controllers in significant modifications of lengths of the 
transmission line.  The system performances are included in a new manner without the need for calculation of Chebyshev 
functions for every change of the damping coefficient thanks to strong software support. 
Keywords: PID controller, D-decomposition, relative stability, settling time, robustness 
 

1. INTRODUCTION 
Increasingly strict and wide requirements regarding dis-
placement hydrostatic power transmitters have recently 
appeared in the sense of simultaneous accomplishment of 
high power exploitation degrees, high speed of response 
with the reduction of price [1-4]. This particularly refers to 
high power systems and systems with variable load (build-
ing and mining machines, agricultural machines, transpor-
tation machines, machine tools, etc). It is obvious that 
these requirements result in the need for more intense de-
velopment of systems with displacement control in 
relation to the systems with damping control. It is obvious 
that these requirements result in the need for more intense 
de-velopment of systems with displacement control in 
relation to the systems with damping control. One of the 
main preconditions for quality and reliable operation of a 
high power system is the stable and quality operation of 
the system for automatic control of hydrostatic power 
trans-mitter, the pump-controlled motor with long 
transmission lines (Figure 1). The existence of a long 
transmission line in this system makes its dynamics rather 
complex because the physical values, pressure and flow, 
which characterize the transfer of energy along the long 
transmission line de-pend both on the time coordinate and 
the space coordinate. Dependence of these physical values 
on the space coordinate, too, conditions that in the 
mathematical description of the long transmission line the 
space distribu-tion cannot be neglected, so that it is 
described by a model with distributed parameters. Models 
with distributed pa-rameters are described by partial 
differential equations and the model obtained is of an 
infinitesimally high order [5-9]. In addition to 
mathematical modeling of the long trans-mission line by 
means of the model with distributed pa-rameters, it is 
possible to describe the long transmission line by common 
differential equations, i.e. models with lumped parameters 
[1-4] because solving common differential equations 
makes considerably fewer difficulties in compar-ison with 
solving partial differential equations. The authors of this 
paper considered the problem of modelling and dynamic 
behaviour of such systems in a very systematic way, and 
the results are presented in several papers, the most 
significant of which are [4], [10] and [12]. Reference [10] 
gives a complete mathematical model of the system of a 

pump-controlled motor with a long transmission line by 
means of a model with lumped parameters where the long 
transmission line is divided into n equal “П” segments. 
The mathematical model thus obtained is of high order but 
by applying the appropriate methodology its order is re-
duced, which considerably increases its use value. From 
the aspect of control, reference [10] presents design of a P 
controller by applying the Nyquist criterion, including 
system performances, damping and settling time. The P 
controller designed in this way, for the described system, 
eliminates the occurrence of oscillations of the transfer 
characteristic due to the existence of the long transmission 
line. However, design of the P controller could not 
eliminate the error, so that a PI controller was designed in 
order to solve that problem.  
 

 
 

Figure 1: Symbolic diagram of the closed automatic 
control system of a pump-controlled motor with a long 

transmission line 
 
This paper proposes the procedure for design of the PID 
controller for systems of a pump-controlled motor. 
The starting point is a requirement which establishes a 
direct relation between the IE criterion and the integral 
gain (the higher the integral gain, the smaller the value of 
the IE criterion). The result is extended by introducing 
engineering specifications (settling time and relative 
stability). It results in a simple and efficient procedure for 
design of the PID controller for systems of a pump-
controlled motor. 
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2. DESIGN PROCEDURE OF PID CONTROLLER
Since the problem of disturbance load rejection is reduced 
to the minimization of IE criteria, it is also considered in 
this paper, but engineering constraints are introduced on: 

i) relative stability
ii) settling time

This is the basis for development of a simple graphical 
method based on D-decomposition [11-16]. 
The transfer function of the PID controller is: 

i
R p d

KW K K s
s

= + + ⋅  (1) 

R p d
i

1W K (1 T s)
T s

= + + ⋅  (2) 

Based on (1) and (2), we can get: 
p

i d p d
i

K
K ,K K T

T
= =  (3) 

i dT nT=       (4) 
Based on equations (3) i (4), the relation between Kd and 
Ki is obtained in the following form: 

2
p

d
i

K
K

n K
=

⋅
 (5) 

The transfer function of the process is represented in the 
form: 

m k
k

k 0
P n k

k
k 0

b s
N(s)W (s) , m n
M(s) a s

=

=

= = ≤
∑

∑
 (6) 

Figure 1: Automatic control system 

The characteristic equation of the automatic control 
system from Fig1 is determined by the equation:  

R Pf (s) 1 W (s)W (s) 0= + =                      (7) 
Putting Kd = 0 in the equation (1), the problem is reduced 
to PI controller design. 

i
p

K N(s)f (s) 1 (K ) 0
s M(s)

= + + ⋅ =  (8) 

p if (s) s M(s) (K s K ) N(s) 0= ⋅ + + ⋅ =   (9) 
n k 1

1 k
k 0

f (s) s M(s) a s +

=
= ⋅ = ∑  (10) 

By connecting (9) and (10), the final expression for the 
characteristic equation of the automatic control system in 
the complex domain is obtained as follows: 

1 p if (s) f (s) (K s K ) N(s) 0= + + ⋅ =  (11) 
Taking into account (11), it is necessary to express the 
complex number 𝑠𝑠 in a suitable form and use it for 
establishing the relation between the damping degree 𝜉𝜉 and 
the variable parameters of the controller Кp and Кi 
contained in the characteristic equation (11) for the 
automatic control system. This is how the area from the 

“𝑠𝑠” plane below the straight line 𝜉𝜉=const. (Fig. 2), is 
mapped in the area of the corresponding damping 
coefficient represented by the curve 𝜉𝜉=const., in the 
parameter plane of tuning parameters of the controller (Kp, 
Ki) with the condition for observation of the integral gain 
Кi as a parameter that fulfills the condition of minimum of 
IE criteria for the corresponding level of the damping 
coefficient ξ. 

Figure 2: Area with the required settling time and relative 
stability 

Since: 
2

n ns j 1= −ω ξ + ω −ξ                                 (12)
By connecting (11) with (12) the characteristic equation of 
the automatic control system obtains the form: 

0),(NK)1j(K),(f ni
2

nnpn1 =ωξ⋅



 +ξ−ω+ξω−+ωξ

 (13) 
),(j),(),(f nnn1 ωξβ+ωξα=ωξ   (14) 

where α(ξ,ωn) and β(ξ,ωn) represent the real and 
imaginary parts of the polynomial f1(ξ,ωn).  

∑
=
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2
n n( , ) 1 B( , )β ξ ω = − ξ ξ ω                      (17)

where Tk and Uk  are Chebyshev functions of the first and 
second types for which the following recurrent equations 
hold: 

1kk1k1kk1k UU2U,TT2T −+−+ −ξ=−ξ=  (18) 
.1U,0U,T,1T 1010 ==ξ==   (19) 
),(j),(),(N nnn ωξδ+ωξγ=ωξ  (20) 

where γ(ξ,ωn) and δ(ξ,ωn) represent the real and imaginary 
parts of the polynomial N(ξ,ωn) and they are determined 
based on the following equations: 

m k k
n k n k

k 0
( , ) b ( 1) T ( )

=
γ ξ ω = − ω ξ∑  (21) 

m2 k 1 k
n k n k

k 0
( , ) 1 b ( 1) U ( )+

=
δ ξ ω = − ξ − ω ξ∑  (22) 

2
n n( , ) 1 D( , )δ ξ ω = − ξ ξ ω  (23) 
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By connecting the equation (13) with equations from (14) 
to (23), after appropriate mathematical transformations 

and  separating the real and imaginary parts, the following 
system of equations is obtained: 

 
2

p n n n n i n n

2
p n n n n i n n

K ( , ) 1 ( , ) K ( , ) ( , )

K ( , ) 1 ( , ) K ( , ) ( , )

 ξ ⋅ω ⋅ γ ξ ω + − ξ ⋅ω ⋅δ ξ ω − ⋅ γ ξ ω = α ξ ω  
 ξ ⋅ω ⋅δ ξ ω − − ξ ⋅ω ⋅ γ ξ ω − ⋅δ ξ ω = β ξ ω  

                       (24) 

 

By solving the system of equations at 10,0n <ξ≤≠ω , 
the expressions for the parameters Kp and Ki of the PI 
controller are obtained. 

2 n n n n
i n p

n n n n

( , ) ( , ) ( , ) ( , )
K 1 K

( , ) ( , ) ( , ) ( , )
 β ξ ω ⋅δ ξ ω +α ξ ω ⋅ γ ξ ω

= ω ξ + − ξ ⋅ ⋅ β ξ ω ⋅ γ ξ ω −α ξ ω ⋅δ ξ ω 
      (25) 

3. CONTROL OF A PROCESS WITH A LONG 
TRANSMISSION LINE 

In order to show the efficiency of the proposed 
method for PID controller design we have performed 
simulations in MATLAB program for transfer function of 
the process WP(s): 

 

P 25 10 22 9 19 8 16 7 13 6 10 5 8 4

5 3 3 2

1W (s)
5.2 10 s 9.23 10 s 9.677 10 s 7.838 10 s 4.592 10 s 2.072 10 s 7.257 10 s ...

... 1.755 10 s 2.962 10 s 0.243s 1.248

− − − − − − −

− −

=
⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ +

+ ⋅ + ⋅ + +
                                              (26) 
The transfer function described by (26), represents a 
mathematical model of a pump controlled hydromotor, 
where the variable flow pump and the hydromotor of 
constant flow are connected by means of a long 
transmission line [17]. 
Based on the programme created in MATLAB, according 
to the proposed procedure, the parameters of the PI 
controller can be determined for the transfer function of 
the process described by (26), so that the closed loop of 
the system could possess the required damping coefficient 
(ξ≥ 0.6). 
Figure 3 shows the parameter plane (Kp-Ki) for values of 
damping coefficient ξ= 0.6. From the boundary curve, it 
can be selected the maximum value of the integral gain 
and the corresponding value of the proportional gain. This 
value of integral gain enables a minimum of IE criteria. 
The area under the curve represents the area with the 
damping coefficient ξ≥ 0.6.   

On figure 5 it is shown the comparative response of the 
system between PI and PID controller. PID controller is 
designed in such a way that the value of the gain Kd is 
determined based on equation (5). In this, care should be 
taken to be satisfied the condition n≥4 [18-20]. In this 
determination of differential gain Kd, it was taken into 
account that the system constantly maintains the value of 
the damping coefficient ξ≥ 0.6, while at the same time the 
minimum IE criteria is satisfied. From Figure 5, it can be 
shown that increasing the number n from 4 to 10 in the 
designed PID controller, leads to significant reduction in 
the settling time from 216 ms to 130 ms. Also compared to 
the PI regulator we can see that there has been a reduced 
jump from 43% to 28%. An overview of all these 
performances is given in detail in Table 1. Figure 6 shows 
how the designed PID controller for n = 10 suppresses the 
load disturbance in relation to the PI controller.  
 

 
Figure 3: Parameter plane for damping coefficient ξ= 0.6 
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Figure 4: System response regulated by PI controller for ξ= 0.6 

Figure 5: Comparative response of a system regulated by PI and PID controller for different value of number n 

Table 1: Comparative presentation of the results of design of the PI controller with PID controller 
Method Кp Ki Kd Overshoot (%) Settling time ts 

(ms) 
Phase margin 
ϕm (degrees) 

PI 9.908 235.4 - 43.1 147 35.7 
PID (n=4) 9.908 235.4 0.1043 20.8 216 60.7 
PID (n=5) 9.908 235.4 0.0834 21.9 195 55.7 
PID (n=6) 9.908 235.4 0.0695 23.3 140 52.5 
PID (n=8) 9.908 235.4 0.0521 25.7 135 48.4 
PID (n=10) 9.908 235.4 0.0417 28 130 45.9 
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Figure 6: Comparative response of a system regulated by PI and PID controller in relation to suppression of load 
disturbance  

 
4. CONCLUSION 

Based on everything said, we can conclude that it 
has been developed an efficient and simple graphical 
methods for design of the PID controller, which achieves 
high performances for a broad range of linear processes. 
The process of high order has been considered, in which 
the variable flow pump controls the hydromotor, where a 
connection between the pump and the hydromotor is 
realized by a long transmission line. In comparison with 
the procedures for tuning of the PID controller proposed in 
literature, the method described in this paper is 
characterized by great simplicity and clear engineering 
specifications. The results of simulations show good 
robustness in relation to unmodelled dynamics as well as 
superiority over some other methods of tuning of 
controllers. The proposed method is suitable for on line 
real-time realization and for auto tuning of the PID 
controller. 
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The basic structure of the model based on the classical approach to linearization, the third order system, the 

cylinder and the inertial load are presented. We start from the structural feedback dictated by the method of linearization, 
by flow, then additional feedback to improve the control algorithm, variants of the system with two options of state 
regulators (models) to the final variants of the structure with internal and external feedback, cascade structure. Structures 
in space state are compared with a cascade structure. 
 
Keywords: Hydraulic actuator, mathematical model, structural modeling 
 

1. INTRODUCTION 
 

Structural modeling does not often appear in the 
literature as a special technology for modeling dynamic 
systems. In modeling of electrohydraulic systems, this 
technique of mathematical modeling implies connecting 
blocks which represent autonomous parts of the 
mathematical model, and it has a special use value in 
modeling of electrohydraulic because they are 
characterized by additional simplicity for structural 
modeling. It is a fact that they have their so-called 
unchangeable and changeable part in their structure. The 
invariable part is certainly the mathematical model of the 
distributor and the hydraulic cylinder with the load. The 
interchangeable parts are: the algorithmic part and the 
related approach to how and which feedback and filter 
blocks will be used in the mathematical model of the 
electrohydraulic system. This is also related to the fact 
whether the mathematical model will be worked in the 
input-output space or in the state space. But not only that, 
the main question we ask in this paper is when it makes 
and when it does not make sense to use a cascade 
structure. The cascade structure of the model has internal 
and external feedback. In other words, if the actuation 
system is intended for position controlled, should force be 
controlled or just monitor its change in order to ensure the 
best possible quality of position control. Electro-hydraulic 
proportional distributors can conditionally control both 
position and force. 
. 

2. P-Q ELECTROHYDRAULIC DISTRIBTORS 
 

 The analysis of structural modeling options should 
begin primarily by clarifying the term P-Q distributors. 
These are proportional distributors produced by several 
specialized distributor manufacturers in the world. The 
distributor, the mechanical part is identical to any other 4/3 

proportional distributor. The difference is in the electronic 
amplifier. These are most often digital options, which 
work with two modes. One is that in one period of time we 
control by position and in another period of time we 
control by force. This means that we must have reference 
values for both position and force. Another option is to use 
information from the pressure transmitter and position 
sensor, so that we control by position when our actual 
force is less than the allowed (reference) force, and to 
control the force when the change in force is greater than 
allowed. It is clear from Figure 1 that when we have only 
inertial load, the control will usually be by position, but 
when we have a combination of inertial and positional 
load reduced to the end of the cylinder rod, then both 
options can be in the choice of control. We do not usually 
see the previously described in the structural diagram 
because these are the options implemented in the digital 
electronic amplifier for the proportional distributor. But if 
we define a criterion in the basic control algorithm for 
example according to the rate of change of position and 
force in one sample period, the group of equations in 
model (1), where we neglect the changes of acceleration 
and viscous friction as no-fast, we can define the control 
signal so that we control by the size that changes faster. 
Then we get a structural block, which we define as part of 
the structural model, Figure 2.  

It is clear from the above that if we know the 
structural stiffness, К of the load on the cylinder in 
advance or we can measure it, it is clear that we can 
improve the control algorithm because it can be defined 
when to position by position and when by force. This 
structure allows adaptability to the actual stiffness in 
online or in on-off mode. This is a very useful option 
especially when we have a high intensity of load stiffness 
change. 
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Figure 1: Application of  proportional P-Q distributors [1] 

Figure 2: Control algorithm with option for selection position (master)-force (slave)  control [2] 

3. BASIC STRUCTURAL MODEL OF
ELECTROHYDRAULIC ACTUATION

SYSTEMS 

The basic structural model is linear because it is 
obtained by linearization of a simplified nonlinear model 
that included only the mathematical nonlinearity of the 
square root type that defines the flow through the 
distributor. In this model, we have one flow feedback that 

we do not physically define through the adequate sensor, 
But it is the internal implicit feedback. Depending on the 
magnitude of the flow change under load conditions, this 
feedback can sometimes be structurally neglected, Figure 
3. 
The basic model of the electrohydraulic actuation system 
can be defined as a model of the first, second or most often 
third order, depending on what we want to include in the 
model and what we want 

Figure 3: Basic strucure of mathematical model of EHAS 
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to leave in un-modeled dynamics. This question is further 
related to the verification of the mathematical model, the 
experimental verification of the actual system and model 
as well as the verification through the technique of 
mathematical identification. If we design a mathematical 
model of an electrohydraulic system whose bandwidth 
does not exceed 50 Hz and where the control algorithms 
are based on PID algorithmic options with various 

additions, from previous practice we can consider that a 
linear mathematical model of the third order is sufficient. 
 

4. SIGNAL FILTER AS AN ELEMENT OF 
STRUCTURAL MODELING 

 
Very often when additional feedback is 

introduced, either by simple addition when the 
mathematical model is done in the input-output space or 
when the feedback is the result of modeling in the state 
space, especially when feedback by load pressure, it is 
necessary to provide signal filtering, Figure 4, and the 
transfer function of the filter is directly introduced into the 
structure of the mathematical model. 

 

F
F

sW
s ω

=
+

    (3) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Filtering of pressure feedback signal before this signal go in control calculation [3] 
 

  
5. MATHEMATICAL MODEL OF THE 

ELECTROHYDRAULIC ACTUATION SYSTEM IN 
THE STATE SPACE 

 
Figure 5 shows the structure options of the 

mathematical model in the state space. Within this 

structural option, there are most special algorithmic 
solutions. It is clear from Figure 5 that we have two basic 
options in the state space. One when we use phase state 
variables and the other when we do not use phase state 
variables. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Structural mathematic model in space state of  EHAS (two options) [3] 
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6. CASCADE STRUCTURE OF EHAS
MATHEMATICAL MODEL 

Certain criteria have been defined before when to 
control a position and when to control a force. The 
question remains which criterion to use to select the 
cascade structure of the electrohydraulic actuating 
positioning system during modeling. The empirical 
criterion says when one variable, in this case changes force 
much faster than the position. It is clear that this depends 
on the type (stiffness) of the load, but in any case, in order 
to control the position in the case of complex position 
loads, it is useful to use a cascade structure. In addition, 
the important fact is whether the desired value is variable 
in time (tracking) and how the intensity of the tracking 
error of the given trajectory for the electrohydraulic 
positional actuation system changes. This approach can be 
transferred from the analogy with electromechanical 
actuation systems where the active control torque 
depending on current and flux changes much faster than 
the position (angle), which would be transferred to 
electrohydraulic systems would mean that in 

electrohydraulic systems the pressure changes much faster 
than position. This is also shown by certain analyzes of 
structural loads with finite elements. In any case, the 
general approach can be, in order to obtain a strictly 
aperiodic response when controlling the position, it is 
necessary that the change of force occurs aperiodically, 
because if it changes oscillatory, then the aperiodic 
response of the position cannot be provided. So, as a 
criterion for choosing the cascade structure of the 
mathematical model, there can be a requirement for a 
strictly aperiodic positional response. The cascade 
structure is shown in Figure 6. It is clear that there are two 
control algorithms, one for position and the other for force. 
It should be mentioned here that there is a certain problem 
when the system is structurally displayed in digital form, 
because the Zero Order Hold make delay between two 
sample periods. Practically keeps the pressure change at a 
constant value, regardless of the fact that the change in 
order of magnitude is faster than the position. This is 
solved in practice in several ways and this issue is not the 
subject of further consideration in this paper. 

Figure 6: Cascade structure of EHAS mathematical modeling [4] 

The mathematical apparatus that follows based on Figure 6 
shows the difference in the final model of the 
electrohydraulic actuation system when it is shown in the 

state space and in the cascade structure. (the first three 
members in the second row, are feedbacks in the state 
space) 

1 2 1

1

( ) ( ) ( )

( ) ( ) ( )
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u K x K K x x K x x p p K p
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 = + − + − − − + 
= − + − + − + +

  

  
 (4) 

This difference is reflected in two additional 
members, one is as seen from the second row (4), the 
feedforward member for speed and the other is the 
member for leakage compensation. On this basis, the 
cascade structure tends to the "ideal" part of the 
algorithmic structure based on Figure 7.  

Figure 7 conditionally shows one of the possible 
optimal or ideal structures of the electrohydraulic 
actuation system. Neither in theory nor in practice is not 
defined what is  ideal structure of the mathematical model 
EHAS.It is clear that the model shown here is based on a 
third or 4th order model. The elements of an ideal model 
in any case are that it is shown in the state space, that it 

has its own stabilization part and a part that should 
guarantee the accuracy of positioning.  

The model in Figure 7 may be better called an ideal 
base structure that can be upgraded with another part of 
the control algorithm, such as a tracking part, a fuzzy part 
or an adaptable part, and of course an upgrade with filter 
blocks. It is clear that this is necessary with EHAS with 
very complex control requirements. 

The improvement of linear models is in the first step 
the inclusion of static nonlinearities. This technique has 
proven to be effective and this has been quite well 
researched in practice. 
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Figure 7: One of options for ideal structure of EHAS mathematical model [5] 
 

7. ALGORITHM STRUCTURE WITH DIRECT 
COMPENSATION 

 
This is a special type of structural modeling. The 

starting point is the principle that any electrohydraulic 
actuation system can be represented by equivalent 
nonlinearity and first order transfer function, Figure 8. 
Since the equivalent nonlinearity is usually of static type 
with insensitivity (dead) zone and saturation, it is 
concluded that compensation can be done by simple relay 

nonlinearity    which is added to the structural model 
(diagram) of the electrohydraulic actuation system. In 
practice, it is often an offset to proportional control 
intensity. This is the simplest way of structural modeling. 
This method of modeling also requires partial 
identification of system parameters, time constant for the 
transfer function of the first order (linear part) and the size 
of the insensitivity zone or saturation in equivalent 
nonlinearity. [6]  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Structural model of EHAS with direct compensation [6] 
 
 
 
 
 
 
 
 
 
 
 

Figure 9: Shows the structure of the actuation system where the mathematical model  of EHAS must be attached in the form 
of a system of differential ones 
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                                8. CONCLUSION 

Based on the above, the options of structural 
mathematical modeling of the electrohydraulic 
actuation system with a hydraulic cylinder as an 
executive device are presented. Structural modeling 
is relatively simple when certain parts of the model 
is well known. (distributor and cylinder) A special 
option of structural modeling is a cascade structure, 
for which a criterion is defined when it should be 
used. Integrated position and force control is also 
analyzed at the level of the distributor or control 
algorithm and criteria are given when position is 
controlled and when force. These options are in 
certain cases possible alternatives to the cascading 
structure of the mathematical model. The option of 
structural modeling with direct compensation is 
also presented. One type of optimal structure of the 
mathematical model is shown in Figure 7. It can be 
reference model for structural modeling, especially 
the introduction of filters into the structure of the 
mathematical model. Structural modeling is 
suitable for fast simulation checks of the selected 
control algorithm and check the usefulness of the 
use of additional feedbacks. It is not suitable when 
the control algorithm requires a mathematical 
model of the actuation system, as shown in Figure 
9. 

The advantages of the cascade structure are 
much more pronounced in electromechanical 
actuators with rotational motion, because the load 
moments can be significantly less than the impulse 
active moments that depend on current and flux so 
that the friction moments are two orders of 
magnitude smaller than the active moment. Based 
on the previously described, the friction is not 
modeled separately, it is enough to add to the load 
only according to the value of intensity.  

In this case. there is no one very complex 
nonlinearity in the mathematical model. The aim is 
to see in further research for the cascade structure 
whether the nonlinearity of friction can be 
compensated in this way in the case of EHAS as 
well. Structural modeling is one of the useful 
options that can be successfully applied in the 
synthesis of control systems for EHAS where the 

load is a combination of inertial and positional. [7], 
[8]  
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Testing of the lubricating ability of hydraulic fluid is carried out in a variety of test approaches. In certain types of 

tests, the physicochemical properties of the fluid related to its lubricating properties are at the forefront. In other tests, the 
emphasis is on determining the durability of the fluid and its service life, or it is an emphasis on hydraulic component 
degradation. Among the latter, are the very wellknown tribological tests, based on the use of hydraulic pumps – the so-
called tribological pump tests. The aim of all these tests is to determine the wear of a hydraulic pump and its vital parts 
using the tested hydraulic fluid. Such tests involve the use of different types and sizes of pumps, varying amounts of tested 
hydraulic fluid and different operating conditions, as well as different pump loads and load profiles. Most of these tests are 
performed on special test devices, which can be, according to their design, scale and installed drive power, classified as 
heavy machinery. 

In the context of tribological tests with a hydraulic pump is a pump load carried out in different ways. At the 
forefront of the discussion are the study and comparison of all such tests, both in terms of the type of  pump used, the 
operating load type, operating parameters, scale of the test device and installed power. 
Keywords: Tribological pump tests, Test devices and conditions, Energy consumption

1. INTRODUCTION
With laboratory tribological tests of hydraulic 

fluids, which are usually performed under atmospheric 
pressure (e.g. the pin-on-disc test, Brugger test, Reichert 
test, Falex test, Timken test, FZG test…) it is difficult to 
model or recreate the pressure and flow conditions 
accurately, as they occur during the operation of hydraulic 
pumps. Thus, e.g., no wear or damage can be observed due 
to cavitation. Corrosive processes or material fatigue 
processes due to rolling contact also take a long time, so 
these tests take tens of hours, days, or even months. In 
short-term tests, there is simply not enough time for them 
to occur, even under tighten-up or accelerated testing 
conditions (and for the most part, they are not designed for 
this). In addition, the conditions of accelerated wear may 
also be accompanied by a change in the wear mechanism; 
for example, from abrasion defect to adhesion. [1], [2], [3] 

There are a number of other issues and concerns, 
for example: 
- It is necessary to know the degradation mechanisms of

the fluid over a wide range of operating conditions,
- It must be taken into account that the materials of the

test pieces are identical or equivalent to those in the
actual component; the same applies to combinations of
materials,

- In order to evaluate the wear properties of hydraulic
fluids successfully, it is necessary and reasonable to
perform a wear test in a hydraulic pump,

- It is necessary to lay down test conditions which ensure
similar conditions as during operation…

All of the above, as well as many other concerns, 
are the reason for performing tests with real hydraulic 
pumps, on a real hydraulic device and under real operating 
conditions. These tests include and enable: 
- Comparison of differences in equipment performance,
- Gaining knowledge (and experience) with new fluids,
- Obtaining comparative data on the lubricating

properties of different types of hydraulic fluids,

different manufacturers and different types of 
hydraulic pump. 

In addition to the above, the process of pump 
degradation and consequent failure is usually accompanied 
by increased noise, change in the noise profile, vibration 
and, of course, by gradual decrease in volumetric 
efficiency. Knowing these values, and especially the 
process of changing them, allows us to assess the current 
condition of the pump and its remaining service life later 
in industrial operation. Therefore, during the course of the 
test with the pump to determine the rate and the 
subsequent cause of its degradation, it is necessary to 
determine the range of those quantities that will be 
monitored in more detail. 

Testing should be performed in approximately the 
same environmental conditions as in actual use: 
Temperature conditions, the presence of contamination 
and the presence of water or humidity, different types of 
metal, alternating pressure changes. In certain cases, 
testing can also take place under harsh operating 
conditions, such as elevated temperature, pulsating 
pressure change or higher circulation number. 

With tests carried out with hydraulic pumps, we 
want to check the influence of the lubricating properties of 
the tested hydraulic fluid on the conditions that occur 
inside the pump (components) during its operation. Thus, 
for example, the friction of the sliding vane against the 
running surface of the vane pump, the conditions when 
engaging the two teeth of the gear pump, the friction and 
the type of wear during the translational movement of the 
piston of the piston pump are in the foreground. 

In the case of known and commonly used hydraulic 
fluid or (slightly) modified fluid (e.g. different base oil, 
different additive package), tests involving the use of real 
hydraulic components, usually hydraulic pumps, are used 
mainly. The pump is always a running component and is 
also the most loaded component of the hydraulic system. 

Tests based on hydraulic pumps are very different. 
The tests are performed under different operating 
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conditions, different amounts of test fluid are used, 
different types of pumps are used, and the tests take 
different lengths of time. The way the pump is loaded can 
also be different – either the pump is loaded with a 
constant pressure during the test, or the pressure changes. 
In addition, they are more or less energy consuming in 
terms of installed and consumed power during the test, and 
more or less expensive in terms of the equipment used. 

In any case, it makes sense to test the influence of 
the lubricating properties of a certain hydraulic fluid on a 
certain hydraulic pump under real operating conditions. At 
first glance, this is inappropriate and impractical, given 
how many different types of pumps we have, and how 
many different types of hydraulic fluids and their 
formulations we use. 

This becomes even more complicated when it 
comes to updating a known type of pump, either in terms 
of a design change or the use of different materials. To this 
must be added the possibility of using different types of 
hydraulic fluid, which can cause a different course of 
degradation in the same pump. This problem can be 
simplified by using one, or a limited number of “standard” 
hydraulic pump tests. 

By "standard" test we often do not mean an actually 
standardised test, but certain, verified and, in practice, 
recommended, as well as established test procedures used 
by individual, especially established, pump manufacturers. 
Therefore, certain test procedures are usually named after 
them. When there is a change in the ownership of the 
brand, there is often a change in the already used test 
regarding the pump used and additions to the name of the 
test. Often this test is no longer the same, but comparable. 

With development, the quality of pumps changes, 
new insights and materials are introduced, and hydraulic 
fluids are no longer the same. Only certain tests with 
hydraulic pumps have grown into standard tests, e.g., the 
ASTM Vickers test. All the mentioned and later 
introduced changes regarding the type of pump and the 
hydraulic fluid used already represent a deviation from the 
Standard. Also, changes based on development and 
application requirements change much faster than the 
Standards themselves. We need to be aware of this fact. In 
the case of testing the suitability of a hydraulic fluid, the 
dilemma is smaller if a well-known pump is used for the 
test. However, several dilemmas arise in the opposite 
direction – the new fluid type and the new pump type. 

2. PUMP TESTS WITH A LARGE AMOUNT OF
HYDRAULIC FLUID

The most established tests with pumps are
performed with conventional industrial pumps of well-
known manufacturers e.g. with a Denison pump,  a Parker 
pump, an  Eaton-Vickers vane pump, or with a Sundstrand 
(John Deer) piston pump or Rexroth piston pump… and 
are usually also named after the manufacturer. Hydraulic 
mineral-based oil is usually used as the tested fluid. 

In the field of the profession, the mentioned tests 
are considered to be the most important tests performed 
with hydraulic pumps. Only the main features of certain 
tests will be summarised below. Other details on the 
conditions and method of performing each test are 
available e.g. in the ASTM Standards or test procedures of 
the individual manufacturer. 

Regarding the pump type used and regarding the 
loading profile, the most important pump test can be 
divided into different groups. 

Regarding the hydraulic pump (flow) type, into: 
- Pump tests with constant pumps and constant flow.
- Pump tests with variable pumps and variable flow.

Regarding the hydraulic pump loading profile, into: 
- Pump tests with pumps at constant load,
- Pump tests with pumps at variable load.

In the following, in the presentation of the most 
well-known and established tests, the emphasis will be 
mainly on the operating parameters, the operating pressure 
and flow rate of the pump, and, consequently, the installed 
power of the drive unit. 

2.1. Tests with constant pumps 
The first group of tests is represented by tests with 

constant hydraulic pumps. These emerged as the first tests 
with pumps. In these tests, the load profile of the pressure 
pump may be constant or variable. 

Based on the Denison HF-0 test, we estimate the 
hydraulic fluid capacity based on flow, sediment, and wear 
in the Denison P46 axial piston constant pump and the 
Denison T5D vane pump. [2] Both pumps operate for 100 
hours as part of the test, and are periodically (at specified 
test hours) disassembled for inspection, reassembled and 
used further. Denison’s HF-0 test is recognised by experts 
as a comprehensive test, as it assesses all aspects of the 
hydraulic fluid. The basic test parameters are listed in 
Table 1. The Sundstrand and Eaton/Vickers test pumps 
were designed to determine the durability of the hydraulic 
fluid. The built-in power of the powertrain is 90 kW. 

Table 1: Denison Vane Pump Test [2] 
Fluid volume 189 L 
Test temperature 71 oC for 60 hours 

99 oC for 40 hours 
Test duration 100 hours (4 days) 

cca. 172 bar 
Pump speed cca. 2,400 rev/min 
Flow rate 265 L/min 
Power 90 kW 

The layout of the test rig using the Denison HF-0 is 
shown in Figure 1. 

Figure 1: Schematic of the Denison P46 piston pump test 
according the HF-0 protocol [2] 
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The Sundstrand piston pump test, using constant 
piston pump Series 22 and 64 kW drive, was  run initially 
under standard conditions, lasting 225 hours, with mineral-
based hydraulic oil, with antiwear additives, and it passed 
all the criteria established for the test. A second 
Sundstrand pump test was run under the same test, 
extended to 450 hours, or double the length of the standard 
test, and it also passed (Table 2). All components are 
assessed visually for signs of wear and discolouration at 
the end of the test. 

Table 2: Sundstrand Piston Pump – Series 22 
Fluid volume 45 L 
Test temperature 
      standard 
      elevated 

 
82 oC (1 % water content) 
120 oC (no water) 

Test duration – standard 
Test duration – extended 

225 hours (9 days) 
450 hours (19 days) 

Pressure cca. 345 bar  
Pump speed cca. 3,100 rev/min 
Flow rate 95 L/min 
Power 64 kW 

The Sundstrand pump test included one percent of 
water contamination to stress the fluid further. Even with 
the added water, there was no evidence of any hydrolytic 
reactions that could cause the formation of precipitates. 
Contamination from precipitates leads to blocked valves 
and filter-plugging problems. 

Another round of Sundstrand pump tests were run 
at an elevated temperature of 120 °C. Due to the higher 
temperature, no water was added to this test, and all other 
conditions remained the same. This round of tests showed 
that the hydraulic fluid with the premium hydraulic 
additive package had the endurance to exceed the 
performance parameters of the Sundstrand piston pump 
without difficulty, despite the higher temperature and the 
extended length of the test. The layout of a Sundstrand 
piston pump test stand is shown in Figure 2. 

 
Figure 2: Schematic of a Sundstrand test circuit using 

a constant piston pump [2] 
The next, very well-known test involves the use of 

an (Eaton-) Vickers type 35VQ-25 vane pump. [4] As is 
well known, vane pumps are tribologically very 
"vulnerable". [5] This type of standard test, generally 
called the Vickers test, is relatively short, and lasts 50 
hours. The extended Vickers test takes much longer, 1,000 
hours, and allows for more realistic conclusions regarding 

the durability of the hydraulic oil contained in the anti-
wear additive package. In the case of quality mineral oil, 
after 1,000 hours of testing the pump, the loss of total 
metal mass due to wear of the sliding ring and vanes is still 
below the limit provided by the test to ensure an adequate 
service life of the pump. 

The older vane pump type, the V-104 pump, should 
be tested in accordance with the ASTM D2882 test 
protocol at an operating pressure of 2,000 psi (approx. 138 
bar), which is outside the recommended operating pressure 
of this pump. The operating pressure of the 20VQ25 pump 
is 3,000 psi (approx. 207 bar), which is completely in line 
with the Standard. This type of data is even more 
important, as operating parameters such as speed and 
operating pressure affect the amount of wear greatly. The 
basic parameters of the Vickers test with the 35VQ-25 
pump are summarised in Table 3. 

The criterion for pump wear is weight loss, which 
is also a known capacity reserve – at known values for a 
known pump. Based on the loss of material mass of the 
pump after certain hours of testing and the maintained 
capacity of the pump until its failure, we determine the 
remaining service life of the pump. [6], [7], [8] 
Table 3: Vickers test with Eaton-Vickers 35VQ-25 pump - 

ASTM D6973 [9] 
Fluid volume min. 196 L 
Test temperature 93 oC 
Test duration – standard 
Test duration – extended 

50 hours (2 days) 
1,000 hours (42 days) with 
inspections at 300 hours) 

Pressure cca. 207 bar  
Pump speed cca. 2,400 rev/min 
Flow rate 144 L/min 
Power 91 kW 

The scheme of the test rig for performing the 
Vickers test, which assumes the use of a 35VQ25A vane 
pump with the basic building blocks of the test site, is 
shown in Figure 3. 

 
1- Hydraulic tank, min. 190 L (50 gallon) 
2- Temperature gauge 
3- Suction pressure gauge 
4- Pump 35VQ25A-11*20 
5- Electromotor 91 kW 
6- Operational pressure gauge 
7- Pressure relief valve 
8- Filter 10 µm 
9- Cooler 
10- Pump flow meter 
Figure 3: Test facility structure for the Vickers test 

with a 35VQ25A constant pump [10] 
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2.2. Constant and variable operating conditions 
One of the most important aspects of testing are 

definitely the operating conditions used in testing, 
especially the way the test pump is loaded. Certain tests 
are performed at a constant pressure, although it is 
elevated or the maximum allowed for a given pump, while 
for others the load profile changes cyclically. According to 
experts, the latter tests, tests with the so-called variable 
operating conditions or variable load, are closer to real 
operating conditions and, thus, are more realistic test 
results. 

When performing tests with pumps, the height of 
the operating pressure and the rotational speed of the 
pump are the most important operating parameters. The 
speed of movement of the vital components of the pump is 
related to the latter, and the load on the surface is related 
to the height of the operating pressure. Thus, in tests with 
pumps carried out at a constant pressure, pressure is 
constant, but differently high. There may also be different 
drive speeds and, thus, pump flow. In most of these tests, 
constant-displacement pumps are used, and the pump is 
loaded at a higher or lower constant pressure. In the 
second group of tests, the load profile of the pressure 
pump changes cyclically – the load of the pump with a 
constant but differently high pressure in each phase of the 
test cycle. Pressure change is achieved in the simplest way 
with pressure relief valves. [1], [2], [11] 

One of these tests, where the pressure is changed 
via differently set safety valves, is the Wanke test with 
three gear pumps [12]. In this test, the study of the 
influence of the degree of purity on gear wear was at the 

forefront. In the case of this test, the load is cyclic – 
cyclically changing pressure, and the electric motor is 
150 kW. The structure of the test facility for performing 
this test is shown in Figure 4. 

Figure 4: Test station for tribological tests with gear 
pumps – Wanke [12] 

A very well-known and established test with variable 
pump load is also the already presented Eaton-Vickers test 
with vane pumps type V-104 and  20VQ5. A comparison 
of the operating parameters during the test, including the 
operating pressure heights and flow rates of both pumps, is 
shown in Table 4. 

Table 4: Comparison of Eaton-Vickers tests with variable operating parameters [1] 

Parameter Eaton-Vickers V-104 Eaton-Vickers 20VQ5 
Pump flow (L/min) 30 38 19 38 43 
Pressure (bar) 138 103 207 207 207 
Revolution (min-1) 1,200 1,500 1,200 2,400 2,700 
Power (kW) 69 65 65 130 147 

It is similar in the case of tests with piston pumps. 
Several types of wear occur within piston pumps. In 
addition to sliding wear, which occurs when the piston 
moves in the hole, there is also combined wear (in 
combination with rolling and rotation of the pump 
elements), as well as wear due to corrosion and cavitation. 
Testing using a piston pump refers to, e.g., also ASTM 
Standard D6813-02a. [13] 

The Sauer-Danfoss test procedure is often used to 
determine the effect of water contamination, where the 
operating pressure varies according to a certain profile – 
different long maintenance of different high operating 
pressures: 345 bar for up to 2 hours, 207 bar during the 3rd 
to 25th hours, 34 bar from 25 to 26 hours and 380 bar from 
26 to 225 hours – so-called cyclic loading. As this test is 
intended to determine the effect of the presence of water, 
phases without the presence of water (first 25 hours) are 
observed at different periods of operating pressure, and 
1 % water contamination is maintained at different 
operating pressures until the end of the test. In addition to 
checking for signs of wear, corrosion and cavitation, a 
further test criterion is a drop in pump flow – a 10 % drop 
in flow is considered a pump failure. [1] 

An example of cyclic loading of a pump is also a 
performance test for HFC hydraulic fluids, where the use 
of a Sauer-Danfoss axial piston pump in swash plate 
design is envisaged, driven by a Sauer-Danfoss Series 20 
hydraulic motor of the same design. The duration of 
individual periods for a total of 600 s of the long loading 
cycle and the associated pressures are given in Table 2. 
The complete cyclic loading test lasts 500 hours. Upon 
completion of the test, all rotary components of the pump 
are inspected for signs of wear. An axial piston variable 
pump is used in the case of this 500 hour Sauer-Danfoss 
test. 

Table 5: Cyclic loading phases Sauer-Danfoss 
500 hour pump test [1] 

Duration of 
load period (s) 

Pressure in individual 
load period (bar) 

130 214 
325 172 
60 310 
85 172 
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2.3. Tests with variable pumps 
A  cyclic load test  with the variable pump is also 

the Bosch test – Bosch Racine test (or Bosch-Rexroth test 
with vane pump). This test involves the use of a cyclic 
load of an SV-10 type vane pump driven by an electric 
motor of approximately 5.5 kW, with a tank size of 70 
litres. The duration of the pressure change phases, as well 
as the scheme of the test device, is given in Figure 5. The 
pressure varies from the pressure relief state to a pressure 
of 10 bar and onwards to 40 bar, each phase lasting 10 s. 
Compared to the tests described so far, in this case the 
power of the electric drive motor is lower. 

 
 0 bar 7 bar 41 bar 

Valve A on off on 
Valve C on on off 

 10 s 10 s 10 s 
<<<<<     1 cycle    >>>>> 

Figure 5: Bosch-Rexroth (Racine) test with cyclic loading 
of the SV-10 variable vane pump 

Changing the load on the pump is achieved by 
switching on the directional valves and the pressure relief 
valve. Due to the pressure peaks that occur when the 
directional valves switch, their effect on the operation and 
wear of the pump and on the operation of the entire 
hydraulic system is much better recreated than in the case 
of tests with constant load pressure. Also, in this case, 
after the test is completed, the weight loss of the ring and 
vanes is measured and other damage to the contact surface 
and the pump bearings is observed (similar to the Eaton-
Vickers test). 

The next variable pump test is the well-known 500-
hour test using the Komatsu HPV35 + 35 twin-piston 
pump, which is intended primarily for testing 
biodegradable hydraulic oils and for the field of Mobile 
Hydraulics [14]. The testing takes place at a cyclically 
variable pressure (from 10 bar to about 410 bar) and a 
flow between 60 L/min and 20 L/min, with a cycle 
duration of 5 s, a tank size of approximately 75 litres and 
the installed power amount is about 22 kW. This test 
monitors changes in pump efficiency, friction and surface 
roughness, the formation of varnish products and slurries 
and, of course, the deterioration of the physico-chemical 
state of the oil. The test is known today as the Komatsu 
test. The test site for the Komatsu test and the load profile 
of the piston pump are shown in Figure 6. 

Unlike the Bosch-Rexroth test with a vane pump, 
the further Rexroth test determines the use of two 
adjustable piston pumps (tandem) type AA4VSO-71DR 
and takes place in three stages. Driving power is 45 kW 

(regenerative power of 100 kW), the size of the tank is 
from 150 to 200 litres. 

 
Figure 6: Komatsu fest facility HPV35 + 35 with 

twin-piston variable pumps 
The first stage of the test (250 hours) is carried out 

at a maximum pressure and maximum temperature, and, 
thus, the minimum allowable viscosity of the fluid. The 
second stage of the test is carried out at pulsating pressure 
by altering the maximum setting of the pump, from the 
lowest pressure to the maximum pressure and the 
maximum temperature defined by the specification of the 
liquid and the duration of 1 million cycles, with a 
frequency of the change in pressure of 2 to 3 Hz (about 
140 to 93 hours). In the third phase of testing, which lasts 
280 hours, testing is carried out at variable flow, from 
minimum to maximum, at maximum pressure and 
temperature and minimum viscosity. 

A part of the Bosch-Rexroth combined test facility 
with variable dynamic load is shown in Figure 7. 

The updated Bosch-Rexroth test is performed in 
accordance with the requirements given in the Rexroth 
RDE 90235 data sheet, which focuses on the interaction 
between the fluid and the vital components of the 
components under actual operating conditions [15]. The 
standardised procedure was initially developed and 
adopted for the axial-piston hydraulic pumps of the A4VG 
series, and for the A6VM series hydraulic motors 
operating in closed hydraulic circuits. After the first phase 
of constant loading, the components are subjected to 
dynamic cyclic loading under high pressure for 300 hours: 
450 bar, 4,000 rpm and a temperature of 100 °C. The test 
continues in the ultimate performance test to check the 
load-bearing capacity of the components at maximum 
pressure and speed for 200 hours: 500 bar, 4,000 rpm and 
100 °C. Both parts of the test as a whole are used to 
determine the resistance to shear loads, protection against 
wear and compatibility of materials with the tested liquid, 
etc. 

OD4-DTHS-102S 
type A

valve A
valve B

valve C

valve
valvel

Pressure
valve
load

Test pump

Axial piston
pump

Flow meter

Reservoir 75 L
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Part of a test bench for the Bosch-Rexroth test with 
dynamic piston pump loading [16] 

The descriptions of the most commonly used test 
procedures with pumps have so far been given in a very 
indicative way: The basic scheme of the test site and the 
operating conditions and parameters. Many more details 
about the test performance itself and the test conditions are 
given in the Standards, but these also leave certain details 
of the test performance to the test provider. The Standards 
specify only the main parameters of the test. In our case, 
the parameters of the test and the size of the test device are 
more important than the test procedure itself. 

In much more detail, the test is described by the so-
called performance testing protocol. The test protocols 
give a very precise hydraulic scheme of the test site, with 
the exact location of certain components with appropriate 
dimensions, as well as the exact procedure of rinsing the 
entire hydraulic system before testing. Unfortunately, 
detailed protocols are more or less internal in nature, as 
they are written down by the test performer of an 
individual test based on the experience of previous tests. 

3. COMPARISON OF TEST CHARACTERISTICS
All of the aforementioned pump tests involve 

relatively large systems, with a large amount of hydraulic 
fluid, usually greater than 100 litres: Except in the case of 
the Komatsu test, where the amount is slightly smaller, as 
the test is intended for the field of Mobile Hydraulics, 
where slightly higher pumping numbers are characteristic. 
These are also high operating pressures, either constant 
values or variable, high flows and, consequently, large 
installed power of the test device. 

The main characteristics of the presented and 
similar mechanical tests: 
a) Mainly different types of mineral based hydraulic oils

are used.
b) Wear/impact on the component – pump: Only

observing the changes in wear or weighting the loss of
mass, or any observation of the effect on components –
only the changes of physical-chemical parameters of
lubricant.

c) Operating pressure while testing: Constant operating
pressure during the test or, in some cases, alternating
pressure. Pressure value up to 450 bar

d) Pump flow rate: Up to 300 L/min.
e) Fluid volume: Standard test (45 L to 200 L), small

volume test up to 20 L.
f) Circulation number QTank/QPump for example:

Denison test: 1 : 1,4 
Sundstrand test: 1 : 2,11 
Eaton/Vickers test:  1 : 1,36 

g) Installed power of the drive train to power the system
and the cooling energy: Standard test: Up to 130 kW;
in the case of a small volume pump test: Up to 7 kW.

An overview of the pump tests and classification 
regarding pump type used and load type, are summarised 
in Tables 6 and 7. Table 6 gives the comparison of the 
basic characteristics of the test related to the type of pump 
used (constant / variable) and the method of loading the 
pump with pressure (constant / variable). For some of the 
more important and most commonly used tests, however, 
values for flows, pressures, and installed power are given 
in Table 7 for energy comparison purposes. 

Table 6: Pump tests type overview 
Pump type Pump flow Pump load 

Test type constant variable constant variable 
Denison P46 piston x x 
Denison T5D vane x x 
Sundstrand Series 22 piston x x 
Bosch Rexroth A2F010 piston x x 
Wanke test gear x x 
Eaton-Vickers V-104 vane x x 
Eaton-Vickers 20VQ5 vane x x 
Eaton-Vickers 35VQ-25 vane x x 
Sauer Danfoss 500 h piston x x 
Sauer Danfoss Series 20 piston x x 
Bosch-Racine SV10 vane x x 
Rexroth A4VSO piston x x 
Komatsu HV35+35 piston x x 
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Table 7: Operating parameters of some pump tests 
Test type Pump type Flow rate 

(L/min) 
Pressure 

(bar) 
Power 
(kW) 

Denison T5D vane 265 172 90 
Sundstrand Series 22 piston 95 345 64 
Eaton-Vickers V-104 vane 38 138 69 
Eaton-Vickers 20VQ5 vane 43 207 147 
Eaton-Vickers 35VQ-25 vane 144 207 58 
Komatsu HV35+35 piston 30 350 350 (415) 

 
CONCLUSION 

The study provides an overview of various tests for 
testing the tribological properties of hydraulic fluids using 
hydraulic pumps with constant displacement, normally 
loaded with constant pressure. The emphasis is on the 
study of the basic characteristics of these types of tests, 
including the type of pumps used, the operating conditions 
of each test, the size of the installed power of the test 
device, the extent of the necessary equipment for 
execution of the test and the amount of fluid tested. The 
study served as a starting point for designing your own 
tight device. 

All established tests with pumps have in common is 
that they most often use vane or piston pumps. In the case 
of the use of vane pumps, the load pressure of the pump is 
usually lower, and in the case of piston pumps is 
(significantly) higher. The pressure is usually constant, but 
it can also vary. In the latter case, it is the use of adjustable 
pumps.  

All the briefly presented tests with pumps have in 
common is that they are implemented in large own testing 
– large test devices. For almost all tests a large amount of 
test fluid is used, a high flow pump is used, the operating 
pressures are realistic, which means high, suitable for the 
pump type used, and, consequently, a large drive power is 
required.  

In addition, due to the long duration of the test a lot 
of heat is generated, which also requires a correspondingly 
large cooling power. Given this “energy dimension” of the 
tests, these tests are expensive, and everything is focused 
more or less solely on the degradation of the pump. 
Determining the degradation of other hydraulic 
components of the test device is not at the forefront. 

These types of tests are less suitable or too 
expensive for completely new types of hydraulics, as there 
are too many unknowns. A new type of hydraulic fluid 
tested can damage all hydraulic components of the test 
device, not just the pump. In the case of the development 
of a new type of hydraulic fluid, the development takes 
place in several steps or levels of the stage of fluid 
development. Therefore, testing a fluid at a certain stage of 
fluid development, with the aforementioned established 
test procedures, can be very expensive, due to the large 
amount of fluid used and the possible negative effects on 
all components of the test device. 

On the other hand, as already mentioned, in the 
case of testing a new type of fluid, we are also interested 
in the impact of the new fluid on other hydraulic 
components (valves, hydraulic cylinders, hydraulic tube 
motors, filters, sensors, cooling system). We are also 
interested in the compatibility of the new fluid with the 
materials of the hydraulic components under real operating 

conditions (for example, in the presence of moisture, 
temperature, other types of movement of component 
components, cyclic loading). In the case of a new type of 
hydraulic fluid or a significantly changed formulation of 
an otherwise known fluid, it certainly makes much more 
sense, of course after extensive preliminary laboratory 
tests, to perform endurance tests under real conditions on a 
test device of smaller dimensions. Thus, the potential 
damage in the case of poor test results is much smaller. 

The presented study served as a starting point for 
the design of a new test device of smaller dimensions, and 
a new test procedure that provides cost-effective testing of 
all characteristic components of the hydraulic system, 
under real operating conditions, suitable for new types of 
hydraulic fluids. [17], [18] 
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The most of domestic scale heat pumps with fixed speed compressors are thermostatic controlled. Control units with 

a relay characteristic are used to control these pumps. Such pumps operate in the mode of sustainable oscillations. To 
overcome short cycling, i.e. switching on and off of heat pumps, as this reduce energy efficiency and pump life cycle, buffer 
tanks  are installed with the task of absorbing the excess heat delivered by the pump. The paper analyzes how the properties 
of a heat accumulator and a heat pump affect the oscillations parameters. The buffer tank is described by the FOPDTmodel 
while the pump is approximated by relay nonlinearity with symetric hysteresis. A relay feedback technique with a describing 
function was used for the analysis. The results were confirmed by simulation in Simulink / Matlab environment. 
 
Keywords: Heat pump, Relay with hysteresis,  Sustainable oscillations, Describing function 
 

1. INTRODUCTION 
In the European domestic sector, water-to-water heat 

pumps (HP) with fixed-speed compressors are most 
commonly used [1,2]. Control units with a relay 
characteristic are used to control these pumps [3]. To 
overcome short cycling, i.e. fast switching on and off, as 
this reduce energy efficiency and pump life cycle, buffer 
tanks (BT) are installed with the task of absorbing the excess 
heat delivered by the pump. The use of heat accumulators 
affects both the dynamics of the pump itself and the 
accuracy of the controlled temperature. Energy flow 
through heat pump with BT is shown in Fig. 1. 

 

 
Figure 1: Heat pump system with buffer tank 
 

In this paper we are primarily interested in buffer dynamics. 
The environment influence on BT is considered through 
heat flow 𝑄̇𝑄𝑝𝑝 (between HP and BT) and heat flow 𝑄̇𝑄𝑙𝑙 
(between BT and thermal load). 
From control point of view the system can be described by 
block diagram shown in Fig. 2. The dynamics of the heat 
pump is neglected in relation to the dynamics of the buffer. 
The combined impact of the HP and the thermal load on the 
buffer is modeled as nonlinearity (NL) of relay type with 
non symetric hysteresis (Fig. 3). Manipulated variable 𝑢𝑢 
represent resulting heat flow (𝑄̇𝑄𝑝𝑝 − 𝑄̇𝑄𝑙𝑙) in to the TB.  

It should be noted that this characteristic corresponds to the 
heating mode of of a pump. In cooling mode, the 
nonlinearity changes phase by 𝜋𝜋. 

 
Figure 2: Block diagram of a  heat pump + buffer tank 

 
Figure 3: Asymmetric relay with hysteresis 

In steady state there are sustainable oscillatios at the output 
of TB. Our intention is to establish a quality relationship 
between the period of these oscillations and the parameters 
of the NL and the buffer tank itself.. 

 
2. DESCRIBING FUNCTION OF ASYMMETRIC 

RELAY WITH HYSTERESIS 
In order for the describing function to accurately 

approximate the periodic function at the output of the 
nonlinearity in the relay feedback loop (Fig.2) it is 
necessary that BT has the characteristics of the low pass 
filter [4]. Actual changes in real buffer temperature is 
shown in Fig.4 [3]. 
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Figure 4: Buffer tank  temperature 
If the Fourier analysis of the temperature signal is 
performed with a series of order 10, the values of the 
coefficients shown in Fig.5 are obtained. 

Figure 5: Fourier coefficients of buffer tank  temperature 
It can be seen that the first harmonic is dominant. 

For example, the ratio of the amplitudes of the first and 
second harmonics is 18.16. This means that the buffer can 
be viewed as a low pass filter. Fig.4 shows actual 
temperature approximation with first harmonic (Tbuf a).  

If the analysis of the manipulated variable (Fig.4-u) 
is performed with a Fourier series of order 10, the values of 
the coefficients is shown in Fig. 6. 

Figure 6: Fourier coefficients of manipulated variable 
It can be noticed that the complex member of the 

first harmonic has a dominant importance. However, higher 
harmonics also have an effect on the output signal of 
nonlinearity. Ignoring higher harmonics can lead to a 
significant error if the approximation is performed only 
with a first-order harmonic. Figure 7 shows the actual value 
of the output magnitude of the nonlinearity (u) and its 
approximation (u_a). 

Figure 7: Manipulated variable and its approximation 

The justification for approximating the output signal using 
the first harmonic lies in the fact that the buffer tank behaves 
like a low pass filter. In other words, it nullifies the 
influence of higher harmonics. 
Due to this approximation, an error may occur in 
determining the position of the critical point on the Nyquist 
curve of a plant from a realay feedback experiment [5]. 
Nevertheless, such an approximation can help us in a 
qualitative analysis of the process. 
The nonlinearity from Fig. 3 can be described by equation 
(1): 

𝑢𝑢 = � ℎ1   𝑒𝑒 > 𝜀𝜀2  ∨   e ≤  𝜀𝜀2  ∧  𝑒𝑒− = ℎ1
−ℎ2   𝑒𝑒 < −𝜀𝜀1  ∨   e ≥  −𝜀𝜀1  ∧  𝑒𝑒− = −ℎ2 

 (1) 
If the error is of the form: 

𝑒𝑒(𝑡𝑡) = 𝑒𝑒0 + 𝑒𝑒𝐴𝐴sin (𝜔𝜔𝜔𝜔) (2) 

where 𝑒𝑒0 is DC component, 𝑒𝑒𝐴𝐴 magnitude and 𝜔𝜔  error 
radial frequency (𝑒𝑒), then output signal of the nonlinearity 
can be approximated by harmonic of the first order. If the 
relation: 

𝑒𝑒𝐴𝐴 ≥ max (𝜀𝜀1, 𝜀𝜀2) (3) 

is fullfiled, then it is valid: 

𝑢𝑢 = 𝑎𝑎0
2

+ 𝑎𝑎1 cos(𝜔𝜔𝜔𝜔) + 𝑏𝑏1sin (𝜔𝜔𝜔𝜔) (4a) 
where is 

𝑎𝑎0 = (ℎ1 − ℎ2) + 1
𝜋𝜋
 (ℎ1 + ℎ2) (𝜃𝜃2 − 𝜃𝜃1)  (4b) 

𝑎𝑎1 = − (ℎ1+ℎ2)
𝜋𝜋

(𝜀𝜀1+𝜀𝜀2)
𝑒𝑒𝐴𝐴

 (4c) 

𝑏𝑏1 = (ℎ1+ℎ2)
𝜋𝜋

 (cos(𝜃𝜃1) + 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃2)) (4d) 
𝜃𝜃1 = asin (𝜀𝜀1+𝑒𝑒0

𝑒𝑒𝐴𝐴
) (4e) 

𝜃𝜃2 = asin (𝜀𝜀2−𝑒𝑒0
𝑒𝑒𝐴𝐴

) (4f) 

For a describing function we can write: 

𝐷𝐷𝐷𝐷 = 𝑏𝑏1
𝑒𝑒𝐴𝐴

+ 𝑗𝑗 𝑎𝑎1
𝑒𝑒𝐴𝐴

(5) 

If the condition: 

𝑄̇𝑄𝑃𝑃 = 2 𝑄̇𝑄𝑙𝑙 (6) 
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is met, i.e. if the heat flow from the pump is equal to twice 
the value of the heat flow going out to the thermal load, 
then: 
 

ℎ1 = ℎ2 = ℎ    (7a) 
𝜀𝜀1 = 𝜀𝜀2 = 𝜀𝜀    (7b) 
𝑒𝑒0 = 0     (7c) 

 
we get: 
 

𝐷𝐷𝐷𝐷 = 4ℎ
𝜋𝜋𝑒𝑒𝐴𝐴

��1 − � 𝜀𝜀
𝑒𝑒𝐴𝐴
�
2
− 𝑗𝑗 𝜀𝜀

𝑒𝑒𝐴𝐴
�   (8a) 

or 
𝐷𝐷𝐷𝐷 = 4ℎ

𝜋𝜋𝑒𝑒𝐴𝐴
∢ − asin ( 𝜀𝜀

𝑒𝑒𝐴𝐴
)    (8b) 

 
 
If 𝜀𝜀 = 0 then equations (8) represents DF of realy without 
hysteresis with magnitude ℎ: 
 

𝐷𝐷𝐷𝐷 = 4ℎ
𝜋𝜋𝑒𝑒𝐴𝐴

    (9) 
 
It should be noted that DF does not depend on the frequency 
of the output signal but only on its amplitude. The hysteresis 
in the relay characteristic in Fig. 3 does not affect the 
change in amplitude but introduces the phase shift of the 
signal 𝑢𝑢 in relation to 𝑒𝑒. The phase lag depends on the width 
of the hysteresis and the amplitude of the output signal. 
 
From (8a) we can find the negative reciprocal of the DF: 
 

− 1
𝐷𝐷𝐷𝐷

= −𝜋𝜋𝑒𝑒𝐴𝐴
4ℎ

�1 − � 𝜀𝜀
𝑒𝑒𝐴𝐴
�
2
− 𝑗𝑗 𝜋𝜋𝜋𝜋

4ℎ
   (10a) 

 
where is: 

𝑅𝑅𝑅𝑅(−1 𝐷𝐷𝐷𝐷)⁄ = −𝜋𝜋𝑒𝑒𝐴𝐴
4ℎ

�1 − � 𝜀𝜀
𝑒𝑒𝐴𝐴
�
2
    (10b) 

 
𝐼𝐼𝐼𝐼(−1 𝐷𝐷𝐷𝐷)⁄ = −𝜋𝜋𝜋𝜋

4ℎ
    (10b) 

 
The complex functions (10) determine the position of the 
critical points of Nyquist plot for the buffer tank. It can be 
noticed that for a given nonlinearity with a fixed (𝜀𝜀,ℎ) the 
imaginary part 𝐼𝐼𝐼𝐼(−1 𝐷𝐷𝐷𝐷)⁄  has a constant value and does 
not depend on the properties of the plant. On the other hand, 
the absolute value of real part grows with increasing 
amplitude of the output signal. 
 
 

3. THE PERIOD OF SUSTAINED OSCILLATION 
We assume that the buffer dynamics can be 

described by first-order-plus-dead-time (FOPDT) model 
[3]: 

 
𝐺𝐺𝑃𝑃(𝑠𝑠) = 𝐾𝐾𝑃𝑃

𝜏𝜏𝑃𝑃𝑠𝑠+1
𝑒𝑒−𝑇𝑇𝑑𝑑𝑠𝑠  (11) 

 
where is: 𝐾𝐾𝑃𝑃 - plant static gain, 𝜏𝜏𝑃𝑃- plant time constant, 𝑇𝑇𝑑𝑑-
plant dead time. 

 
Figure 8: DF analysis of heat pump+buffer tank 

 
Then the critical point in the frequency plane can be found 
in the cross section of 𝐺𝐺𝑃𝑃(𝑗𝑗𝑗𝑗) and −1 𝐷𝐷𝐷𝐷⁄  as showen in 
Fig. 8. 
Bearing in mind (10), for a given buffer tank, the period of 
sustained oscillation can be influenced in the following 
way: 

• with increasing hysteresis width (ε) we increase 
the period of oscillation, 

• by changing the width of the hysteresis (ε) we can 
influence the amplitude of the oscillations. For 
example. by increasing the hysteresis we can 
reduce the amplitude of the oscillations. But 𝑒𝑒𝐴𝐴 ≥
𝜀𝜀 must always be valid, 

• a change in thermal load can affect the period of 
oscillation. The increase in load reduces the period 
of oscillation (provided that it is valid (6)). If the 
load decreases (less h) the period of oscillation 
increases.   

 
If the width of the hysteresis increases beyond some limit 
value, at some point the system can go out of the mode of 
its own oscillations. For example. if the heat flow from the 
pump is not sufficient to exceed the shut-off threshold then 
the pump runs continuously. 

In addition to the nonlinearity, the parameters of the 
buffer itself affect the period of oscillation of self-sustaining 
oscillations. Fig. 9 shows the dependence of the amplitude 
and the period of the limit cycle for different values of plant 
static gain (𝐾𝐾𝑃𝑃). 

 

 
Figure 9: DF analysis for diferent values of 𝐾𝐾𝑃𝑃 

As the gain increases, the amplitude of oscillation increases 
and the period decreases. 
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Figure 10 shows the dependence of the amplitude and 
period of the limit cycle for different plant time constant 
values (τP). 

Figure 10: DF analysis for diferent values of 𝜏𝜏𝑃𝑃 
As the time constant increases, the oscillation amplitude 
decreases and the period increases. 
Figure 11 shows dependence of the amplitude and period of 
limit cycle for different plant dead time (Td). 

Figure 11: DF analysis for diferent values of  𝑇𝑇𝑑𝑑 
As the dead time increases, both the oscillation amplitude 
and the period increases. 

Prethodna analiza je sprovedena uz pretpostavku da 
važi uslov (6). U tom slucaju nelinearnost se modeluje 
pomocu simetricnog histerezisa. Kao rezultat vaze relacije 
(7). U odzivu sistema ne postoji DC komponenta i 𝑇𝑇1 = 𝑇𝑇2 
(Fig. 12). 

The previous analysis was performed assuming that 
condition (6) holds. In this case, the nonlinearity is modeled 
using symmetric hysteresis. As a result, relationships (7) 
apply. There are no DC components in the system response 
and  𝑇𝑇1 = 𝑇𝑇2 (Fig. 12).  
We have introduced this simplification to make it easier to 
conduct a qualitative analysis. In practice, this is a rare case 
and usually applies: 

𝑄̇𝑄𝑃𝑃 ≠ 2 𝑄̇𝑄𝑙𝑙 (12a) 

As a consequence, we have: 

𝑇𝑇1 ≠ 𝑇𝑇2 (12b) 

and a DC component appears in the system response. 

Figure 12: Output for symetric hysteresis (Simulation) 
4. CONCLUSION

Heat pump with on/off controll operate in the mode 
of sustainable oscillations. Rrelay feedback technik with 
describing function is a natural way to analyze such 
systems. Fourier analysis of the experimental data shows 
that the buffer tank can be viewed as a low pass filter in 
relation to the remaining parts of the heat pump system. 
Thanks to this, hard nonlinearity such as the relay with 
hysteresis can be approximated using the describing 
function. The paper uses symmetric hysteresis to describe 
relay nonlinearity. Even such a simplified model 
analytically confirms our intuitive knowledge about 
oscillations in the system. 
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During the regular teaching syllabus in the subject of Robotics at the Faculty of technical sciences in Čačak, a new 
laboratory exercises in which the programming of industrail robots using ABB RobotStudio have recently been introduced. 
An offline way of programming in a mentioned software tool and needed steps for creating a program for one robotic cell 
are presented in this paper. Robot setup and programming was performed on an ABB IRB 120 robot cell controlled by an 
IRC5 controller. After programming and simulation, the program is switched from RAPID to a real robot controller, where 
fine-tuning and commissioning is performed. 
Keywords: Robot; ABB; RobotStudio; Programming. 

1. INTRODUCTION 
A series of industrial and technological revolutions, 

which have occurred throughout history and which still 
occur daily, have led to significant changes in the way we 
live today. The fact is that today's way of life is very fast 
and dynamic. Therefore, there is a need for the 
development of autonomous systems that would be able to 
replace human labour in certain areas of work. Systems 
that can replace humans in certain jobs in a very reliable 
and efficient way are called robotic systems or robots for 
short. Thanks to the rapid development of modern 
industry, robots have become an irreplaceable part of 
modern industrial production, but the present moment and 
the recent past are characterized by a rapid expansion of 
the development of robotic systems that are also widely 
used in other spheres of life. [1] 

Robotic systems achieved significant improvements 
in recent years, which reflects the growing capabilities of 
these systems. Despite their increased complexity 
compared to older systems, their programming needs to be 
simplified as much as possible. To achieve this, constant 
improvements are needed in the field of robotics. Since 
robotics is a multidisciplinary technology field, its 
development is directly affected by the development of 
individual fields of technology, such as mechanics, 
electrical engineering, electronics, computer technology, 
etc. 

One of the fields of technology that has the biggest 
impact on the development of robotics is computer 
technology. The development of sensor systems, 
computers and computer softwares enables easier control 
of robotic systems. Creating models and simulations of the 
entire system enables easier implementation of robotic 
systems in the production process. In addition to these 
advantages, the development of computer software has led 
to the simplification of robot programming software, and 
thus facilitates the programming of robots, which is very 
important from the end user's point of view. 

The first part of this paper describes the 
characteristics of the laboratory setup installed in the 
laboratory of the Science and technology park in Čačak. 

The second part describes the application of the ABB 
RobotStudio software package in robot programming and 
performing laboratory exercises with students. The third 
part of this paper shows a part of the code regarding the 
robot movement, while the fourth part will discuss the 
realized program. 

2. LABORATORY SETUP 
Thanks to the funds provided by the Ministry of 

Education, Science and Technological Development of the 
Republic of Serbia, A new research laboratory in the field 
of robotics has been established within the Science and 
Technology Park in Čačak. Two robotic cells were 
installed and put into operation in this laboratory, one of 
which is an industrial robot ABB IRB 120. 

This robot is a multi-purpose industrial robot with six 
degrees of freedom, which can perform various tasks in a 
large number of industries, including electronic, food, 
machine, solar, pharmaceutical, medical, etc. Due to its 
small size, it is extremely convenient for use in research 
purposes. This robot is controlled by an IRC5 controller 
that has input and output modules as well as 
communication modules. The main features of this robot 
are: reach 580 mm, six degrees of freedom, load capacity 
up to 3 kg, acceleration from 0 to 1 m / s in 0.07 s, and 
position repeatability of 0.01 mm. [2]  

The second robotic cell is a collaborative type of 
robot, the ABB IRB 14000 YuMi. 

This robot is the first two-handed collaborative robot 
made for operations in which man and robot work 
together. It is designed to meet the flexible and agile 
production and assembly needs of small electronic parts. It 
is also suitable for other work environments that require 
high precision, such as the production of watches, toys, 
and the assembly of automotive components. The main 
features of this robot are: reach 559 mm, load capacity 
500 g per hand, seven degrees of freedom per hand, 
maximum speed 1.5 m/s, maximum acceleration 
39.1 m/s2, and position repeatability of 0.02 mm. [3] 

Both of these robotic cells are placed in a common 
work environment which is also a safety zone for robots. 
A working area on which working elements, sensors, 
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supports, etc. can be placed, is made from construction 
profiles and placed within the safety zone. Next to the 
safety zone, a standing desk with commands for starting 
the robot is placed with a PLC controller and an HMI 
panel that can be programmed to define a work process. 
The laboratory setup with robots, safety zone and control 
desk is shown in Figure 1.  

Figure 1. Laboratory setup with ABB robots. 

3. CREATING A ROBOT MOVEMENT PATH USING
ABB ROBOTSTUDIO SOFTWARE 

ABB RobotStudio is software support for ABB 
robots offline programming.  

Offline programming is the best way to increase 
return on investment for robotic systems. ABB's offline 
simulation and programming software, RobotStudio, 
allows the programming of robots on a computer without 
interruption in production. This allows performing tasks 
such as training, programming and optimization without 
disrupting production. [4] 

The program is built on the ABB Virtual 
Controller, an exact copy of the real software that runs 
robots in production. This allows very realistic simulations 
to be performed, using robot programs and configuration 
files identical to those used in industry. [4] 

RobotStudio comes with a complete package of 
features and add-ons that enable offline simulation thus 
reducing risks, speeding up system startup, shortening the 
transition time from one product to another and increasing 
productivity. [4] 

The first step in programming the robot is to start 
the software, select the Empty Station option and confirm 
by pressing Create button. After this step, software opens 
the working environment. In the next step, it is necessary 
to insert a work bench (safety zone) on which the robot 
will be placed and the object that needs to be processed. 
RobotStudio allows to import various 3D models created 
in one of the 3D modeling softwares. In this step, it is 
necessary to import a previously created 3D model. This 
can be achieved using the Import Geometry option. Before 
this procedure, the 3D model file that you want to import 
needs to be copied into a folder with the following path: 
This PC>Documents>RobotStudio>Geometry. 

After inserting the working bench, it is necessary to 
adjust its position in the work environment. This is 
achieved by right-clicking on the body of the table model 
and then selecting position/set position option. This 
procedure opens a window as shown in Figure 2. 

Figure 2. Adjusting the position of the work bench 

The next step is to insert the ABB IRB 120 robot 
into the work environment. This is achieved by selecting 
an ABB Library option in the toolbar and selecting the 
desired robot from the drop-down list. The position of the 
robot is adjusted as follows (position (x,y,z): 680, 880, 
753, orientation (x,y,z): 0,0,-90). 

Then it is necessary to insert a 3D model of the 
part, in the same way as importing a 3D model of the work 
bench, i.e. by selecting the Import Geometry option, as 
well as the position and orientation of the part (position 
(x,y,z): 1162, 633, 795, orientation (x,y,z): 0,0,90). 

The next step involves defining the working tool or 
end effector. The tool is selected using the Import 
Library/Equipment option. Many different types of tools, 
robot stands, parts suppliers, etc. are available for 
selection. In this case, the PEN training tool was chosen. 
The tool needs to be attached to the last axis of the robot. 
This can be done by right-clicking the selected tool and 
selecting Attach tool option. On the list that shows up, the 
name of the selected robot and the axis on which the tool 
needs to be placed can be selected.  

After setting up the tool, all mechanical 
components are ready for operation. In this example, 
following the same procedure, a YuMi IRB 14000 robot 
was also added. The appearance of the work environment 
after performing the previous tasks is shown in Figure 3. 

Figure 3. Appearance of a virtual work environment with 
robots 

The next step is defining the coordinate systems for 
the workbench and the workpiece. This can be achieved 
with the Frame option located on the toolbar. It is first 
necessary to set the appropriate cursor Snap points (the 
ends of the line, the middle of the line, the center of the 
circle, etc.). 

In this case the coordinate systems are set up as in 
Figure 4. 
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Figure 3. Selection of coordinate systems 

 
After defining the coordinate systems, it is 

necessary to define the working object of the part that 
needs to be processed. This task is performed by selecting 
Other/Create Workobject option, after which it is 
necessary to define the object in a popup window. 

 
Figure 4. Creating a work object 

 
In this window, the name of the work object and its 

coordinate system needs to be set up. Defining the 
coordinate system of the work object is done under Object 
Frame/Position. The coordinate system of the work object 
is the coordinate system of the work piece that was 
selected in the previous step. To select this coordinate 
system, Snap needs to be set up so that it can be captured 
by Frame. 

In order for a robot to perform a specific task, it is 
necessary to implement a specific virtual controller that 
will control the robot. The virtual controller is inserted into 
the software by selecting the option Virtual 
Controller/From Layout, after which it goes through the 
procedure as in the Figure 5. 

 
Figure 5. Creating a virtual controller 

 
An important step that must be realized, in order for 

the robot to use its work tool to access the points that will 
be created later, is to define the active task, work object 
and tools. These parameters settings are shown in 
Figure 6. 

 
Figure 6. Selection of active task, work object and tool 

 
After successfully completing the previous steps, 

the path can be created. This step can be realized by 
selecting Path/AutoPath option. The path is created by 
selecting characteristic points along the contour that the 
tool needs to follow. When the contour is selected, it is 
necessary to define the starting point of the robot (Target) 
by selecting Target/Create Target option. Seting                    
up the starting point is shown in 
Figure 7.

 
Figure 7. Seting up the starting point  

 
The created path is shown in Figure 8. For each 

trajectory point, it is necessary to adjust the position of the 
tool in relation to the workpiece. This can be done by 
right-clicking on the desired target and selecting an 
ModifyTarget/SetPosition option. When adjusting the tool 
position, a programmer needs to make sure that the robot 
can physically be in desired position. The movement of the 
robot along the set path can be checked by right-clicking 
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on a created path and choosing the option Move Along 
Path.

Figure 8. Created path 

Starting the simulation is done by clicking on the 
Run button located in the Simulation tab. During the 
simulation, it is possible to check if the created path is 
satisfactory. Also, potential problems with the orientation 
of the tool can be examined and solved in this step. The 
simulated tool trajectory is presented by a red line shown 
in Figure 9. 

Figure 9. Simulated tool trajectory 

4. PROGRAM CODE „ RAPID“
After generating the tool path and simulating the 

operation of the robot, it is necessary to transfer the 
program from the virtual station to the „RAPID“ program 
code. This can be done by selecting 
Synchronize/Synchronize to RAPID feature from the 
toolbar. Clicking on this feature opens up a window shown 
in Figure 10. A part of the virtual controller that needs to 
be synchronized with the RAPID program can be selected 
inside this window. By selecting the desired options, 
program synchronizes. 

Figure 10. Synchronize the virtual controller with 
RAPID code 

After synchronization is done, it is now possible to 
select the RAPID tab from the main menu. Module 1 must 
be selected from the model tree. Module 1 contains the 
code defined by previously created points and paths. Each 
target is defined by a following line of code: 
CONST robtarget Target_Home:= 
[[-477.392,-246.005,409.147], 
[0,0.707106781,0.707106781,0],[-1,1,-2,0], 
[9E+09,9E+09,9E+09,9E+09,9E+09,9E+09]]; 
where the first bracket is the position and the second is the 
orientation of the tool. 

Each process is defined by a code: 
PROC Path_20() 

MoveJ Target_70,v1000,fine,Pen_TCP\WObj:= 
Ploca_za_zavarivanje; 

MoveJ Target_80,v1000,fine,Pen_TCP\WObj:= 
Ploca_za_zavarivanje; 

MoveJ Target_90,v1000,fine,Pen_TCP\WObj:= 
Ploca_za_zavarivanje; 
. 
. 
. 

ENDPROC 
where Path_20 is the path that consists of the functions for 
moving the robots joints MoveJ. Every MoveJ function has 
a defined Target, velocity (v), accuracy (fine), tool and 
workpiece. 

In order to execute the program, it is necessary to 
bring up the executable path using the Main function.  
The path activation is defined by a code: 
PROC main() 

Path_20; 
ENDPROC 
Any change in RAPID code or a change within a virtual 
station requires running a synchronization again. 
Therefore, the changes are visible on both the virtual 
controller and the workstation. After creating the final 
version of the RAPID code, all that remains is to transfer it 
to a real controller. This procedure is performed using File 
Transfer feature within the Controller tab in the software. 
After transfering the program to the robot controller, the 
robot starts by performing the program routine. Figure 11 
shows the robot performing the specified path. 
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Figure 11. The robot executing the specified path 

 
5. CONCLUSION 

During the cooperation with the Science and 
technology park Čačak in the last few years, the Faculty of 
Technical Sciences in Čačak has been given the 
opportunity to use a laboratory with modern industrial 
robotic cells to perform practical laboratory exercises for 
students in the field of robotics. In addition to performing 
exercises, the Faculty also uses the laboratory for research 
purposes.  

Through specific subject, students of master studies  
perform calculations of robot kinematics and dynamics. 
After that, using the software package ABB RobotStudio, 
students create the working environment of the robot, add 
the necessary components, working area, robot, tool, 
workpiece. Then the characteristic points and trajectories 
of the robot are defined. The simulation validates the path, 
after which the program code RAPID is transferred to the 
physical controller of the robot. After the program is 
inserted into the robot controller, fine adjustments of the 
robot are carried out and its robot can be started.  

In this way, students become fully introduced to 
robotic systems, from theory to practice. This type of 
teaching develops the engineering way of thinking in 
students, connecting theory and practice. This type of 
teaching enables the development of engineering way of 
thinking in students, connecting theory and practice, but 
also prepare and train them for future work in industry. 

The following research will be focused on the 
creating of various laboratory exercises that could mimic 
the work of a production line by adding additional 
equipment to the work table, as well as the practical 
implementation of a collaborative robot. 
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The large oscillations of a pendulum are studied. The pendulum is a material point that is suspended on a elastic 

cord with nonlinear characteristics. The mass of the cord is accepted. It is wrapped around a perfectly rigid and fixed 

cylinder. The system has two degrees of freedom. Nonlinearity is due to a geometric and physical nature. A system of two 

differential nonlinear equations is derived. A numerical solution was performed with the mathematical package MatLab. 

The laws of motion, the generalized velocities and accelerations and the phase trajectories are obtained. In order to 

continue the task by preparing an actual model and conducting experimental research, the projections of the velocity and 

acceleration of the material point along the horizontal and vertical axes, as well as their magnitudes, are determined. The 

obtained results are presented graphically and analyzed in detail.  

Keywords: Pendulum, Geometric and physical nonlinearity, Nonlinear oscilations

1. INTRODUCTION

The pendulum has been the subject of researches 

from ancient times. During the Renaissance, the 

phenomenal periodic movements of the pendulum were 

studied by Leonardo da Vinci and Galileo Galilei, [1]. 

In 1656, the Dutch scientist Christiaan Huygens 

constructed a pendulum clock. Such clocks remained the 

most accurate instruments for measuring time until the 

1930 year, [2]. 

In 1851, Jean-Bernard Leon Foucault constructed a 

mathematical pendulum to prove the rotation of the Earth 

around the North-South axis, [3]. 

Analytical solutions related to the study of small 

and large oscillations of the pendulum provide a field for 

the development of a number of branches of Mathematics. 

To this day, many scientists, when studying the large 

nonlinear oscillations of the pendulum, apply analytical 

solutions, [4]. 

In the work [5], a few terms of the Fourier series 

expansion of the elliptic function as a source of periodic 

solutions for the pendulum equation are studied. 

The nonlinear oscillation of a pendulum wrapping 

and unwrapping on two cylindrical bases is studied in the 

article [6]. An analytical solution is obtained using the 

multiple scales method. 

The nonlinear oscillations of a pendulum wrapping 

on two cylinders is studies by means of a new analytical 

technique, namely the optimal auxiliary function method 

are studied in the publication [7]. 

A detailed theoretical and computational analysis of 

the period, tension and centripetal forces are studied in the 

paper [8]. 

The dynamical behavior of rigid weightless rod and 

concentrated mass, sliding periodically along the axis of 

the rod is studied in the article [9]. 

The dynamical behavior of rigid weightless rod and 

concentrated mass, moving simultaneously along and 

across the axis of the rod, according to given periodical 

laws is studied in article [10]. 

Today, in the presence of powerful electronic 

computing equipment and modern mathematical packages, 

such as MatLab, MathCAD, Matematica, and others, these 

solutions are made mainly numerically, [11, 12, 13, 14]. 

They are particularly suitable for optimizing some 

parameters, [15]. 

The present study complicates the classical 

dynamic model of the mathematical pendulum in two 

directions simultaneously. 

The cord is wrapped around a stationary cylinder. 

This leads to the lack of a fixed center of rotation and 

determines a variable length of the cord at any moment of 

time. Therefore, there is a specific geometric nonlinearity. 

The cord is considered to be elastic with a soft 

characteristic, unlike the classic models, where the cord is 

inextensible. This leads to the typical physical 

nonlinearity. 

The main goals of this study are the following: 

1. To obtain the differential equations that describe

the big oscillations of the mathematical pendulum taking 

into account both the geometric and physical nonlinearity 

of the model. 

2. To compile a program for numerical integration

of the derived nonlinear differential equations in the area 

of the mathematical package MatLab, and after then, to 

perform a computer simulation. 

3. The study should be a basis for continuing the

task by preparing a real pendulum and conducting of 

experimental researches, [16, 17, 18, 19, 20]. 

2. MATHEMATICAL MODEL

The mathematical pendulum studied in this work is 

a material point M  with concentrated mass m , which is 

connected by an elastic cord with distributed mass m . The 

cord is wrapped around a fixed rigid cylinder with a radius 

R . In a stable equilibrium position and at rest, when the 

cord is vertical, its length is L . This is the distance 

between the points A  and 0M , (Figure 1). 
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If the cord is perfectly un-deformable, when the 

pendulum deviates at an angle  , it increases its length, 

according to the formula: 

 .RLPM . (1) 

In the studied case, the cord is elastic, and when the 

pendulum deviates at an angle  , it increases its length 

with the additional linear deformation u  and acquires the 

following length: 

uRLPM  . . (2) 

The point P , where the cord separates from the 

cylinder, represents the center of rotation or center of 

velocities at any moment of time. 

Figure 1: Mathematical pendulum with elastic cord 

wrapped around a fixed cylinder 

It is assumed that the pendulum moves in a vertical 

plane under the action of the potential force of gravity 

gm. . This plane coincides with the plane of the fixed 

coordinate system yxO  and the mobile coordinate system 

nM  . 

The system has two degrees of freedom. For 

independent generalized coordinates that define the 

position of a point M , the angle   and extension u  of 

the cord are assumed. The first coordinate is absolute and 

the second one is relative. 

3. DIFFERENTIAL EQUATIONS

The mechanical system is conservative. Its study is 

carried out with the Lagrange equations of the second 

kind: 
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The first equation (3) is composed by the absolute 

coordinate  , and the second equation (4) - by the relative 

coordinate u . 

The kinetic energy of the pendulum is as follows: 
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The connection between the internal elastic force 

elF in the cord, due to its elongation u , is defined as 

follows: 
3

1 .. ucucFel  . (6) 

The potential energy of deformation is determined 

by the integral: 
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The full potential energy is obtained approximately 

by formula: 

  sin...0 RLgmUCE p

   cos.... uRLgm
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2

1 2
uRLgm , (8) 

where constC 0  is the potential energy of the system in 

a stable equilibrium position. 

The following constant is constructed: 

mm / . (9) 

Formulas (5) and (8) are put in equations (3) and 

(4), and the following differential equations are reached: 
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A homogeneous nonlinear system of two ordinary 

second-order differential equations is obtained. Its solution 

under appropriate initial conditions is performed 

numerically with a specially prepared program in the area 

of the mathematical package MatLab. 

For future experimental measurements of the 

velocity and the acceleration of point M , some formulas 

for the algebraic projections of absolute velocity and 

absolute acceleration relative to the axes of the fixed 

coordinate system yxO  are needed. 
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These expressions are the following: 

    sin.cos... uuRLv x
 , (12) 

    cos.sin... uuRLv y
 , (13) 

    cos... uRLa x   

     sin... 2 uuRL  , (14) 

    sin... uRLa y   

     cos... 2 uuRL  . (15) 

The magnitudes of the velocity and acceleration of 

point M  are as follows: 

   222
.. uuRLv   , (16) 

   22
..  uRLa   

     5.022.. uuRL   . (17) 

It can be seen from the derived formulas that the 

main purpose of the study is to determine both laws 

)( t  and )( tuu  . 

The elastic cord is an one-way connection. This 

means that it can function only if it is tensioned at any 

time during the movement of the pendulum. The condition 

for the cord to be tensioned is as follows: 

 0).).(cos.(. 2   uRLugmS . (18) 

Therefore, the initial conditions must be set 

inappropriate values that they take into account the elastic 

characteristics of the cord. 

4. NUMERICAL SULUTIONS 

The numerical integration of the system of 

differential equations (10) and (11) is performed with the 

solver ode45 of MatLab, based on the explicit Runge-Kuta 

method of 4th and 5th order. This is a one-step algorithm 

with a chosen fixed-step st 001.0 . This method 

calculates the value of function )( ntf  using only one  

previous value of function )( 1ntf . 

The solver ode45 is the most used in such studies 

and guarantees relative accuracy 610.1  r  and absolute 

accuracy 810.1 a . 

The parameters with which the calculations were 

performed are: kgm 50.1 , mR 50.0 , mL 2 , 

mNc /250 , and 3

1 /20 mNc  , mkgm /10.0 . 

The following initial conditions are accepted: 

rad4/0  , 1

0 0  s , mu 05.00   and 

smu /00  . 

In order to ignore the transient processes, a longer 

integration time was adopted, namely st 10 . 

The following kinematic characteristics were 

obtained: 

a.) Laws of the first generalized coordinate, )(t , 

)(t , )(t , (Figures 2, 3 and 4); 

b.) Laws of the second generalized coordinate, 

)(tu , )(tu , )(tu , (Figures 5, 6 and 7); 

c.) Velocity of point M , )(tv x , )(tv y , )(tv , 

(Figures 8, 9 and 10); 

d.) Acceleration of point M , )(ta x , )(ta y , )(ta , 

(Figures 11, 12 and 13); 

e.) Phase trajectories of point, M , )(   and 

)(uuu  , (Figures 14 and 15); 

f.) Tensile force in the cord, )(tSS  , (Figure 16). 

The law )(t  is a periodic function with period 

 
Figure 2: Law of angle function, radt)(  

 
Figure 3: Law of angle velociy, 

1)(  st  

 
Figure 4: Law of angle acceleration, 

2)(  st  
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sT 025.3 , natural frequency Hzf 331.0 , and 

circular frequency 1077.2  s

The maximum angular velocity is 
17227.1max  s . The extreme values of the angular

acceleration are 28207.4max  s  and 

28569.2min  s . 

The laws )(tu , )(tu  and )(tu are periodic 

indeterminate functions of time. The extreme values are 

mtum 1115.0)(0340.0  , smu /2231.0max   and

2/6205.1max smu  . 

The laws of velocity )(tv x , )(tv y  and )(tv are 

periodic functions with maximum values 

smv x /5610.3max  , smv y /6010.1max   and 

smtvsm /6020.3)(/0320.0  . 

The laws of acceleration )(ta x , )(ta y  and )(ta

are periodic functions with values, namely 
22 /0740.6/9034.6 smasm x  , 

22 /5482.3/4295.5 smasm y  , 

Figure 5: Law of motion mtuu )(

Figure 6: Law of velocity smtuu /)(   

Figure 7: Law of acceleration 
2/)( smtuu  

Figure 8: Velocity xv  of point M : 

smtvv xx /)(

Figure 9: Velocity yv  of point M : 

smtvv yy /)(

Figure 9: Velocity v  of point M : 

smtvv /)(  
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Figure 14: Phase trajectory of point M : 

)(   

 
Figure 15: Phase trajectory of point M : 

)(uuu    

 
Figure 16: Tensile force in the cord: 

NtSS )(  

22 /6962.7/7046.4 smasm  . 

The inner force )(tS  in the cord has always a 

positive value, or in other words, the cord is always loaded 

with tensile force. This force is in the range 

NtSN 8625.16)(4519.7  . 

The phase trajectories of Figure 14 and Figure 15 

fully correspond to the obtained laws )(t , )(t , )(tu  

and )(tu . 

If an analysis of the phase trajectory )(   of 

Figure 14 is made, it will be seen that the distributed mass 

m  causes a gradual attenuation of the oscillations. To 

demonstrate this, two calculations are made. 

Figure 17 shows the phase trajectory )(   at 

mkgm /0  and 3

1 /0 mNc  . Moreover, the integration 

time is increased to st 25 . 

Figure 18 shows the phase trajectory )(   at 

mkgm /50.0 , 3

1 /0 mNc   and integration time is   

st 25 . 

The analysis of the phase trajectory )(uuu    for 

two states is made. 

At the first state, it is accepted mkgm /0  and 

3

1 /0 mNc  . The integration time is increased to 

st 60 . The obtained phase trajectory is shown in Figure 

19. 

At the second state, it is accepted mkgm /50.0 , 

and 3

1 /0 mNc  . The integration is also st 60 . The 

obtained phase trajectory is shown in Figure 20. 

 
Figure 17: Phase trajectory of point M : 

)(  , mkgm /0 , 3

1 /0 mNc   

 
Figure 18: Phase trajectory of point M : 

)(  , mkgm /50.0 , 3

1 /0 mNc   
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The analysis shows that if the distributed mass m  

of the cord is increased, the longitudinal oscillations )(tu  

also decrease. They are moved to another zone and are 

established in some constant limits. 

The case for the influence of the stiffness of the 

cord is also interesting. To establish this effect, two 

calculations for mkgm /10.0 , 3

1 /50 mNc  and 

integration time st 60  were performed. 

The first calculation is made with the coefficient of 

elasticity mNc /300 , and the second calculation is 

made with the coefficient of elasticity mNc /900 s. 

The phase trajectories )(uuu   for the two states

are shown in Figures 21 and 22. 

From the phase trajectories, shown in Figures 21 

and 22, it can be seen that as the coefficient of elasticity of 

the cord increases, the amplitudes of the longitudinal 

oscillations decrease, but the velocity increases. The 

phenomenon “beating” is observed on both phase 

trajectories, which is more pronounced in Figure 21 in 

comparison with Figure 22. 

5. CONCLUSION

A mathematical model of a pendulum is created. It 

consists of a concentrated mass and an elastic mass cord, 

which is wrapped around a fixed cylinder. 

Nonlinear differential equations are derived, which 

describe the oscillations of the pendulum and the 

oscillations of the material point in the longitudinal 

direction of the cord. 

A program was compiled in the area of the MatLab 

mathematical package, with the help of which all 

kinematical characteristics were obtained, namely: laws of 

motion, velocities and accelerations for the two 

generalized coordinates, linear velocities and accelerations 

of the concentrated mass, as well as the inner force of the 

elastic cord. 

The phase characteristics for the two generalized 

coordinates are obtained. They conducted a study with 

variation of some parameters, such as distributed mass of 

the thread, coefficients of elasticity and integration time. 

This study has a theoretical and methodological 

nature and contributes to the enrichment of knowledge in 

the field of nonlinear mechanics, as well as computational 

mathematics. 

Figure 19: Phase trajectory of point M : 

)(uuu   , mkgm /0 , 3

1 /0 mNc 

Figure 20: Phase trajectory of point M : 

)(uuu   , mkgm /50.0 , 3

1 /0 mNc 

Figure 21: Phase trajectory of point M : 

)(uuu   , mkgm /10.0 , mNc /300

Figure 22: Phase trajectory of point M : 

)(uuu   , mkgm /10.0 , mNc /900
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The work shows examining of the centrifugal compressor for which there are no technical conditions by which the 

compressor manufacturer defines the form and important characteristics of the measuring installation. In the absence of 

the necessary data, a table for testing of centrifugal compressors was designed, where the pipeline measures and other 

details are freely defined in accordance with the available possibilities. 

Keywords: Welding, Centrifugal compressor, Functional testing

1. INTRODUCTION 

The work showed an examining of the centrifuge 

compressor of a motor vehicle. The compressor lid had 

damages in the shape of cracks. The damaged lid was 

regenerated by welding.  The mentioned procedure was 

necessary because there were no compressors nor their 

parts on the market. The lid is made of aluminum alloy. 

TIG procedure was used to weld the crack. There was no 

manufacturer`s documentation for the compressor on the 

shape and characteristics of the measuring installation. 

Nevertheless, the compressor should have been examined 

for function after the welding procedure was carried out. 

For this reason, a table for functional testing of 

compressors was designed. 

2. DESCRIPTION OF  THE SUBJECT OF THE WORK 

The centrifugal compressor (Figure 1) is used to 

increase air pressure entering the engine cylinders. It 

consists of a flowing part and a multiplier. The flow part 

consists of: rotor(7), diffuser (4), disc (5) and pre-

compressor pipe (6). The body (19) and lid (3) are made of 

Aluminum alloy. In the body there are: gears of two-stage 

reduction, elastic and two frictional joints [3]. 

From the gears on the engine's collet shaft, the rotation is 

transferred to the gear block and further across the gears 

(24), small (34) and large (25) gears on the gear (33) of the 

rotor shaft. The gear block consists of: gear vein (22), 

vaudeville (21) and connected gear with it using a screw 

(18). In the gear block, an elastic coupling is placed. It 

consists of six packages, with two springs (17) with 

clamps (15 and 16). The packages are placed in a wreath 

and guide tray. The elastic coupling is designed to reduce 

the dynamic load of the compressor drive. The axle (20) of 

the block and the axle of the inter-cogs (24) are immobile, 

and their support is in the body and the lid. 

The large gear (25) moves freely on a bronze nail, placed 

on the sleeve of the small gear. It contains a frictional 

compressor coupling, consisting of six weights (28) with a 

cap (27), a cleaner (30) and a spring (32). Weights are 

started, over caps and springs, with a attachment tightly 

connected to a small gear. Under the presence of 

centrifugal forces, weights settle on the conical surfaces of 

the large gear. When increasing and reducing rotations, 

weights slightly connect or separate the gear vein of a 

large gear, thus relieving the compressor drive from inertia 

loads. 

The diffuser has 23 arrow shaped spatulas. The pre-

compressor pipe disk is placed with a central air entrance 

into the compressor. In the opening of the pre-compressor 

pipe (6) is a cop (1) with a torque port (2), from where the 

air is taken through the pipe to create super pressure in 

exhaust compound compensators, for better sealing of the 

compensator's rings. 

The rotor (7) of the compressor relies, over 

coasters, on a cocoon (13), and is tightened to the shaft 

(29) by the rolling (11) over coasters (12). Not to get oil 

into the air-passing area, they are placed in groove shells 

(13) of two rings (14), which perform sealing with a 

cocoon in the compressor lid. 

Lubrication of the rotor shaft tray and the gear tray 

the is under pressure. The gears are oiled with oil that 

passes through the trays. The oil, which performed 

lubrication, flows into the engine carter. 

 

 

Figure 1: Centrifugal Compressor  1 

 

3. WELDING  OF CRACKS 

The compressor lid is made by casting under 

pressure from Al-alloy quality AlSi12. 

During the general overhaul of the engine, damage of the 

compressor lid was found in the form of an irregularly 

shaped opening, dimensions of 30x30 mm minimum to 

70x70 mm maximum (Figure 8). Lid damage is due to an 

improper handling and maintenance or hidden errors in the 

lid material was made of. The basic material of the lid is 

iron-cast under the pressure of AlSand12 quality. The 

chemical composition of the alloy is in Table 1. 
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Table 1: Chemical composition of the alloy 2 

Required Permitted impurities, % Density, 

kg/dm3 Mn Si Al Ni Fe Zn Cu Mg Ti Pb 

0.1 11.2 
complement 

to 100% 
0.08 0.45 0.12 0.1 0.1 0.15 0.1 2.65 

Welding of aluminum and aluminum alloys is 

generally feasible to all conventional welding procedures. 

Bearing in mind the fact that it is individual production, 

welding of the lid with electrolyte procedure with non-

melting electrode in the protection of inert gas (Wolfram 

Inert Gas-TIG procedure) is accepted.   

The thickness of the lid wall at the spot of the 

damage is 4 mm. Al 99.5%, 4 mm thick sheet was selected 

for the patch, because AlSand12 sheet is not being 

produced. Choosing some other alloy would create 

additional problems of welding ability. 

The characteristics and application of aluminum 

depend on its purity. Increasing impurities in Aluminum 

reduces corrosion resistance, electrical conductivity, and 

above all strength. 

99.8% or above pure Aluminum, is applied for 

the production of chemical equipment, which functions in 

very aggressive environments. A very important feature 

of Aluminum is to build  oxide on its surface in the 

form of a 0,01 µm layer. This layer occurs at higher 

temperatures and in conditions of increased humidity, and 

reaches thickness of 0,03 µm to 0,1 µm. The layer has 

high density and prevents further Aluminum oxidation. 

Cast Aluminum alloys are applied for complex 

mechanical strains and often contain higher percentage 

presence of alloy elements. 

Since the basic materials of different chemical 

composition (the lid is from AlSi12 and the patch of Al 

99.5), as well as on the basis of recommendations for 

selecting additional materials, the accepted wire is S-AlSi5,

ϕ 0,3 mm. [3] 

With this quality of the wire, obtained seam had 

composition between Al 99,5 and AlSi12. 

Protective gas was used from auxiliary 

(expendable) material. The protective gas was aimed at 

protecting basic and additional material while in melted 

state, as well as during the period after hardening as 

protection from the effects of oxidation, so as not to create 

undesirable oxides. Also, in addition to this basic role, the 

protective gas was partly to cool Wolfram's electrode. 

When welding, argon and helium could be used as pure 

gases or gas mix: argon and helium, argon and hydrogen, 

argon and oxygen. 

Due to the good supply of argon on the market as 

well as the lower purchase price than helium, argon was 

accepted as a protective gas of higher purity of 99.96%. 

On the milling machine the edges of the opening are 

processed in order to obtain the regular geometric shapes 

(rectangle, square, circle...). After processing the lid 

opening, the sheet was made - patch. The junction of the 

patch and the lid is given in Figure 2. 

Figure 2: The patch and lid junction 

For the sheet thickness of  4 mm, according to table 6 

it is accepted 3: 

 Two-sided ``I`` joint,

 Space between parts s=1 mm,

 One weld on both sides.

Based on the recommended parameters for welding

Aluminum and Aluminum alloys, the following welding 

parameters were 3: 

 Current power I = 180A,

 Number of cycles i = 2,

 Argon flow Q = 9 , 

 Diameter of extra material . 

Preheating of Aluminum is often performed when it is 

necessary to avoid the appearance of porousness in the 

metal seam. 

Since the welded lid patch junction must ensure 

impenetrableness, the appearance of porousness in the 

metal seam is not permitted. 

Due to the above, the overheating of the lid and the 

patch in the chamber furnace at a temperature of 150°C 

was applied. 

Based on the data presented and after the preheating 

was performed, welding was performed in the following 

order (Figure 3): 

 Patch joining in four places,

 Welding the patch by a welding plan, according

to figure 3, on the inside of the lid in one aisle,

 Welding the patch by a welding plan, according

to figure 3, on the outside of the lid in one aisle.
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Figure 3: Welding plan  

4. COMPRESSOR TESTING 

After welding compressor lid regeneration carried out, 

a functional compressor test was performed. The initial 

problem was the lack of data on the basic characteristics of 

the measurement installation: 

- Diameter and length of suction and thyme 

platoon, 

- Exact locations and types of regulatory 

valves, 

- Presence of expansion container for calming 

and slowing down of electricity on the 

thyme pipeline, 

- Types and positions of temperature probes,  

- Presence of laminators for air current 

regulation in front of measuring sites.  

In the absence of the necessary data, a test table was 

designed to test centrifugal compressors (Figure 4). The 

installation is complemented by an oil preheating device, 

with a control thermometer. 

 

 
         Figure 4: Test table for testing centrifugal 

compressor 

Compressor quality is checked at work points 

corresponding to engine speed modes 

,  and  

at full power. The quality rating process is all about 

forming compressor characteristics at constant rev 

numbers, corresponding to the specified rev speeds. 

Characteristics are determined by four work points. The 

boundaries on the maximum flow line correspond to a 

fully open dampener valve 4,5. The accuracy of the 

method increases as the number of points through which 

the curve forms increases. 

Based on the relative position of reference points 

in relation to the recorded characteristics, a rating is given 

on whether the compressor meets the prescribed 

requirements. 

The values of the control parameters that were 

taken from the Technical Conditions for compressor 

testing on handover , are in Table 2. 

Table 2: Values of the control parameters4 

 ΔPTOT, kPa ΔTTOT, K Pk, kW mKOR, kg/s 

n=1300 min-1 32.35 38 0.7 27.96 

n=1800 min-1 69.63 67 1.1 80.93 

n=2000 min-1 88.24 82 1.3 117.72 

 

Technical conditions for handover compressor 

testing 4  define the correcting of mass air flow to 

standard conditions, 

(  Correction factor 

is calculated according to the form: 

 

[1]                         (1) 

The bringing to normal atmospheric conditions is 

also predicted for differences in pressure values , and 

temperature values  , as well as for the engaged 

strength P. Since the technical conditions for the handover 

compressor tests do not contain a correction procedure, 

these sizes are not being brought to normal. 

The test table in the current configuration does not 

have an expansion container on the thyme pipeline, whose 

presence would allow for measurements of pressure and 

temperature in low-speed air currents. In such conditions, 

the measured pressure, i.e. temperature, would be 

approximately equal to total or static sizes 

(  Since the 

reference sections on the installation occur at speeds of 

over 100m⁄s, the calculation process of determining total 

and static sizes from measured pressure and temperature 

values has been applied. Since no probes were used to 

measure the stop temperature, an assumption was made as 

recommended by literature that standard probes register 

50% dynamic temperature. 

Table 3 presents the results of the examination. The 

table contains data on mass flow, air flow rates in 

reference sections, static and total sizes of the states in 
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measuring sections 1 and 2. The recommended values for 

the isentropic and actual current work, isentropic, total and 

mechanical level of usefulness, as well as the degree of 

increase in compressor pressure were also given. 

Also, the data are listed on engaged torque, 

propulsion engine power and pressure and temperature 

differences at front and back of the compressor. The sizes 

specified in the last sentence are used, along with data for 

mass flow, as reference control parameters, through which 

the quality of the tested compressor is checked. 

Table 3: Results of the examination 

(First part of the Table 3) 

Compressor NO 12AT5347 

Testing results 

Serial 

number 
1 2 3 4 5 6 7 8 9 

1.21 1.21 1.21 1.21 1.21 1.21 1.21 1.21 1.21 

1.02 1.03 1.04 1.04 1.03 1.03 1.05 1.05 1.06 

0.51 0.86 1.09 0.98 0.83 0.65 1.16 1.30 1.42 

0.52 0.89 1.14 1.02 0.86 0.66 1.22 1.37 1.50 

-931.63 -2471.28 -3795.15 -3167.55 -2333.98 -1421.96 -4511.06 -5442.69 -6815.62

1461.23 2922.46 6641.96 20324.39 28294.73 32279.91 8900.22 10892.81 14612.30 

98068.37 96528.72 95204.83 95823.45 96666.02 97578.04 94488.94 93557.31 92184.38 

100451.2 101922.5 105642.0 119324.4 127294.4 131279.9 107900.2 109892.8 113612.3 

284.57 284.10 283.33 283.77 283.93 284.69 283.52 283.30 282.88 

24.17 40.96 52.83 47.12 39.83 30.67 56.70 63.98 70.53 

1.20 1.18 1.17 1.18 1.19 1.19 1.16 1.15 1.14 

98419.09 97521.83 96838.55 97138.82 97606.80 98139.83 96355.19 95912.55 95008.29 

284.87 284.94 284.71 284.87 284.71 285.15 285.12 285.34 285.36 
292.41 301.36 312.84 315.40 317.34 319.36 318.25 328.10 339.85 

45.08 76.52 97.75 78.22 62.86 47.56 103.63 117.31 127.85 

1.20 1.18 1.18 1.32 1.40 1.43 1.18 1.17 1.16 

101677.7 105372.2 111263.2 123356.6 130055.7 132899.6 114243.3 117922.3 
1231.30.

7 

3258.6 7850.4 14424.7 26217.7 32448.9 34759.8 17888.2 22009.8 28122.4 

8.6 19.3 32.9 33.6 34.6 35.3 38.5 49.6 62.6 

293.43 304.28 317.60 318.44 319.30 320.48 323.59 334.94 347.99 

1.02 1.06 1.11 1.25 1.32 1.35 1.14 1.17 1.23 

1.03 1.08 1.15 127 1.33 1.35 1.19 1.23 1.30 

2674.30 6393.03 11546.80 20179.63 24409.23 25900.75 14240.18 17366.33 21946.84 

8599.55 19428.00 33033.80 33723.35 34746.60 35490.19 38648.53 49832.56 62915.79 

0.31 0.33 0.35 0.60 0.70 0.73 0.37 0.35 0.35 

1371.49 5478.05 12620.28 19772.08 20378.17 16765.88 16566.47 22592.90 31056.66 

4876.4 19575.3 39996.2 36325.7 31850.7 25829.8 47987.8 70591.6 96132.7 

0.28 0.28 .32 0.54 0.64 0.65 0.35 0.32 0.32 

0.90 0.85 0.90 0.91 0.91 0.89 0.94 0.92 0.93 

7958.01 13396.65 17435.64 17448.97 17475.63 17488.96 18795.30 21394.65 23994.00 

     (Second part of the Table 3) 

Compressor NO 12AT5347 

Testing results 

Serial 

number 
10 11 12 13 14 15 16 17 

1.21 1.21 1.20 1.20 1.20 1.20 1.20 1.20 
1.06 1.05 1.04 1.07 1.07 1.07 1.06 1.05 
1.37 1.16 0.96 1.46 1.47 1.44 1.32 1.15 

1.145 1.22 0.99 1.56 1.57 1.53 1.39 1.21 
-6942.00 -4756.23 -2991.03 -7404.02 -7502.09 -7207.89 -6129.16 -4756.23

34006.81 59511.93 65356.85 16472.05 37859.15 56456.63 74788.42 81696.06 
92508.00 94243.77 96008.97 91596.0 91497.91 91792.11 92870.84 94243.77 
133006.8 158511.9 164356.8 115472.1 136859.1 155456.6 173788.4 180696.1 

283.16 284.21 285.19 283.67 283.65 284.12 284.65 285.62 
68.26 56.95 46.11 73.58 74.23 72.17 65.49 56.71 
1.14 1.16 1.17 1.12 1.12 1.13 1.14 1.15 
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Serial 

number 
10 11 12 13 14 15 16 17 

 95159.44 96117.51 97255.92 94641.0 94594.07 94723.23 95308.60 96092.28 

 285.48 285.83 286.25 286.37 286.39 286.72 286.79 287.22 

 343.47 347.54 351.07 348.11 385.53 361.79 363.50 366.88 

 107.88 77.00 61.66 133.18 116.64 100.90 83.11 70.65 

 1.35 1.59 1.63 1.16 1.33 1.50 1.67 1.72 

 140741.3 163222.4 167456.3 125720.9 145906.2 163076.9 179540.6 184978.6 

 45581.9 67104.8 70201.4 31079.9 51312.1 68353.6 84232.0 88885.8 

 63.7 64.7 66.7 70.6 78.9 80.1 80.2 82.1 

 349.17 350.50 352.97 356.93 365.31 366.85 366.94 369.36 

 1.44 1.68 1.71 1.26 1.50 1.69 1.87 1.92 

 1.48 1.70 1.72 1.33 1.54 1.72 1.88 1.93 

 33792.06 46768.76 48206.69 24199.33 37740.67 48144.56 56928.79 59207.40 

 63984.96 64963.70 67021.86 70889.09 79275.27 80503.59 80517.67 82517.09 

 0.53 0.72 0.72 0.34 0.48 0.60 0.71 0.72 

 46393.82 54380.85 46073.47 35396.30 55637.52 69110.44 74892.90 68210.21 

 93305.3 80676.1 69144.9 109547.3 123878.2 120098.9 111700.4 99732.5 
  0.50 0.67 0.67 0.32 0.45 0.58 0.67 0.68 

 0.94 0.94 0.93 0.95 0.94 0.96 0.95 0.95 

 23994.00 2399400 24113.97 25353.66 26726.65 26726.65 26726.65 26726.65 
 

5. TESTING RESULTS 

Table 4 has a comparative overview of referenced 

and measured sizes. Measured sizes are displayed at two  

points. These points on the top and down side 

limit the area. which contain reference sizes. 

 

 

Table 4: Comparative overview of referenced and measured sizes 

 ΔP2TOT. kPa ΔTTOT. K Pk. kW mKOR. kg/s 

1300 

min-1 

Ref. 32.35 38.00 27.96 0.70 

Meas. 32.45 34.76 35.17 36.21 32.85 25.83 0.84 0.64 

1800 

min-1 

Ref. 69.53 67.00 80.93 1.10 

Meas. 67.10 70.20 66.35 68.20 80.68 69.14 1.20 0.97 

2000 

min-1 

Ref. 88.24 82.00 117.2 1.3 

Meas. 84.23 88.89 81.62 83.10 111.70 99.73 1.46 1.18 

 

 

In addition to the above mentioned test results, the 

following was noted: 

- There's no oil leak registered on the body 

and lid of the multiplier, 

- There's no oil marks on the compressor 

wheel shovels, 

- No excessive heating of the base in the 

zones of deposited shells of multipliers, 

- No increased noise levels have been 

registered in the compressor. 

 

6. CONCLUSION 

The results of the test unequivocally indicate that 

an adequate process of welding the compressor cover was 

chosen. Based on the results of the test, it can be noted that 

the compressor meets the prescribed requests in terms of 

achieving the reference characteristics. This means that the 

test compressor can, as correct and reliable, be used on a 

motor vehicle.   
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In modern times, robots have achieved great expansion and found wide application in nearly every field of research, such 

as: science, education, medicine, industry, information technology. This paper deals with studying the kinematics of a type 

KUKA IR 161/15.0 robot. For describing the kinematics of the fore mentioned robot, the analytical Denavit-Hartenberg 

approach was used. 

Keywords: DH parameters, Robot, Kinematic,  KUKA  IR 161/15.0   

 

1. INTRODUCTION 

A robot can be modelled as a chain of solid bodies 

connected with joints. The front of this chain is the 

stationary base of the robot, while the back contains a tool 

which the robot holds. In order for the robot to move in 

three-dimensional space, while performing certain tasks, 

controlling the position and orientation of the tool is 

crucial. For this reason, determining the relation between 

the joint parameters of the robot and the position of 

orientation of the tool.  

 

On Figure 1, various types of robots are shown.  

 

   

 
Figure 1:Various types of robots 

 

As for the kinematics of robots, there are two major 

approaches found in literature: 

 Denavit-Hartenberg, a representative of analytic 

approaches 

 Rodrigues’ formula, a representative of numerical 

approaches 

 

These two approaches are identical in terms of 

complexity, in the case when the main axes of inertia 

coincide with the joint axes and the common perpendicular 

axis, which is commonplace in the area of industrial 

robots. 

 

 The Denavit-Hartenberg approach is more 

convenient when the kinematic equations of the robot are 

already formed, and the Rodrigues’ formula approach is 

more appropriate in forming the dynamical equations of 

the robot. 

  

 In the paper by Tonetto et al. [1], a novel 

approach for kinematics programming of a system 

composed of two robots is demonstrated. A well-

structured procedure is presented, using screw theory, 

Davies’ method and Assur virtual chains. This approach 

was taken due to the fact that the Denavit-Hartenberg 

method does not include multi-robot computation. The 

screw approach allows the use of optimization techniques 

and to perform tasks in a full cooperative way, taking 

profit from the redundancy of the cooperative system. 

 

In the paper by Abdel-Malek and Othman [2], the 

use of the DH formulation for multiple sweeps, through 

examples, is demonstrated. It was shown that the Denavit–

Hartenberg representation method adopted from 

kinematics is well suited for the representation of solid 

models that are created as a result of multiple of sweep 

(combination of revolve and extrude) operations. The DH 

formulation also can relate multiple sweeps using a small 

number of parameters, simplifying the computations. 
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In the paper by Aamir et al. [3], the Denavit-

Hartenberg parameters for a serial robot were identified. 

The performance of the proposed methodology was tested 

by changing the range of motion given to the joints and 

evaluating the DH parameters again. This proposed 

method showed that a small range of the end-effector did 

not change the identified results for the DH parameters, 

proving the robustness of the algorithm. 

In the remainder of the paper, the Denavit-Hartenberg 

analytical approach will be described in detail. 

2. DENAVIT-HARTENBERG PARAMETERS

The DH parameters first appeared in 1955 (Denavit 

and Hartenberg, 1955) to represent a directed line which is 

nothing but the axis of a lower pair joint. 

The D-H parameters are: 

 ai - the distance between the fixed coordinated

systems to the robot links (Oi and Oio);

 di - the direction of the coordinate axis from Oio

through zi-1;

 αi - the angle between the zi-1 and zi axes related

to the xi axis;

 vi - the angle between the xi-1 and xi axes related

to the zi-1 axis;

The distances ai and the angles αi are always 

constant, depending only of the geometry of the 

consecutive joints of link i . In particular, if the i joint is 

revolute, vi is variable, while if i joint is prismatic, di is 

variable. 

Also, an example of how to calculate D-H parameters is 

shown in Figure 2. 

Figure 2:Example of D-H parameters 

The transformation matrix for the coordinates system 

between the robot’s joints i and i - 1 is given by: 

 1

0

0 0 0 1

i i i i i i

i i i i i i

i i

i

ii

i i

i

c s c c s a c

s c c c s a s
A q

s c d

     

     

 



 
 

 
  
 
  

   (1) 

The transformation matrix for the coordinates system from 

the base to the end-effector is given by a net of the 

transformation matrices: 

 
 0 0 1 1

1 2...
0 1

n

n n

R q pq
T q A A A   

   
 

     (2) 

in which R(q) is a submatrix with elements in the first to 

the third rows, and from the first to the third column of the 

Tn0 matrix and represent a rotation between coordinates 

system, p(q) is the submatrix containing elements from the 

first to the third rows of the fourth column of Tn0 and 

represents the translation between coordinates system, and 

q is the vector containing the joints variables. 

The equation (3) allows to compute the Jacobian 

systematically, in the direct kinematics programming [4]. 

The direct kinematics relations are given by: 

 

1

1 1

1

0
i

i

i

P

O i i

i

z

J

J z p p

z



 



  
  

   
  

      
 
 

    (3) 

in which zi-1 is the third column elements of the rotation 

matrix Ri-1
0, p is given by the first three elements of the 

fourth column of the Tn0 and pi-1 is given by the first three 

elements of the fourth column of the Tn-1
0 matrix. 

3. SOLVING THE DIRECT KINEMATICS PROBLEM

FOR THE ROBOT MODEL KUKA IR 161/15.0

Base on the DH parameters for the robot model 

KUKA IR 161/15.0, given in Table 1, its kinematics 

model schematics according to Denavit-Hartenberg model 

was shown (Figure 3). 

Table 1:DH parameters for the robot model IR 

161/15.0 

Based on the parameters in Table 1 for the 

coordinate systems of robot’s kinematics model, the 

matrices of homogenous transformations according to DH 

method can be calculated. 
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Figure 3:Kinematic model of the robot KUKA IR 

161/15.0 

 

The matrices of homogenous transformations for 

parameters given in Table 1 for coordinate systems of 

robot’s kinematics model are calculated based on the 

matrix, taking the following shape: 

 

 

11 1

11 10

1

11

1

sin 1cos 0 sin 0

cos 0in 0 cos 0
,

00 1 0

7750 0 0 1

q q

s q q
D

ad

d mm





 
  
 
  
 

 
  

 

22 2 2 2

22 2 2 21

2

2

2

sin 0cos sin 0 cos

cos 1in cos 0 sin
,

799,9530 0 1 0

00 0 0 1

q q a q

s q q a q
D

a mm

d





 
  
 
  
 

 
 

 

33 3 3 3

33 3 3 32

3

3

3

sin 1cos 0 sin cos

cos 0in 0 cos sin
,

0,0340 1 0 0

00 0 0 1

q q a q

s q q a q
D

a mm

d





 
  
 
   
 

 
 

 

44 4

44 43

4

44

4

sin 1cos 0 sin 0

cos 0in 0 cos 0
,

00 1 0

799,9700 0 0 1

q q

s q q
D

ad

d mm





 
  
 
  
 

 
 

 

55 5

55 54

5

5

5

sin 1cos 0 sin 0

cos 0in 0 cos 0
,

00 1 0 0

00 0 0 1

q q

s q q
D

a

d





 
  
 
  
 

 
 

 

66 6

66 65

6

66

6

sin 0cos sin 0 0

cos 1in cos 0 0
,

00 0 1

1400 0 0 1

q q

s q q
D

ad

d mm





 
  
 
  
 

 
 

 

By multiplying all six matrices, the following 

matrix is obtained: 

 

             0 0 1 2 3 4 5

6 1 2 3 4 5 6 ,W D D D D D D      (4) 

 

Representing the total robot movement. 

 

After matrix multiplication and applying the 

following substitutions: 

 

   

   

sin cos

cos cos

sin sin

i i i i

i j ij i j i j

i j ij i j i j

s q i c q

q q c q q c

q q s q q s





 

   

   

 

 

And based on following trigonometrical identities: 

 

 

sin sin cos cos sin ,

cos cos cos sin sin ,

     

     

  

 
 

 

 

1 2 3 1 2 3 1 2 3 2 3 1 23

23 2 3

;

cos ,

c c c c s s c c c s s c c

c q q

   

 
  

 1 2 3 1 2 3 1 2 3 2 3 1 23,s c c s s s s c c s s s c     

 

 

1 2 3 1 2 3 1 2 3 2 3 1 23

23 2 3

,

sin ,

c c s c s c c c s s c c s

s q q

   

 
 

 1 2 3 1 2 3 1 2 3 2 3 1 23,s c s s s c s c s s c s s     

2 3 2 3 23,s c c s s   

 2 3 2 3 2 3 2 3 2 3; sin ,s c c s s s q q      

 2 3 2 3 2 3 2 3 23,s s c c c c s s c       

 3 1 2 3 3 1 2 3 2 1 2 1 3 23 2 2 ,a c c c a c s s a c c c a c a c     

 3 1 2 3 3 1 2 3 2 1 2 1 3 23 2 2 ,a s c c a s s s a s c s a c a c     

3 2 3 3 3 2 2 2 1 3 2 3 2 2 1a s c a s c a s d a s a s d        

 

The matrix (4) takes the following shape: 
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 

   

   

 

   

   

1 23 4 5 6 4 6 1 4 5 6 4 6 1 23 5 6

0 1 23 4 5 6 4 6 1 4 5 6 4 6 1 23 5 6

6

23 4 5 6 4 6 23 5 6

1 23 4 6 4 5 6 1 4 6 4 5 6 1 23 5 6

1 23 4 6 4 5 6 1 4 6 4 5 6 1 23 5 6

23 4 6

0

c c c c c s s s s c c c s c s s c

s c c c c s s c s c c c s s s s c
W

s c c c s s c s c

c c s c c c s s c c s c s c s s s

s c s c c c s c c c s c s s s s s

s s c

    


   
  



   

   

 

   

   

 

4 5 6 23 5 6

1 23 4 5 1 4 5 1 23 5

1 23 4 5 1 4 5 1 23 5

23 4 5 23 5

1 23 4 5 6 1 4 5 6 1 23 4 5 6 1 3 23 2 2

1 23 4 5 6 1 4 5 6 1 23 4 5 6 1 3 23 2 2

23 4 5 6 23 4 5 6 3 2 3 2

0

0

c c s c s s

c c c s s s s c s c

s c c s c s s s s c

s c s c c

c c c s d s s s d c s d c d c a c a c

s c c s d c s s d s s d c d s a c a c

s c s d c d c d a s a

 

 

 



    

    

    2 1

1

s d








What can be seen from the matrix, it is composed 

of oritentation vector, as well as projections of the position 

vector for the tool. 

The matrix form of the total movement of the tool 

can be written in the following manner: 

 0

6

0 0 0 1

x x x x

y y y y

z z z z

n o a p

n o a p
W

n o a p

 
 
 
 
 
 

By equating the matrix fields, the following equations can 

be obtained: 

Components of the tool unit vectors in relation to 

the base coordinate system, expressed in relation to inner 

coordinates qi: 

   1 23 4 5 6 4 6 1 4 5 6 4 6 1 23 5 6 ,xn c c c c c s s s s c c c s c s s c    

   1 23 4 5 6 4 6 1 4 5 6 4 6 1 23 5 6 ,yn s c c c c s s c s c c c s s s s c    

 23 4 5 6 4 6 23 5 6 ,zn s c c c s s c s c  

   1 23 4 6 4 5 6 1 4 6 4 5 6 1 23 5 6 ,xo c c s c c c s s c c s c s c s s s    

   1 23 4 6 4 5 6 1 4 6 4 5 6 1 23 5 6 ,yo s c s c c c s c c c s c s s s s s    

 23 4 6 4 5 6 23 5 6 ,zo s s c c c s c s s  

1 23 4 5 1 4 5 1 23 5 ,xa c c c s s s s c s c  

1 23 4 5 1 4 5 1 23 5 ,ya s c c s c s s s s c  

23 4 5 23 5 .za s c s c c 

Positional vector projections for the tool in relation 

to the base coordinate system, expressed in relation to 

inner coordinates qi: 

   1 23 4 5 6 1 4 5 6 1 23 4 5 6 1 3 23 2 2 ,xp c c c s d s s s d c s d c d c a c a c     

   1 23 4 5 6 1 4 5 6 1 23 4 5 6 1 3 23 2 2 ,yp s c c s d c s s d s s d c d s a c a c     

 23 4 5 6 23 4 5 6 3 2 3 2 2 1,zp s c s d c d c d a s a s d     

Hence, now the direct kinematics is completely 

defined, meaning that for certain values of inner 

coordinates, taking notice of there definition and taking 

into account the robot's possibilities, position and 

orientation of the (end effector) in the space of exterior 

coordinates can be obtained. 

4. CONCLUSION

In this paper, a detailed analysis of robot model 

KUKA IR 161/15.0 using the Denavit-Hartenberg 

analytical approach was demonstrated. 
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Today, there is increasing use of optimization methods in order to achieve acceptable performance. In this paper we will 

demonstrate how Grasshopper Optimization Algorithm (GOA for short) can be used for solving certain optimization 

problems in engineering. In the first part, biological fundamentals, as well as method explanation are given. Afterwards, 

the GOA algorithm and its’ applicability is explained in detail. The pseudo code for this algorithm was written using 

Matlab R2018a software suite. This algorithm can be used for optimization of engineering problems, such as: helical 

spring optimization, car side impact optimization, cone clutch optimization and speed reducer optimization. In the end, all 

the results for the fore mentioned problems, as well as a result comparison with other methods are shown. 

 

Keywords: Optimization, Grasshopper algorithm, Helical spring, Car side impact, Cone clutch,  Speed reducer 

 

1. INTRODUCTION 

 

     In the past two decades, a set of methods that proved to 

be highly efficient in solving difficult optimization 

problems appeared. These methods are named 

metaheuristic algorithms and are oft-times inspired by 

natural phenomena, since they mimic behaviors and 

patterns found in nature. For this reason, this class of 

algorithms is also called naturally-inspired or biological 

metaheuristic algorithms. 

 

   The surge in popularity of these algorithms gathers great 

attention from engineers and industry professionals. One 

of the reasons of this popularity is their adaptability and 

efficiency. Also, albeit simple in nature, these algorithms 

solve complex optimization problems with ease. 

Metaheuristic algorithms comprise an important part of 

contemporary optimization algorithms, artificial 

intelligence and computer science. 

 

  Many metaheuristic algorithms have the trait that they 

attain global optimum convergence in a fairly small 

number of iterations. Algorithms that belong to this class 

are: Differential Evolution algorithm, Genetic algorithm, 

Bat algorithm, Grey Wolf Optimization algorithm, Firefly 

algorithm, Particle Swarm Optimization algorithm, and 

many others. 

 

Many of authors for the application in engineering design 

optimization have used different metaheuristic algorithms 

which are nature-inspired.  

 

Differential Evolution algorithm (DE) was applied by 

Gašić, Abderazek  for solving structural optimization 

problems[1-2]. In the paper by Gašić et al. [1], the 

trapezoidal cross section of the truck crane boom was 

optimized by using Lagrange’s multipliers and the 

Evolution Algorithm (DE) methods. The results of these 

two methods were compared to the numerical example for 

an existing solution. The results have shown that 

Evolution algorithm gives better solutions for the existing 

problem. In the paper by Hammoudi and Djeddou [2], a 

modified version of DE, called Composite Differential 

Evolution (CoDE) was presented and used to optimize the 

dimensions of a helical spring. The results have proven to 

be better than those obtained by the Firefly Algorithm, 

Particle Swarm Optimization and Genetic Algorithm. 

 

Grasshopper Optimization Algorithm (GOA) has been 

applied by: Saremi [3], Jovanović and Milenković [4] for 

solving constrained engineering optimization problems. In 

[5], authors used a improved grasshopper algorithm to 

solve a pressure vessel design problem. 

  

    In paper by Zhang et al. [6], a multi-objective problem 

was solved by the modified PSO algorithm, called Niche 

PSO. The problem involved mapping virtual networks to 

substrate networks, in terms of revenue and energy cost. 

The Niche PSO has shown better results for both objective 

functions, while having a slightly larger execution time. 

Manickavelu and Vaidyanathan [7] used the PSO 

algorithm to make predictions about route route 

rediscovery during route failures in mobile networks. The 

network consisted of nodes, whose status was decided 

upon by fuzzified parameters. This method was tested on a 

randomized network, while the packet size and node speed 

were varied. The PSO has shown better results in all the 

test cases. 

 

     In the paper by Long et al. [8], an improved version of 

GWO with modified augmented Lagrangian was used. The 

modified augmented Lagrangian is used to remove 

constraints by integrating them into the objective function. 

GWO is modified in such a manner so that the global 
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optimum exploration factor is decreasing sub linearly. In 

this paper, a set of 24 optimization problems was selected 

as a testbench for GWO. Also, a comparison between the 

standard and improved GWO was drawn, with the 

conclusion being that the improved GWO yields better 

solutions for most problems. For the first 13 problems, a 

comparison between other p-based optimization 

algorithms and GWO was drawn. In most cases, an equal 

or better result was yielded by GWO. 

    In this paper, GOA is used for solving several 

engineering design problems. 

    The first problem [9] consists of minimization of spring 

weight subject to constrains on minimum deflection, shear 

stress, surge frequency, limits on the outside diameter and 

design variables. The design variables are: coil diameter 

D, wire diameter d and number of active coils N. 

 The second problem is automobile side impact 

optimization problem, with the aim of minimizing total 

vehicle weight, using eleven design variables. This 

problem was first subjected in a paper by Gu [10]. 

    The third engineering problem that will be considered in 

this paper is optimization of a cone clutch. The goal of this 

optimization is to minimize clutch volume. This example 

was defined in [11].  

The last problem to be solved is speed reducer 

optimization, having the goal of minimizing reducer 

weight in accordance with bending stress constraints of 

gear teeth, surface stresses, transverse deflections of shafts 

and stresses in shafts. This problem was first analyzed and 

solved by Coello using GA[12]. 

2. GRASSHOPPER OPTIMIZATION ALGORITHM

(GOA) 

     Grasshoppers (Figure 1) can be the most noticeable and 

damaging insects to yards and fields. They also are among 

those most difficult to control, since they are highly 

mobile. For many reasons, grasshopper populations 

fluctuate greatly from year to year, and may cause serious 

damage during periodic outbreaks.  

Figure 1:Real grasshopper 

  Grasshopper Optimization Algorithm (GOA) is a p-type 

optimization algorithm inspired by movement of 

grasshopper swarms [21].The grasshopper life cycle has 

three phases: larva, nymph and adult, with the grasshopper 

movement becoming quicker with each phase. The life 

cycle of grasshopper is shown in Figure 2. 

Figure 2:Life cycle of grasshopper 

The mathematical model used to simulate grasshopper 

movement is given by the following equations: 

i i i iX S G A    (1) 

      
1

1

N

i ij ij
j

j

S s d d






   (2) 

 
r

rls r f e e


  
      (3) 

i gG g e


  
 (4) 

i wA u e


       (5) 

Where iX is the grasshopper position, iS are the social 

interaction forces, iG the gravitational force, and iA

wind advection. s(r) represents the social force between 

two grasshoppers. The equation for grasshopper 

movement can be modified as such. Since both the 

gravitational force and the wind advection have essentially 

the same mathematical form, they can be represented by 

one term, dT . As the problem space has d dimensions, 

and each one of them has their upper and lower bounds, 

ubd and lbd, by substituting into the movement equation, 

we get the following form: 

 
1 2

N
j id d dd d

i j i d
j ij

j i

x xu b l b
X c c s x x T

d



 
   

       
 
 

 (6)  

The algorithm consists of three phases: 

1. Constant initialization

2. Initial population creation and calculating their fitness

values

3. Main loop, having L iterations
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a) Recalculating the parameter values for all 

grasshoppers, using the movement equation 

b) Search for the best solution 

 

The complete pseudocode for the algorithm is given 

below. 

 

Swarm initialization Xi (i = 1, 2, …, n) 

Initialize cmax, cmin, and maximum number of iterations 

Calculate the fitness value for each grasshopper 

T = current best search agent 

while (current iteration < maximum number of iterations) 

       Update c 

       for each search agent 

              Normalize the distances between grasshoppers as 

to fit the interval 

              Update the current search agent position 

              Reposition the search agent if it goes out of 

bounds 

      end for 

      Update T if there is a better solution 

      Increment the iteration counter 

end while 

return T 

 

 

3. EXPERIMENTAL ENGINEERING EXAMPLES FOR 

OPTIMIZATION 

         This chapter will present certain examples of 

engineering problems, such as: optimization of helical 

spring, car side impact, cone clutch and speed reducer. The 

basis of the problem, the objective function, variable 

parameters that should be found as well as the constraints 

that should be respected will be shown. Then the results 

obtained by the GOA method (Chapter 2) will be 

presented and they will be compared to the optimum 

results for these four examples obtained and published so 

far. Analysis and obtaining of results by GOA were 

performed in the code written in Matlab R2018a. 

 

Results of the Grasshopper optimization algorithm (GOA) 

will be compared to results obtained by the modified ant 

colony algorithm (MACA), genetic algorithm (GA), 

cuckoo search (CS), improved cuckoo search (ICS), water 

cycle algorithm (WCA), whale optimization algorithm 

(WOA), grey wolf optimization (GWO), moth flame 

optimization (MFO), firefly algorithm (FA) depending of 

solutions found in literature. 

 

   In Figure 3, a schematic view of helical spring, along 

with all the project variables, is shown.     

 
Figure 3: Schematic view of helical spring with variable 

parameters 

 

    This problem consists of three continual vaiables, two 

linear constraints, and five nonlinear constraints, given in 

inequality form. The goal of this optimization is 

minimizing the weight of the spring. 

 

  There are three variables that should be optimized: 

 

 the wire diameter (d) 

 the coil diameter (D) 

 the number of active coils (N) 

 

   Goal function to be minimized is defined as: 

    2

3 2 12f x x x x      

subject to the following constraints: 

 
3

2 3
1 4

1

1 0;
71785

x x
g x

x
  

 

 
 

2

2 1 2
2 23 4

12 1 1

4 1
1 0;

510812566

x x x
g x

xx x x


   


 

  1
3 2

2 3

140,45
1 0;

x
g x

x x
                                   

  1 2
4 0;

1,5

x x
g x


                                         

10,05 2;x                                                    

20,25 1,3;x                                                 

32 15;x 
 

     The car (Figure 4) is exposed to a side impact on the 

foundation of the European Enhanced Vehicle-Safety 

Committee (EEVC) procedures. The aim is to minimise 

the total weight of the car using eleven mixed variables. 

 

Figure 4: Finite element model utilized in the car side 

impact problem 

There are eleven variables that should be optimized: 

 

 the thickness of the B-Pillar inner (x1) 
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 the thickness of the B-Pillar reinforcement (x2)

 the thickness of the floor side inner (x3)

 the thickness of the cross members (x4)
 the thickness of the door beam (x5)
 the thickness of the door belt line reinforcement

(x6)

 the thickness of the roof rail (x7)

 the thickness of the materials of B-pillar inner (x8)

 the thickness of the materials of floor side inner

(x9)

 barrier height  (x10) and

 hitting position (x11)

The problem is reduced to minimization of the function: 

  1 2 3 4 5 71.98 4.90 6.67 6.98 4.01 1.78 2.73f x x x x x x x      

subject to: 

   1 1ag x F kN 

   2 : 0.32 /ug x VC m s 

   3 : 0.32 /mg x VC m s 

   4 1: 0.32 /g x VC m s 

   5 : 32urg x mm  

   6 : 32mrg x mm  

   7 : 32lrg x mm  

   8 : 4pg x F kN 

   9 : 9.9 /MBPg x V mm ms 

   10 : 15.7 /FDg x V mm ms 

1 2 3 4 5 6 70.5 , , , , , , 1.5x x x x x x x 

10 1130 , 30x x  

 8 9, 0.192,0.345x x 

Variables 1, , , , , , , , ,a u m ur mr lr p MBP FDF VC VC VC F V V  

are mathematical described in the paper [13]. 

   The cone clutch problem (Figure 5) must be designed for 
minimum volume coupling to two constraints.  

Figure 5: Schematic view of cone clutch with variable 

parameters 

Problem variables are: 

 inner radius of the clutch
1 1R x  and 

 outer radius of the clutch 2 2R x . 

   Goal function to be minimized is defined as: 

   3 3

1 2f X x x 

    Whilst the conditions to be met are: 

  1
1

2

2
x

g X
x

 

 
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 

2 2

1 1 2 2

2

1 2

5
x x x x

g X
x x

 
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

 1 2,X x x

11 x , 2 10x 

The goal of speed reducer optimization is minimizing 

the reductor weight whilst fulfilling all the defined 

constraints. 

     In Figure 6 a schematic view of speed reducer is 

shown. 

Figure 6: Schematic view of speed reducer with variable 

parameters 

There are seven variables: 

 the width between the shafts (b)

 the module of the teeth (m)

 the number of teeth in the pinion (z)

 the length of the first shaft between the bearings

(l1)

 the length of the second shaft between the

bearings (l2)

 the diameter of the first shaft (d1)
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 the diameter of the second shaf (d2) 

The problem can be expressed as minimization 

of the function: 

     

   

2 2 2 2

1 2 3 3 1 6 7

3 3 2 2

6 7 4 6 5 7

0,7854 3,3333 14,933 43,0934 1,508

7,4777 0,7854

f x x x x x x x x

x x x x x x

     

   

 subject to the following constraints: 

 1 2
1 2 3

27
1 0g x

x x x
  

                                         

 

 2 2 2
1 2 3

397.5
1 0g x

x x x
  

                                         

 

 
3
5

3 4
2 3 7

1.93
1 0

x
g x

x x x
  

                                         

 

 
3
5

4 4
2 3 7

1.93
1 0

x
g x

x x x
  

                                                   

 

 

1/2
2

64

2 3

5 3
6

475
16.9 10

1 0
110

x

x x
g x

x

  
   
   

  

          

 

 

1/2
2

64

2 3

6 3
7

475
157.5 10

1 0
85

x

x x
g x

x

  
   
   

  

       

 

  2 3
7 1 0

40

x x
g x   

                                             
 

  2
8

1

5
1 0

x
g x

x
  

                                               

 

  1
9

2

1 0
12

x
g x

x
  

                                             

 

  6
10

4

15 1.9
1 0

x
g x

x


  

                                   

 

  7
11

5

1.1 1.9
1 0

x
g x

x


  

                                   

1 2 3

4 5 6

7

2,6 3,6 ; 0,7 0,8 ; 17 28

7,3 8,3 ; 7,3 8,3 ; 2,9 3,9

5,0 5,5

x x x

x x x

x

     

     

 
 

     Experimental research was performed for the helical 

spring problem, and the results of GOA algorithm, along 

with the results for MACA, FSO, and WCA algorithms, 

are given in Table 1. 

 

Table 1. Comparison of results for the helical spring 
Variables MACA[14] ICS[15] 

 

WCA[16] 

 
GOA 

x1 0.0523 0.0517 0.0516 0.0524 

x2 0.3722 0.3570 0.3562 0.3750 

x3 10.4141 11.2699 11.3004 10.3038 

f(x) 0.0128 0.0126 0.0126 0.0126 

 

  In the case of helical spring optimization, GOA gives the 

same result as WCA and ICS, while MACA give a slightly 

worse result. 

 

A detailed display of the results obtained by GOA and a 

comparison with several results obtained by other 

methods, for the problem of car side impact, are shown in 

Table 2. 

Table 2. Comparison of results for the car side impact 
Variables MFO[17] GWO[18] 

 

WOA[19] GOA 

x1 0.5 0.5 0.5 0.5 

x2 1.116 1.14 1.108 1.115 

x3 0.5 0.5 0.534 0.5 

x4 1.301 1.268 1.305 1.303 

x5 0.5 0.5 0.5 0.5 

x6 1.5 1.5 1.473 1.5 

x7 0.5 0.5 0.5 0.5 

x8 0.345 0.345 0.345 0.345 

x9 0.345 0.192 0.192 0.286 

x10 -19.530 -20.605 -19.699 -19.715 

x11 0.0000 0.5 3.481 0.320 

f(x) 22.842 22.878 23.042 22.878 

  In the case of car side impact optimization, GOA gives 

the same result as GWO, WOA give a slightly worse 

result, while MFO gave better results. 

 
     For the cone clutch design problem, the results shown 

in Table 3, along with the results obtained by FA, CS and 

GWO methods.    

Table 3. Comparison of results for the cone clutch 

Variables FA[20] CS[20] 

 

GWO[18] GOA 

x1 4.2987 4.2858 4.286 4.2861 

x2 2.1405 2.1428 2.142 2.143 

f(x) 69.6278 68.887 68.893 68.8948 
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In this case, the GOA gives the near same result as the CS 

and GWO algorithm, while FA gave worse results. 

 A detailed display of the results obtained by GOA and a 

comparison with several results obtained by other 

methods, for the problem of speed reducer, are shown in 

Table 4. 

Table 4. Comparison of results for the speed reducer 

Variables ICS[15] GWO[18] WCA[16] GOA 

x1 3.499 3.502 3.5 3.5 

x2 0.700 0.7 0.7 0.7 

x3 17 17 17 17 

x4 7.300 7.333 7.3 7.3 

x5 7.800 7.8 7.715 7.8 

x6 3.350 3.351 3.350 3.35022 

x7 5.287 5.288 5.286 5.28762 

f(x) 2997.058 2998.299 2994.471 2996.9641 

In the case of the speed reducer problem, the GOA 

algorithm gave better results than ICS and GWO,while 

WCA results are better. 

4. CONCLUSION

     This paper deals with the GOA optimization algorithm 

and applies it to a few engineering design examples: speed 

reducer, helical spring, side impact of a car, and cone 

clutch. 

    In the introduction, a brief overview of literature was 

given. In Section 2, the inspiration, the mathematical 

model, and the pseudo code for the GOA algorithm was 

presented. In Section 3, the engineering design examples, 

which are common benchmarks for optimization methods, 

were solved by using the GOA algorithm. For this 

algorithm, 30 search agents and 1000 iterations were 

chosen as input parameters. The mathematical 

formulation, graphical representation, and the results were 

shown.  

   The obtained results were compared to latest papers 

published in SCI list journals. 

   This algorithm was used to obtain optimal or near-

optimal results, as shown in the examples. Further 

developing of this algorithm can be used to redefine and 

upgrade this method, as to gain better results. 
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Free in-plane vibration analysis of circular arches with varying cross-sections is studied by means of the symbolic-

numeric method of initial parameters. The effects of axial extension, transverse shear deformation and rotatory inertia are 

considered. For various boundary conditions, natural frequencies of free in-plane vibration of circular arches with varying 

cross-sections are obtained. By comparing obtained results with previous ones available in the literature the effectiveness 

of application of the symbolic-numeric method of initial parameters to the problem considered is proven. 

Keywords: Circular arch, Free vibration, Varying cross-section, Natural frequencies 

 

1. INTRODUCTION 

The circular arches represent important components 

of engineering structures. The vibration analysis of 

circular arches is one of important aspect of dynamic 

analysis of these structural components. The review of 

papers on this topic can be found in [1-4]. In the literature, 

the three principal dynamical models of circular arches 

were considered: the model with included the effects of 

axial extensibility, shear deformation and rotary inertia [5-

11] (the so-called Timoshenko circular arches); the model 

with neglected the effects of both shear deformation and 

rotary inertia [12-15]; the model without the effects of 

axial extensibility, shear deformation and rotary inertia 

[16,17] (the so-called Euler-Bernoulli circular arches). The 

exact solution of the vibration problem of uniform 

Timoshenko circular arches was given in [6] and for 

stepped ones in [7]. Based on these solutions the 

approximate approach for vibration analysis of tapered 

Timoshenko circular arches was presented in [9]. Note that 

the similar idea is used in the approach for vibration 

analysis of tapered Euler-Bernoulli circular arches was 

given in [16]. The papers [10, 19-23] are interesting in that 

they consider the influence of functionally graded material 

on the vibration characteristics of circular arches.  

The aim of this paper is to evaluate a method for 

the vibration analysis of tapered circular Timoshenko 

arches. The method is based on the use of the symbolic-

numeric method of initial parameters [24]. To the authors’ 

best knowledge of the literature, the method presented was 

not considered so far in scientific papers. 

 

2. FORMULATION OF GOVERNING EQUATIONS 

Figure 1 shows a thin elastic circular arch with 

varying cross-section in its undeformed configuration. 

Without loss of generality, it is assumed that the arch has a 

rectangular cross-section of constant width b  and variable 

height h   which is a function of the angular coordinate θ . 

 

 
 

Figure 1: The geometry of a circular arch with varying 

cross-section 

 

 By the angle θ  a point on the arch centroidal  

curve is defined. Also, the following quantities are shown 

in Figure 1: 
te , 

ne , and 
be  are the unite vectors of tangent, 

principal normal, and binormal of the arch centroidal 

curve, respectively; R  is the radius of the undeformed 

centroidal  curve of the arch; Tθ  is the opening angle of 

the arch, w  represents the radial displacement of a point 

of the centroidal curve in the 
ne  direction; u  represents 

the tangential displacement of a point of the centroidal 

curve in the 
te  direction; ψ  is the angle of rotation of the 

arch cross-section due to bending. The circular arch is 

made of a homogeneous material of the modulus of 

elasticity E , the mass density ρ , and the shear modulus 

G . It is taken that 0θ   at the arch left end. 

The corresponding governing differential equations 

of the free in-plane vibrations of the circular arch 

considered read [9]: 
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( )

dU R
W N

dθ EA θ
  , (1) 

Ψ
( )

dW R
U Q R

dθ GA θ k
     , (2) 

Ψ

( )
b

b

d R
M

dθ EI θ
  , (3) 

2 ( )Ψb

b

dM
RQ Rρω I θ

dθ
   , (4) 

2( )
dN

Q RρA θ ω U
dθ

  , (5) 

2( )
dQ

N RρA θ ω W
dθ

   . (6) 

where W  and U  are the mode shape functions 

corresponding to the radial and tangential displacements, 

w and u , respectively, N , Q , and
bM are the mode 

shape functions of axial forces, shear forces, and bending 

moments at an arch cross-section, respectively, k  is the 

shear correction factor, and ω  is the natural angular 

frequency of free in-plane vibration of the circular arch. In 

this paper, it is taken 5 / 6k   for the rectangular cross-

sections. The other expressions for the coefficient k  may 

be found in [25]. 

For the purpose of further exposition, let us 

introduce the following dimensionless quantities: 

, , ,
T

θ U W
ξ U W

θ R R
   (7) 

2

( )( )
, ( ) , ( ) ,br b

b

r brr

I I θA θ
r A ξ I ξ

A IA R
   (8) 

22(1 )
, , ,

r br

E ν N QR
μ N Q

Gk k EA EI


    (9) 

1
, ,b

b

br T

M R d d
M

EI dθ θ dξ
  (10) 

where ν  is the Poisson's ratio and 
rA and

brI are the 

cross-sectional area and the cross-sectional area moment 

of inertia about axis
be , respectively, at a reference cross-

section.  

Using (7)-(10) the equation system (1)-(6) can be written 

in the following dimensionless form: 

,
( )

T

T

θdU
θ W N

dξ A ξ
  (11) 

Ψ,
( )

T

T T

θ rμdW
Uθ Q θ

dξ A ξ
    (12) 

Ψ
,

( )

T
b

b

θd
M

dξ I ξ
 (13) 

2

( ) Ψ,
b

bT T

d M
θ Q rθ I ξ ω

dξ
   (14) 

2

( ) ,T T

d N
rθ Q rθ A ξ ω U

dξ
  (15) 

2

( ) ,T

T

θdQ
N θ A ξ ω W

dξ r
   (16) 

where 
4

r

br

R ρA
ω ω

EI
 (17) 

is the  dimensionless natural frequency. This differential 

equation system can be shown in the matrix form as 

follows: 

( )
( )

d ξ
ξ

dξ


X
BX (18) 

where 

( ) ( ), ( ), Ψ( ), ( ), ( ), ( )
T

bξ U ξ W ξ ξ N ξ Q ξ M ξ 
 

X (19) 

and 

2

2

2

00

0

0 00

0 0( )
0( )0

( )0 0

T

TT

T

T

bT

θ

θθ

rθ A ξ ω

θ A ξ ω

rθ I ξ ω












 

B

0 0/ ( )

0/ ( )0

0 0 / ( )

0 0

/ 0 0

00

T

T

bT

T

T

T

θ A ξ

θ rμ A ξ

θ I ξ

rθ

θ r

θ









 

. (20) 

The corresponding boundary conditions are: 

 clamped left arch end

(0) 0, (0) 0, Ψ(0) 0,U W   (21) 

 hinged left arch end

(0) 0, (0) 0, (0) 0,bU W M   (22) 

 clamped right arch end

(1) 0, (1) 0, Ψ(1) 0,U W   (23) 

 hinged right arch end

(1) 0, (1) 0, (1) 0,bU W M   (24) 

 free right arch end

(1) 0, (1) 0, (1) 0.bN Q M   (25) 

The differential equation system (18) and the relations 

(21)-(25) form a two-point boundary value problem of the 

free in-plane vibration of the circular arch with varying 

cross-section. The equations system (11)-(16) covers some 

special cases. Namely if the assumption of inextensibility 

of the arch centroidal line is used then the equation (11) 

should be replaced with: 
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 T

dU
θ W

dξ
  . (26) 

Also, if rotatory inertia effect is ignored then the equation 

(14) should be replaced with: 

 
b

T

d M
θ Q

dξ
   . (27) 

Finally, if transverse shear effect is not considered then  

the equation (12) should be replaced with: 

 ΨT T

dW
Uθ θ

dξ
    . (28) 

3. SOLUTION PROCEDURE  

In this paper the two-point boundary value problem 

formulated will be solved by using the symbolic-numeric 

method of initial parameters [24]. Since (18) represents a 

linear system of differential equations then its solution can 

be represented as: 

 

 1 2 31 2 3( ) ( , ) ( , ) ( , )ξ C ξ ω C ξ ω C ξ ω  X X X X   (29) 

 

where 
1C ,

2C , and 
3C  are the integration constants and 

 

 1 1 1 11( , ) ( , ), ( , ), Ψ ( , ), ( , ),ξ ω U ξ ω W ξ ω ξ ω N ξ ω


X   

 11
( , ), ( , )

T

bQ ξ ω M ξ ω 


 , (30) 

 

 2 2 2 22( , ) ( , ), ( , ), Ψ ( , ), ( , ),ξ ω U ξ ω W ξ ω ξ ω N ξ ω


X   

 22
( , ), ( , )

T

bQ ξ ω M ξ ω 


 , (31) 

and 

 

 3 3 3 33( , ) ( , ), ( , ), Ψ ( , ), ( , ),ξ ω U ξ ω W ξ ω ξ ω N ξ ω


X   

 33
( , ), ( , )

T

bQ ξ ω M ξ ω 


  (32) 

are the particular solutions obtained by integrating the 

differential equations system (18) using the built-in 

function ParametricNDSolve[] in Mathematica 

programming package with the following initial 

conditions, respectively: 

 

 
(0) 0, (0) 0, Ψ(0) 0,

(0) 1, (0) 0, (0) 0b

U W

N Q M

  

  
 , (33) 

 

 
(0) 0, (0) 0, Ψ(0) 0,

(0) 0, (0) 1, (0) 0b

U W

N Q M

  

  
 , (34) 

and 

 
(0) 0, (0) 0, Ψ(0) 0,

(0) 0, (0) 0, (0) 1b

U W

N Q M

  

  
 , (35) 

 

for the clamped left arch end, whereas for the hinged left 

arch end the following corresponding initial conditions are 

used: 

 
(0) 0, (0) 0, Ψ(0) 1,

(0) 0, (0) 0, (0) 0b

U W

N Q M

  

  
 , (36) 

 

 
(0) 0, (0) 0, Ψ(0) 0,

(0) 1, (0) 0, (0) 0b

U W

N Q M

  

  
 , (37) 

and 

 
(0) 0, (0) 0, Ψ(0) 0,

(0) 0, (0) 1, (0) 0b

U W

N Q M

  

  
 . (38) 

 

From the condition that the solution (29) satisfies the 

boundary conditions (23)-(25) it follows that for clamped 

arch right end one has: 

   

 

1 2 31 2 3

1 2 31 2 3

1 1 2 2 3 3

(1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, ) 0,

Ψ (1, ) Ψ (1, ) Ψ (1, ) 0

C U ω C U ω C U ω

C W ω C W ω C W ω

C ω C ω C ω

  

  

  

  (39) 

 

whereas for hinged right arch end one has: 

 

 

1 2 31 2 3

1 2 31 2 3

1 2 31 2 3

(1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, ) 0b b b

C U ω C U ω C U ω

C W ω C W ω C W ω

C M ω C M ω C M ω

  

  

  

 (40) 

 

and finally for the free arch right end it holds that: 

 

 

1 2 31 2 3

1 2 31 2 3

1 2 31 2 3

(1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, ) 0b b b

C N ω C N ω C N ω

C Q ω C Q ω C Q ω

C M ω C M ω C M ω

  

  

  

  (41) 

 

The equations systems (39)-(41) represent homogeneous 

systems of equations in unknowns 
1C , 

2C , and 
3C . In 

order that these systems can have non-trivial solutions for 

1C , 
2C , and 

3C , the determinants of their corresponding 

coefficients matrix must be equal to zero, that is: 

 

 

1 2 3

1 2 3

1 2 3

(1, ) (1, ) (1, )

( ) det (1, ) (1, ) (1, ) 0

Ψ (1, ) Ψ (1, ) Ψ (1, )

C

U ω U ω U ω

f ω W ω W ω W ω

ω ω ω

 
 

  
 
  

 , (42) 

 

 

1 2 3

1 2 3

1 2 3

(1, ) (1, ) (1, )

( ) det (1, ) (1, ) (1, ) 0,

(1, ) (1, ) (1, )

H

b b b

U ω U ω U ω

f ω W ω W ω W ω

M ω M ω M ω

 
 

  
 
  

 

  (43) 

 

 

1 2 3

1 2 3

1 2 3

(1, ) (1, ) (1, )

( ) det (1, ) (1, ) (1, ) 0

(1, ) (1, ) (1, )

F

b b b

N ω N ω N ω

f ω Q ω Q ω Q ω

M ω M ω M ω

 
 

  
 
  

. 

  (44) 
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The relations (42)-(44) represent the corresponding form 

of frequency equations for, respectively, clamped, hinged 

and free right arch ends. For easier evaluation of roots of 

the equations (42), (43), and (44), the graphs of the 

functions ( )Cf ω , ( )Hf ω , and ( )Ff ω obtained by using 

the built-in function Plot[] in Mathematica programming 

package may be used. The values of the natural 

frequencies can be obtained by means of the Mathematica 

built-in function FindRoot[]. 

4. NUMERICAL EXAMPLES

4.1. Uniform Euler-Bernoulli circular arches 

In this section, the accuracy of the proposed 

approach in the case of the effects of axial extension, 

transverse shear deformation and rotatory inertia ignored 

is examined. For both clamped-clamped and hinged-

hinged boundary conditions values of the dimensionless 

frequency coefficient 2

Tc θ ω  are calculated for various 

values of the opening angle 
Tθ . These values are shown in 

Tables 1 and 2. 

Table 1: The lowest five dimensionless frequency 

coefficients 2 ( 1,...,5)ii Tc θ ω i   of clamped-clamped 

uniform Euler-Bernoulli circular arches for 1/ 2500r 

and various values of the opening angle 
Tθ

Tθ [rad] Mode [6] This study 

π/2 1 55.82523 55.82521 

2 106.7301 106.7304 

3 193.0345 193.0354 

4 284.8229 284.8374 

2π/3 1 51.96935 51.96931 

2 103.5760 103.5765 

3 188.3591 188.3597 

4 281.2906 281.2913 

π 1 43.27259 43.27257 

2 95.26028 95.26036 

3 176.8800 176.8810 

4 271.6560 271.6495 

Table 2: The lowest five dimensionless frequency 

coefficients 2 ( 1,...,5)ii Tc θ ω i  of hinged-hinged 

uniform Euler-Bernoulli circular arches for 

1/ 2500r  and  various values of the opening angle Tθ

Tθ  [rad] 
Mode [6] This study 

π/2 1 33.96053 33.96054 

2 79.95263 79.95272 

3 152.1706 152.1712 

4 237.9724 237.9718 

2π/3 1 30.38416 30.38415 

2 76.74733 76.74741 

3 148.1494 148.1496 

4 234.5716 234.5713 

π 1 22.37183 22.37184 

2 68.33021 68.33020 

3 137.9534 137.9541 

4 225.2190 225.2200 

4.2. Uniform Timoshenko circular arches 

In this section, the accuracy of the proposed 

approach in the case when the effects of axial extension, 

transverse shear deformation and rotatory inertia are taken 

into account. For both clamped-clamped and hinged-

hinged boundary conditions values of the frequency 

coefficient 2

Tc θ ω are calculated for 1/ 2500r   and 

various values of the opening angle 
Tθ . These values are 

shown in Tables 3 and 4. 

Table 3: The lowest five dimensionless frequency 

coefficients 2 ( 1,...,5)ii Tc θ ω i   of clamped-clamped 

uniform Timoshenko circular arches for 1/ 2500r   and 

various values of the opening angle 
Tθ

Tθ [rad] Mode [6] This study 

π/2 1 53.96596 53.96698 

2 86.19077 86.19724 

3 132.7272 132.7371 

4 175.8392 175.8474 

5 265.8141 265.8130 

2π/3 1 50.93224 50.93284 

2 96.85173 96.85474 

3 178.1998 178.2048 

4 198.0489 198.0699 

5 282.9555 282.9633 

π 1 42.86968 42.86991 

2 93.26808 93.26909 

3 172.2951 172.2978 

4 258.4766 258.4856 

5 372.7893 372.5899 

Table 4: The lowest five dimensionless frequency 

coefficients 2 ( 1,...,5)ii Tc θ ω i  of hinged-hinged uniform 

Timoshenko circular arches for 1/ 2500r   and various 

values of the opening angle Tθ

Tθ [rad] Mode [6] This study 

π/2 1 33.46323 33.46350 

2 74.34122 74.34354 

3 121.4958 121.5088 

4 144.0231 144.0274 

5 226.3381 226.3465 

2π/3 1 30.12124 30.12138 

2 74.69487 74.69574 

3 143.4124 143.4163 

4 197.2652 197.2830 

5 242.4045 242.4115 

π 1 22.28359 22.28363 

2 67.67219 67.67259 

3 135.8837 135.8850 

4 219.2887 219.2796 

5 323.9065 323.8902 
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4.3. Timoshenko circular arches with varying cross-

sections 

 

In this section, the accuracy of our approach in the 

case of Timoshenko circular arches with varying cross-

sections is analysed. Both unsymetric arches with  varying 

cross-section height defined as: 

 

 ( ) (1 2 / ), 0c T Th θ h η ηθ θ θ θ       (45) 

and symmetric arches with  varying cross-section height 

prescribed as: 

 
(1 2 / ), 0 / 2

( )
(1 2 / ), / 2

c T T

c T T T

h η ηθ θ θ θ
h θ

h η ηθ θ θ θ θ

   
 

   
  (46) 

are considered where 
ch  represents the cross-section 

height at the arch crown and η  is the taper ratio. Note that 

here, the cross-section width b  is constant. Also, the 

reference cross-section is plased at the arch crown which 

means that: 

 

 
r cA bh , (47) 

 
3

12

c

br

bh
I  . (48) 

For both clamped-clamped and hinged-hinged 

boundary conditions, the corresponding values of 

dimensionless natural frequencies ( 1,...,4)iω i   are 

calculated for 1/ 2500r  , 0.1η  , and various values of 

the opening angle 
Tθ . These values are shown in Tables 5 

and 6. 

 

Table 5: The lowest four dimensionless natural 

frequencies  of tapered clamped-clamped 

Timoshenko symmetric circular arches for 1/ 2500r  , 

0.1η  , and various values of the opening angle 
Tθ   

Tθ  [rad] Mode [9] This study 

π/18 1 433.46730 433.46807 

 2 848.3639 848.3653 

π/9 1 161.500908 161.502319 

 2 346.5162 346.5176 

π/6 1 88.1269568 88.1275550 

 2 185.2505 185.2518 

2π/9 1 61.7200715 61.7203672 

 2 113.0604 113.0616 

5π/18 1 50.8647280 50.8648687 

 2 75.13195 75.13295 

 

 

Table 6: The lowest four dimensionless natural 

frequencies ( 1,...,4)iω i   of tapered hinged-hinged 

Timoshenko unsymmetric circular arches for 1/ 2500r  , 

0.1η  , and various values of the opening angle 
Tθ   

Tθ  [rad] Mode [9] This study 

2π/9 1 48.6310055 48.6310041 

 2 - 73.5871226 

 3 - 159.537886 

 4 - 227.199368 

5π/18 1 45.66166116 45.6616819 

 2 - 47.5315845 

 3 - 106.612136 

 4 - 172.488529 

π/3 1 32.51755826 32.5176282 

 2 - 44.1841916 

 3 - 76.7889457 

 4 - 125.924402 

4π/9 1 17.59579627 17.5958086 

 2 - 36.3558497 

 3 - 52.0315664 

 4 - 73.3148923 

 

 

5. CONCLUSIONS 

In this paper the symbolic-numeric method of 

initial parameters developed in [24] has been applied to 

the problem of in-plane vibration of circular arches with 

varying cross-sections. Through the numerical examples 

shown in Section 4 the effectiveness of application of the 

symbolic-numeric method of initial parameters to the 

vibration problems considered has been proved. The 

proposed approach allows also the vibration analysis in the 

case when the effects of axial extension, transverse shear 

deformation and rotatory inertia are ignored as well as in 

the case when the effects of transverse shear deformation 

and rotatory inertia are not included in the arch model. It is 

the goal of future work to expand the symbolic-numeric 

method of initial parameters to vibration analysis of 

circular arches made of functionally graded materials [10, 

18-23], noncircular curved beams [3] (such as parabolic, 

sinusoidal, and elliptical arches) as well as arches carrying 

concentrated masses [26,27].  
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The experimental determination of a dispersion relation by measurements of wave properties in different points in 

space meets the challenge of spatial aliasing, which is a consequence of description of continuous wave by a discrete set of 

measurement points. The paper presents an analysis of the phenomenon and derives a relationship between the average 

distance between the measurement points and the frequency range for experimental determination of dispersion 

relationship of flexural waves in beams by correlation method. The results of the analysis are verified by experiments that 

comprised determination of the dispersion relationship with variable average distance between the measurement points. 

Keywords: Mechanical waves, Dispersion relationship, Frequency range, Spatial aliasing

1. INTRODUCTION 

Dispersion relationship (abbreviated as “DR” in the 

following text) is defined as the relationship between the 

wavevector of a periodic wave k and its angular frequency 

ω. Due to the simple linear dependencies, DR also repre-

sents, and is sometimes even defined as, the relationship 

between the wavelength λ (λ = 2π/k) or the wavenumber κ 

(κ = k/2π) of the wave, on one side, and the period T 

(T = 2π/ω) or the frequency f (f = ω/2π) of the wave on the 

other side of DR. Since the phase velocity c of a wave may 

be expressed as c = ω/k, and the group velocity of a wave 

v may be expressed as v = dω/dk, the DR enables calcula-

tion of both phase and group velocity of the wave, thus 

representing an important tool for wave propagation stud-

ies. DR of mechanical waves depend on viscoelastic (such 

as elastic moduli and material loss factors) and inertial 

such as density) properties of the medium through which 

the waves propagate. 

The usual applications of DR are theoretical and 

numerical studies of wave propagation in structures, and 

the recent interest of the Laboratory for advanced design 

methodologies “3D Impulse” and Laboratory for acoustics 

of the Faculty of Mechanical and Civil Engineering in 

Kraljevo for experimental determination of DR [1][2] is 

raised by studies of dynamic behaviour of 3D printed 

periodic and aperiodic structures [3]. Besides, DRs are 

sometimes also used for calculation of elastic properties of 

viscoelastic properties of matter [4][5]. 

The DRs may be theoretically derived from partial 

differential equations of motion, and may be expressed in 

explicit form only for the cases of wave propagation 

through media with simple geometries and high symmetry. 

As a particularly simple geometry, which confines the 

wave propagation to one dimension, thin beams represent 

the most convenient object for studies of various applica-

tions of DRs. The simplest mechanical waves for excita-

tion and detection are flexural waves, which have a para-

bolic form of DR [6]: 

 2EI
k

A



  (1) 

with I standing for the area moment of inertia, and A for 

the area, of the cross-section of the beam. 

The main concept for experimental determination 

of the DR in thin beams consists in measurement of the 

response (usually acceleration) to an excitation (usually 

impulse or harmonic) in multiple points along the beam. 

The responses at these points at a particular excitation 

frequency (obtained by direct measurement or spectral 

decomposition) are then used to construct wave fields with 

known wavevectors that have minimal deviation from the 

measured responses. There are two main groups of meth-

ods for construction of the wavefields with minimal devia-

tion from the measured responses, and they differ in accu-

racy, mathematical complexity and range of applicability. 

The first group of methods are based on Prony method for 

decomposition of a function into a series of damped sinus-

oids, an idea analogous to use of sinusoids in Fourier anal-

ysis [7]-[9]. These methods are computationally efficient, 

but they have two serious disadvantages: first, their appli-

cation is limited only to evenly spaced measurement 

points, and second, they require a large number of meas-

urement points. The other group of methods are based on 

systematic repetitive testing of  different wavefields in 

search for a set of parameters that provide the best fit be-

tween a wavefield and the experimental data. The applica-

bility of the second group of methods is substantially wid-

er, but their drawback is the related substantially longer 

computation time. Different methods that belong to the 

second group use different forms of the test wavefields, 

different criteria selected as measure of the quality of the 

fit, and the different procedures for finding the optimal 

wavefield parameters [4][5][10]. 

The method that is the subject of this paper is the 

correlation method [10], which uses sets of progressive 

waves as the test wavefields, and the simple sequential 

search of wavevector space to find the wavevector value 

that provides maximum of correlation between the meas-

ured data and the test wavefield at certain frequency, 

which is used as the measure of deviation of the test wave-

field from experimental data. In its simplest form, used to 

study the waves propagating along a beam, the correlation 

method  for experimental determination of DR (in further 
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text just “correlation method”) uses wavefields 

constructed on the basis of a harmonic progressive waves 

with selected test wavevector kt and angular frequency ω, 

and the longitudinal axis of the beam as the x-axis. If a 

harmonic progressive wave is generated by force acting at 

one end of the beam, expressed in a complex form as 

F (t) = Fω∙exp(-ωt), the accelerations of beam points due to 

the wavefield may be expressed as at (x,t) = aω∙exp(ktx-ωt), 

and the wavefield of the response, the accelerances 

wt (x,t) = at (x,t)/F(t) may be described by its complex 

amplitudes: 

   , expt t tw x w k x   , (2) 

which represent the frequency response function (FRF) of 

the measurement system represented by the experiment. 

The complex amplitudes of the accelerances of the 

wavefield for a selected wavevector kt are compared to 

complex amplitudes of accelerances w (x,ω) measured in L 

measurement points xl (l = 1, 2,…, L) along the beam, and 

the measure of the fit between two datasets is their 

correlation defined in the form: 

     

 

*

*

, ,

, t

t t

ik x

t

W k w x w x dx

w w x e dx





 













 







(3) 

which is, due to the discrete nature of input data, estimated 

as: 

    * *

1 1

ˆ , t l t l

L L
ik x ik x

t t l l t l l

l l

W k w w x e x w w e x     

 

     (4) 

where Δxl represents the space interval around the point xl, 

and introducing the notation w(xl,ω) = wlω. The expression 

for correlation between the two datasets given by (3) leads 

to the conclusion that, if the wave propagating along the 

beam is a progressive harmonic wave, then the modulus of 

the estimated correlation will have maximal value when 

the wavevector of the test wavefield kt is equal to the 

wavevector of the propagating wave k. In order to 

determine the DR of waves propagating along the beam, 

the wavevector space is scanned in the range kmin <kt<kmax 

for each angular frequency ω, and the value of kt that leads 

to maximal modulus of the estimated correlation is as-

sumed to be the wavevector that corresponds to the angu-

lar frequency ω, denoted as k(ω). Since the correlation is 

proportional to the complex amplitude factor wtω
*, which 

does not affect the position of the maxima of the estimated 

correlation (3), and the DR may be determined by finding 

the wavevectors that maximize the expression: 

 
1

exp
L

l t l l

l

Y w ik x x 


   , (5) 

which will be called “the correlation function” in further 

text, for each of the angular frequencies ω in the range 

ωmin
  < ω < ωmax where DR is determined. As it may be 

seen, the correlation method does not make any assump-

tion, nor imposes any limitation, on the number and the 

positions of data measurement points xl, which, together 

with its simplicity, represents the fundamental advantage 

of the method. In the case of equidistant measurement 

points xl = l∙d, the correlation function takes the form 

 
1

exp
L

l t

l

Y w i l d k 


     , (6) 

with d being the distance between the measurement points. 

The method was successfully used for determina-

tion of DR in steel and composite plates [10], and a later 

modification of the method [11], which uses damped plane 

waves for construction of the test wavefields, was success-

fully used for materials with high material losses. 

2. THEORY

The key conceptual problems of the implementa-

tion of the correlation method lie in the fact that the con-

cept of the method is based on the existence of a unique 

value of test wavevector kt that maximizes the correla-

tion, given by the integral (3). There are two aspects of 

the concept that represent the problem for implementation: 

A1: An integral is a mathematical operator defined for a 

continuous function as an integrand, so calculation of 

the integral in (3) requires knowledge of a continuous 

FRF w (x,t); 

A2: The correlation Wω(kt), as defined in (3), is a continu-

ous function of the test wavenumber kt; 

However, the discrete nature of the digital computer calcu-

lations prevents complete implementation of the concept 

of continuity of mathematical functions, reducing the 

continuous functions to a representation by discrete arrays 

of pairs of arguments and values of functions in the pro-

cess known as discretization of continuous mathematical 

functions. 

The discretization of FRF in space is made by its 

measurement in finite number of measurement points 

measurement points xl (l = 1, 2,…, L), and its further im-

plementation using the equations (4)-(6) leads to “picket-

fence” effect, the well-known phenomenon that two sig-

nals become indistinguishable if they are sampled in a 

finite number of measurement points where they have 

equal values. Omnipresent in discrete data analysis [12], 

the “picket-fence” effect is best known as the cause of the 

temporal aliasing in frequency analysis, while in this case, 

since the discretized variable is space, it causes spatial 

aliasing. The spatial aliasing arises because for any given 

value  of wavevector kt, there is an infinite number of 

wavevectors kt’≠ kt such that for each measurement point 

xl holds: 

     exp ' exp 1,2,...,t l t lik x ik x l L    , (7) 

As a consequence, the wavefields with complex ampli-

tudes given by equation (2), constructed using wavevec-

tors kt and kt’ are indistinguishable in the measurement 

points, and, therefore, they have equal estimations for 

correlation with experimental data. It further means that in 

an interval kt
min

 <kt<kt
max there may be several wavevector 

values with equal correlation with the measurement data as 

any selected kt, and, in particular, that there may exist 

more than one value of test wavevector kt that maxim-

izes the correlation function given by (5), which opposes 

to the concept of the method expressed at the beginning of 

the chapter. 

When the measurement points are equidistant, 

hence when xl = l∙d, then the condition of indistinguisha-

bility of two test wavefields, expressed by the equation 

(7), reduces to 

     exp ' exp 1,2,...,t tik ld ik ld l L    , (9) 

which may be expressed as 
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   exp ' 1t ti k k d  , (10) 

resulting in  

 
2

't tk k z
d


  . (11) 

Therefore, if the measurement data are equidistant, with 

the distance between the measurement points being d, then 

the correlation function (5) is periodic, with the period 

2π/d, as it is shown in Figure 1. 

If the measurement points are not equidistant, then 

the correlation function is not periodic in wavevector 

space, but the system of equations (7) still has an infinite 

number of solutions for any selected value of kt, and the 

average difference between the solutions is close to (2π/d), 

where d is the average distance between the measurement 

points [13]. 

 
Figure 1: Periodic correlation function in the case of equidistant measurement points and the limits of the IBZ

 One way to ensure that the correlation method 

leads to correct results is to reduce the scanned wavevector 

range kmin <kt<kmax to one period of the correlation function 

(5). In its famous treatise of propagation of waves in peri-

odic structures [14], Leon Brillouin has shown that two 

one-dimensional progression waves with wavevectors kt 

and kt’ , which propagate through periodic structures with 

period d, cannot be distinguished by both amplitude and 

direction if the wavevectors satisfy the equation (11). For 

those reasons, he argued that the periodic structures act as 

low-frequency filters that enable propagation of waves in 

both directions, so that only the waves with wavevectors in 

the range -π/d  < k < +π/d may propagate through such 

structures. The wavevector range is called the first Bril-

louin zone (abbreviated as IBZ) and it is of fundamental 

importance in quantum mechanics of solids. While the 

theoretical model used to study the flexural waves propa-

gation in thin beams, and for derivation of the equation 

(1), considers a thin beam to be a continuous medium, so 

that the periodicity of the correlation function (5) is only 

an artefact introduced by the finite number of measure-

ment points L, the obtained experimental data are exactly 

the same as they would be in the case of a periodic struc-

ture, so that the obtained results may be properly interpret-

ed only by limiting to the wavevectors within the first Bril-

louin zone. 

The limitation of the wavevectors range for 

experimental determination of DR to 

 BZk k
d


   (12) 

means, according to the equation (1), the respective 

reduction of the frequency range where the DR is 

determined to 

 

2

2

1

2 2
BZ

EI EI
f f

A d Ad

 

  

 
   

 
 (13) 

This relationship between the frequency range for 

experimental determination of the DR and the average 

distance between the measurement points may be used to 

determine the maximal distance dmax between the 

measurement points that may be used to determine DR by 

correlation method in a frequency range f < fmax,  

 4

2
max

max

EI
d

A f




   (14) 

3. EXPERIMENT 

In order to experimentally verify the derived 

relationship (14), two experiments were carried out. The 

average distance between the measurement points in one 

experiment was satisfying the condition (14), while in the 

other experiment the condition (14) was not met. Each of 

the experiments comprised a series of subsequent 

measurements of time history of acceleration ax(t) at a 

single point of a beam excited by impact hammer. 

The measurement object was a steel rod with length 

D ≈ 1,65 m, and roughly square cross-section with side 

b ≈ 1 cm. Therefore, the area of the cross-section of the 

rod was A = b2 ≈ 1∙10-4 m2, while the moment of inertia of 

the cross-section of the rod for flexion was I = b4/12 ≈ 

≈ 8,33∙10-10 m4. 

The vibrations were excited by the impact hammer 

B&K 8204 with sensitivity 30.89 mV/N, and the excitation 

was measured by the B&K Pulse system with CCLD input 

with range ±10V, so that force measurement range was 

around 300 N. The impact hammer is light and small, and 

it is equipped with a light and hard impact head, so that the 

bandwidth of the impact hammer is broad, up to 10 kHz. 

Automatic double-hit detection was not provided, 

so that each excitation hit was monitored by inspecting the 

time history of impacting force F(t), and the double-hits 

were discarded. 

The rod was hit close to one of its ends, at the area 

x = 0-1 cm from the beginning of the rod. The hitting area 

was covered by a piece of scotch-tape that provided a bit 

of dampening to the hit with the aim to reduce excessive 

accelerations, which prevented recording of the response 
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by the software used for data acquisition,  but it also re-

duced the bandwidth to around 6 kHz. The maximal im-

pact force was in the range 8-12 N. 

Figure 3: FRF of accelerance at point x = 90 cm from 

beginning of the rod 

The response was measured using the 

accelerometer B&K 4507Bx with sensitivity 

10.055 mV/ms-2 and B&K Pulse system with CCLD input 

with range ±10V, so that so that acceleration measurement 

range was around  ±1000 m/s2. 

For each of the measurement points the measure-

ments of acceleration were taken 10 times. During each of 

the measurements were recorded time histories of excita-

tion force and acceleration. After each of the measure-

ments, the data acquisition software calculated power 

spectral density of force and acceleration, FRF of acceler-

ance, and the respective coherence. 

The measurements were organized in two series – 

experiments, with the aim to test both the case when the 

average distance between the measurement points satisfy 

the equation (14) and the case when they do not satisfy it. 

Since the frequency range determined by the experimental 

setup is limited to fmax = 6 kHz, the maximal average dis-

tance between the measurement points that would, by the 

equation (14), allow to experimentally determine DR in 

the range f < fmax is dmax ≈ 6,1 cm, which is calculated 

using the values E = 200 GPa and ρ = 7800 kg/m3 for 

Young modulus and density of steel. 

In the first experiment, the measurement points 

were uniformly distributed at 10 equidistant positions with 

distances d ≈15 cm, so that d > dmax, and the corresponding 

frequency of the border of the IBZ was fBZ ≈ 1010 Hz. 

In the second experiment, 31 non-equidistant 

measurement points were selected to have the distances to 

the beginning of the rod (the excited end) being 7.5 cm, 

8.7 cm, 11.1 cm, 13.5 cm, 18.3 cm, 20.7 cm, 25.5 cm, 

27.9 cm, 32.7 cm, 39.9 cm, 42.3 cm, 49.5 cm, 54.3 cm, 

56.7 cm, 61.5 cm, 68.7 cm, 75.9 cm, 78.3 cm, 85.5 cm, 

90.3 cm, 92.7 cm, 99.9 cm, 104.7 cm, 111.9 cm, 121.5 cm, 

126.3 cm, 128.7 cm, 133.5 cm, 135.9 cm, 140.7 cm and 

157.5 cm, which is proportional to the first 31 prime 

numbers sequence 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 

41, 43, 47 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 

107 109, 113 and 127. The average distance between the 

points was d ≈ 5 cm, so that d < dmax, and the 

corresponding frequency of the border of the IBZ was 

fBZ ≈ 9090 Hz. 

4. RESULTS

4.1. Frequency response spectra 

The accelerance amplitude spectra revealed the 

expected resonant behaviour (Figure 3). The resonant 

frequencies present in all spectra are the same, but the 

amplitudes of the FRFs at different resonant points show 

different behaviours at different points. The frequency 

with maximal amplitude shows dependence on the 

measurement point. The resonant peaks at low frequencies 

(14 Hz – 590 Hz) are singlets, while at higher frequencies 

the resonant peaks appear to be doublets, with the 

frequency split of the doublets increasing with resonant 

frequency. 

4.2. Correlation function 

The calculated correlation functions show the pre-

dicted behaviour. In the first case, with equidistant meas-

urement points, the correlation function is periodic, with 

period 2π/d ≈ 21 m-1. In  Figure 4 are shown correlation 

function values calculated for the case of equidistant 

measurement points at frequency f = 200 Hz. The theoreti-

cal equation (1) for that frequency predicts the correspond-

ing value of wavevector to be k0 ≈ 9,3 m-1 ≈ 0,44 (π/d). 

Figure 4 shows that, as explained, not only values ± k0, but 

also other values that satisfy condition (11) represent 

strong local maxima of the correlation function, requiring 

limitation of the wavevectors to the IBZ for experimental 

detection of the DR. 

Figure 4: Correlation function for the case of 

equidistant measurement points 

4.3. Dispersion relationships 

In this section are presented results of the 

application of the correlation method for experimental 

calculation of the DR. 

4.3.1. Average distance larger than dmax 

The results of the application of the correlation 

method to the measurements taken in equidistant meas-

urement points with distance d ≈ 15 cm, with the correla-

tion function calculated for test values of wavevectors in 

the range (0,+5π/d), are shown in Figure 7. The pairs of 

corresponding wavevector–frequency values that represent 

the experimentally determined DR are presented with full 

circles. The line that passes through origin represent the 

DR theoretically predicted by (1). The other lines repre-

sent the aliases, i.e., the wavevector values that satisfy 

condition (11) with respect to the theoretically predicted 

DR. There are two kinds of aliases, the increasing aliases 
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that have positive slope, and the decreasing aliases, which 

have negative slope. The positive slope (positive group 

velocity dω/dk) of increasing aliases indicates energy 

transfer in the direction of x-axis, which means that in-

creasing aliases represent aliases of the waves propagating 

in the direction of incidence of the excited waves. Con-

versely, the decreasing aliases represent aliases of the 

waves propagating in the opposite direction. It should be 

noted that the decreasing aliases have positive phase ve-

locities (ω/k > 0) and negative group velocities (dω/dk < 0) 

because they represent aliases of the negative solutions of 

equation (1) for wavenumbers. 

 
Figure 7: Wavevectors detected by the straightforward 

implementation of correlation method to equidistant 

measurements with d ≈ 15 cm (π/d ≈ 21 m-1) 

The Figure 7 clearly shows that the detected values 

of wavevectors corresponding to frequencies used in the 

experiment belong to different aliases of wavevector 

values with respect to the values predicted by (1), and that 

the correlation method is not capable of distinguishing 

them. Majority of the wavevectors calculated by 

correlation method describe waves propagating in the 

direction of x-axis, but some of them describe waves 

propagating in the opposite direction, so that correlation 

method is not capable of detecting even the direction of 

propagation of the wave, as explained by Brillouin [14]. 

However, if the range of test wavevectors is re-

duced to the IBZ according to the equation (12), the ob-

tained results are shown in the Figure 8. The circles and 

lines have the same meanings as in the Figure 7. The first 

feature of the obtained results is that, with reduction to 

|k| < π/d, the correlation method, as predicted, leads to 

correct determination of DR within the frequency range 

f < fBZ. The lines in that frequency range represent theoret-

ical predictions given by (1). Furthermore, almost all de-

tected wavenumbers represent the waves propagating in 

the direction of x-axis, with the only exception occurring 

for a frequency where doublet resonances are observed. 

The mere existence of the doublets, otherwise not predict-

ed by the theory, indicates that, under resonant conditions, 

the experimental setup does not satisfy the assumptions 

requested by the theoretical model that leads to (1). The 

existence of the doublets is still not properly explained and 

is worthy of further research. 

The application of the correlation method for fre-

quencies above fBZ leads to aliasing, as the waves with 

wavevectors |k| > π/d have the same accelerations in meas-

urement points as the waves with corresponding wavevec-

tor values in the IBZ. The lines in the frequency range 

f > fBZ represent the aliases of the theoretical predictions 

given by (1). It may be noted that the majority of the 

waves experimentally detected by the correlation method 

have positive group velocities, and that the sign of experi-

mentally determined phase velocity depends on the wave-

number so that phase velocity is positive if the wave-

number is between even and odd multiples of π/d (hence 

between (2z)π/d and (2z+1)π/d), while phase velocity is 

negative if the wavenumber is between odd and even mul-

tiples of π/d (hence between (2z+1)π/d and (2z)π/d). 

Therefore, the group velocity may be correctly determined 

by correlation method even for frequencies higher than 

above fBZ, but the phase velocity cannot. 

 
Figure 8: Dispersion relationship from Fig.7 

reduced to the first Brillouin zone (π/d ≈ 21 m-1) 

A notable deviation from the theoretical predictions 

is observed in vicinity of borders of the Brillouin zones, 

where k = z∙π/d = z∙kBZ and, according to the equation (1), 

f  = z2∙fBZ. The borders of the Brillouin zones are marked 

by the thick vertical dotted lines in the Figure 8, and 

experimentally detected wavevectors are almost 

independent of the frequency in the frequency ranges 

around the borders. Since the Brillouin zones are only the 

consequence of equidistant spatial distribution of 

measurement points, the observed departure from 

monotonicity has also to be an artefact introduced by the 

experimental setup. The explanation of the observed 

behaviour represents a different phenomenon related to the 

experimental technique of measuring DRs, and it will be 

discussed in a separate paper [15]. 

4.4. Average distance smaller than dmax 

Figure 10 presents the results of application of the 

correlation method to the measurements taken in the sec-

ond experiment, with non-equidistant measurement points, 

and with average distance d = 5 cm being smaller than the 

maximal distance dmax corresponding to the frequency 

range f < 6 kHz. 

The figure shows that the experimentally obtained 

DR agrees with the theoretical predictions in the whole 

frequency range used in the experiment. As it was the case 

with the measurements with d > dmax, almost all detected 

wavevectors describe the waves propagating in the 

direction of x-axis, with the exceptions for frequencies that 

correspond to the observed doublet resonances. 
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5. CONCLUSIONS 

The paper presented an analysis of the concept for 

determination of dispersion relationship of flexural waves 

in beams using correlation method. It was shown that the 

spatial aliasing restricts applicability of correlation method 

in experiments with equidistant measurements to the first 

Brillouin zone of wavevector space, which reflects in 

reduction of the frequency range for application of the 

correlation method. The derived analytical expression (14) 

determines the maximal average distance between the 

measurement points dmax that enables application of the 

correlation method for experimental determination of DR 

in thin beams in the selected frequency range f < fmax. 

 
Fig. 9: Wavevectors detected by the correlation method 

with the average distance between the measurements 

d ≈ 5 cm < dmax 

Two experiments that were carried out confirmed 

the validity of application of the expression (14). The 

results of the experiment with d < dmax were in perfect 

agreement with the theoretical predictions (1), while the 

results of the experiment with d > dmax agreed with the 

theoretical predictions only in the limited frequency range 

where f < fBZ. Therefore, the obtained results may be useful 

for planning the experiments for determination of the DR 

of flexural waves in thin beams, but may also be used as a 

starting point for experimental determination of other 

waves in other mechanical structures. 
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Due to its superior mechanical properties, polyamide represents the most frequently used polymer material for 

additive manufacturing of automotive and aerospace components. With the perspectives of future use for on-site production 

in space, the field of application is extending to larger structures, raising interest for dynamic behavior of polyamide 

structures. The paper presents experimental study of dynamic response of thin beams made of three different types of 

polyamide: polyamide PA6, composite polyamide PA6 with 30% of glass fibers and polyamide PA12 obtained by selective 

laser sintering of polyamide powder PA2200. The results show that the dynamic response of polyamide beams is similar to 

metal beams. 

Keywords: Polyamide, Additive manufacturing, Mechanical waves, Dispersion relationship 

1. INTRODUCTION 

The global demands for increasing energy 

efficiency through reduction in weight of motor vehicles 

and aircrafts and, consequently, reduction of energy 

consumption lead to increased use of polymers for 

industrial production [1]. In the past few years, the 

emergence of new types of polymers with different 

spectrum of mechanical and thermal characteristics 

resulted in a significant increase of polymer applications in 

all spheres of industry production and manufacturing. The 

application of modern tools for analysis of polymers 

impact on the environment and decision support for the 

manufacturing process, such as eco-efficiency assessment 

model (EEAM), life cycle assessment (LCA) and life 

cycle cost analysis (LCCA), has shown that the carbon 

footprint of manufacturing and environmental pollution 

can be notably reduced [2]. Furthermore, increased 

attention must be paid to the proper end-of-life disposal of 

parts made of polymers. 

In addition to standard polymers, nowadays the 

interest for the application of biodegradable polymers in 

the industrial production has been increasing. Several 

studies have been conducted in order to determine if bio-

polyamides as well as PLA (polylactic acid) may replace 

thermoplastics reinforced by natural fibers that are mainly 

used in the automotive industry [3]. 

The aerospace industry usually uses composites - 

a combination of two or more materials with different 

physical or chemical properties designed to have specific 

characteristics, such as added strength, efficiency or 

durability. With the aim of improving the mechanical 

properties of parts, composite material most often 

represents a combination of basic plastics such as 

polyamide, polypropylene, polyester and carbon fibers [4]. 

According to the latest analyzes, the automotive 

industry uses approximately 130 kg of different plastics 

for the production of one average middle-class passenger 

vehicle. During the exploitation, the polymer parts 

embedded in different types of systems are exposed to 

both mechanical loads and thermal influences. 

Since the polyamide usually represents the basic 

polymer mass for the technical applications, transmission 

of vibrations through this material is the subject of study 

presented in the scope of this paper. 

Polyamide (Nylon) is any polymer in which the 

repeating units in the molecular chain are linked by amide 

bonds. They are classified into various categories 

depending on the arrangement and chemical nature of 

monomers. Nowadays, imperative types of polyamides for 

technical application are PA6, PA6.6, PA 11, PA 12. Their 

properties, manufacture, processing and use are covered in 

the scope of paper [5]. 

With the development of new production 

processes, in addition to casting and injection molding, 

polyamide parts can also be made with additive 

manufacturing (AM). Due to main advantages of AM 

technology, such as material costs and waste reduction, 

production speed and efficiency, as well as the possibility 

of topology optimization, the aerospace became an early 

adopter of additive manufacturing. In aerospace industry, 

these manufacturing processes often use polyamide as a 

basic polymer for parts production. 

Due to the difference in the structure of parts 

produced by conventional methods of manufacturing and 

parts produced by AM technology, this paper presents a 

comparative analysis of dispersion relationships of 

polyamide beam produced by AM (selective laser 

sintering) and polyamide beams produced by cutting the 

extruded plate. 

2. DISPERSION RELATIONSHIP  

Dispersion relationship (abbreviated as “DR” in the 

following text) expresses the relation between the 

wavenumber of a wave k and its angular frequency ω. 

Since it enables calculation of the phase and group 

velocities of the wave, the DR represents an important tool 

for wave propagation studies. 

Thin beams represent the most convenient object 

for experimental determination of dispersion relationship. 

Depending on location and direction of the excitation, 

different types of mechanical waves may propagate 

through beams, such as longitudinal compression waves or 

torsional waves. The simplest mechanical waves for 

excitation and detection are flexural waves, which have 

D.39



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

J.Tomić, V. Sinđelić, A. Nikolić, N. Bogojević

parabolic form of dispersion relationship Error! 

Reference source not found.: 

2EI
k

A



 (1) 

In the equation (1), ρ stands for density, E represents 

Young’s modulus of the beam material, I is the area 

moment of inertia, while A represents the area of the cross-

section of the beam. 

According to the Euler-Bernoulli beam theory for 

flexural waves in a free-free elastic beam [7], resonances 

occur when the wavenumber of wave km is equal to 

(2m+1)∙k0, where k0=π/(2L), while L [m] represents the 

length of the beam’s longest dimension. Resonant 

frequencies can be expressed with fm = (2m+1)2∙f0 with 

f
0
 = k0

2 ∙ (EI)1/2/(ρA)1/2/(2π).

2.1. Experimental determination of the DR 

Experimental determination of dispersion 

relationship consists in measurement of the response 

(usually acceleration) to an excitation (usually impulse or 

harmonic) in multiple points along the beam. The 

responses at these points at a particular excitation 

frequency f are then used to construct wavefields with 

wavenumbers that have minimal deviation from the 

measured responses. There are several methods for 

wavefield construction and they differ in accuracy, 

mathematical complexity and range of applicability. The 

method that is the subject of this paper, so-called 

correlation method [8], uses a simple form of the 

wavefield and the sequential search of the wavenumber 

space in order to find the wavenumber value that provides 

maximum of correlation between the wavefield and 

measured response. 

In its simplest one-dimensional form, which is used 

to study the waves propagating along a beam, the 

correlation method for experimental determination of DR 

(in further text just “correlation method”) uses test 

wavefields constructed on the basis of harmonic 

progressive waves with angular frequency ω and different 

test wavenumbers kt. When the wave propagating along 

the beam is a progressive harmonic wave with 

wavenumber k, then the correlation between the wavefield 

of the wave and the test wavefield  

𝑊𝜔(𝑘𝑡) = ∫ 𝑤(𝑥, 𝜔)𝑤𝑡
∗(𝑥, 𝜔)

∞

−∞
𝑑𝑥 (2) 

will have the highest value when kt = k. In the expression 

(2), x-axis is adopted as the direction of the wave 

propagation, w(x,ω) and wt(x,ω) represent complex 

amplitudes of the progressive harmonic wave with 

wavenumber k and the constructed wavefield with the 

wavenumber kt, respectively. In order to determine the DR 

of a wave in a frequency range fmin<f<fmax, the correlation 

method scans the wavenumber space in the range 

kmin<kt<kmax for each of the frequencies f, and assumes that 

the value of kt that leads to the highest value of the 

correlation between the wavefield of the wave and the test 

wavefield is equal to the wavenumber that corresponds to 

the frequency f, denoted as k(f). 

Due to the discrete nature of input data (amplitudes 

of accelerances w(xl,ω) = wlω measured in L measurement 

points xl, l=1,2,…,L, along the beam), the correlation (2) 

may be expressed as the following correlation function Yω: 

𝑌𝜔(𝑘𝑡) = |∑ 𝑤𝑙𝜔exp(−𝑖𝑘𝑡𝑥𝑙)Δ𝑥𝑙
𝐿
𝑙=1 | (3) 

The scanning of the wavenumber space in the range 

kt
min

 <kt<kt
max

 consists in calculation of Yω values using 

equation (3) in a sufficiently large, but still finite number 

of points within the wavenumber range kt
(j) (j = 1,2,…, J ). 

In the following text, the obtained array of points 

Yω
(j) = Yω(kt

(j)) (j = 1,2, …, J) will be called “the 

correlation array”. The test wavenumber kt that 

corresponds to the largest member of the correlation array 

is assumed to be the wavenumber that corresponds to the 

frequency f. 

The implementation of the correlation method 

meets the challenges caused by a) the finite number of 

wavenumber test points; b) the finite number of 

measurement points. 

The finite number of wavenumber test points may 

lead to omission of the actual wavenumber value that 

maximizes the correlation function, which results in 

misidentification of the wavenumber that corresponds to a 

frequency f. 

On the other hand, due to the finite number of 

measurement points, for any wavenumber value kt, there is 

an infinite number of wavenumbers kt’≠ kt such that for 

each measurement point xl holds: 

     exp ' exp 1,2,...,t l t lik x ik x l L    , (5) 

As a consequence, there may be several local maxima with 

the same correlation function value within the 

wavenumber range kt
min

 <kt<kt
max. 

In the case of equidistant measurement points the 

equality (4) is satisfied for each measurement point if kt’- 

kt = z(2π/d), where z is an integer. Therefore, within the 

wavenumber range kt
min

 <kt<kt
max, the number of equal 

local maxima of the correlation function is (kt
max-kt

min)d/2π. 

Direct application of the correlation method is thus 

reduced to the wavenumber range -π/d <kt<+π/d, which is 

known as the first Brillouin zone (abbreviated as BZ). In 

the case of non-equidistant measurement points, the 

system of equations (4) still has an infinite number of 

solutions and the average difference between the solutions 

is close to (2π/d), where d is the average distance between 

the measurement points Error! Reference source not 

found.. 

The restriction of the wavenumbers range to the 

first BZ reduces the frequency range for the experimental 

determination of the DR to 

𝑓 < 𝑓𝐵𝑍 =
𝜋

2𝑑2 √
𝐸𝐼

𝜌𝐴
. (6) 

In order to extend the frequency range for 

experimental determination of dispersion relationship of 

flexural waves in beams, artificial neural network (ANN) 

approach presented in the paper [10] has been used. A 

recurrent neural network (Fig. 1) is developed as a 

sequence prediction tool for estimation of the wavenumber 

corresponding to a frequency f using the wavenumbers of 

the previously determined points of the dispersion 

relationship. By implementing the sliding window 

technique, wavenumber values of the five previous DR 

points are used as neural network input data, while the 

difference Δk between two the current and the previous 

wavenumber values represents the target value at the 

network output layer. Developed neural network contains 

one hidden layer with five nodes and one output layer 
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containing one node. Bipolar sigmoid function and linear 

function are used as transfer functions of the hidden layer 

and the output layer, respectively.  

 
Figure 1: ANN network architecture 

In order to define a neural network training data set, 

the straightforward correlation method has been applied 

for determination of the DR in a frequency range f<fBZ/2. 

Resulted sequence of the wavenumbers has been used for 

the neural network training process. 

For each frequency fn>fBZ/2, the wavenumber value 

is determined using the following steps: 

 by using the wavenumbers of five previous points 

of dispersion relationship as neural network 

inputs, the wavenumber value kest corresponding 

to frequency fn is estimated by adding the output 

of developed ANN to the wavenumber of 

previous DR point 

 the correlation array Yω
(j) (j=1,2,…,J) is 

calculated using the equation (3) and ω = 2π∙fn for 

all test wavenumber points kt
(j) (j = 1, 2, …, J);  

 after finding the local maxima in the obtained 

correlation array, the candidate array is created by 

selecting the wavenumbers corresponding to the 

local maxima such that relative difference 

between their correlation value and maximal 

correlation value is smaller than predefined value 

εY; 

 the element of the candidate array closest to the 

kest value is selected as the final candidate kfinal 

and its proximity rate is calculated by applying 

equation: 

 𝑟(𝑘𝑓𝑖𝑛𝑎𝑙) =
|𝑘𝑓𝑖𝑛𝑎𝑙−𝑘𝑒𝑠𝑡|

𝑘𝑒𝑠𝑡
, (7) 

 if the proximity ratio of the final candidate is 

lower than the proximity limit εk, then the final 

candidate kfinal is accepted as the wavenumber 

corresponding to the frequency fn; However, if 

the proximity ratio of the final candidate is higher 

than the proximity limit, the value kest is accepted 

as the wavenumber corresponding to the 

frequency fn  

3. EXPERIMENT 

For the purpose of experimental determination of 

dispersion relationship of mechanical waves propagating 

through polyamide thin beans, series of subsequent 

measurements of time history of acceleration ax(t) at a 

single point of a beam excited by impact hammer have 

been conducted. 

3.1. Measurement objects 

The experiment has been carried out on the 

following beams: 

 polyamide beam produced by cutting from the 

plate (PA6 in the following text); 

 glass filled polyamide beam produced by cutting 

from the plate (PA6GF in the following text); 

 polyamide beam produced by selective laser 

sintering (PA3D in the following text); 

Characteristics of the measurement objects are given in the 

Table 1. 

Table 1: Properties of the measurement objects 

beam 
Length 

[cm] 

Width 

[cm] 

Height 

[cm] 

E 

[GPa] 

ρ 

[g/cm3] 
PA6 104 1.5 1 2.9 1.13 

PA6GF 63.8 2.3 2 6 1.49 

PA3D 30 1 1 1.65 8.67 

With the aim to emulate a beam with free ends, the 

end parts of the beams were resting on soft sponges. 

3.2.  Excitation 

The vibrations were excited by the impact hammer 

B&K 8204 with sensitivity 30.89 mV/N and the 

bandwidth up to 10 kHz. The excitation was measured by 

the B&K Pulse system with CCLD input with range ±10V. 

The force measurement range was around 300 N.  

Automatic double-hit detection was not provided. 

In order to discard the double-hits, each excitation hit was 

monitored by inspecting the time history of impacting 

force F(t). 

The beam was hit at the area 0-1 cm from the 

beam’s beginning. In order to reduce excessive 

accelerations that prevented recording by the data 

acquisition software, the hitting area was covered by a 

piece of scotch-tape which provided a bit of dampening to 

the hit, but also reduced the bandwidth to around 6 kHz. 

The maximal impact force was in the range 10-25 N. 

3.3. Response 

The accelerometer B&K 4507Bx with sensitivity 

10.055 mV/ms-2 and B&K Pulse system with CCLD input 

with range ±10V were used for measuring the response. 

Acceleration measurement range was around ±1000 m/s2. 

3.4. Experimental procedure 

For each of the beams, the measurements of 

acceleration were carried out ten times for each of the 

measurement points. Time histories of excitation force and 

acceleration were recorded during each of the 

measurements. After each of the measurements, the data 

acquisition software calculated power spectral density of 

force and acceleration, frequency response function (FRF) 

of accelerance and the respective coherence. 

3.5. Measurement points 

The measurement points were distributed along the 

rod’s largest dimension at positions with following 

distances from the beginning of the beam (the excited 

end): 

 PA6 beam: 7.5 cm, 8.7 cm, 11.1 cm, 13.5 cm, 

18.3 cm, 20.7 cm, 25.5 cm, 27.9 cm, 32.7 cm, 

39.9 cm, 42.3 cm, 49.5 cm, 54.3 cm, 56.7 cm, 

61.5 cm, 68.7 cm, 75.9 cm, 78.3 cm, 85.5 cm, 

90.3 cm, 92.7 cm and 99.9 cm; 
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 PA6GF beam: 7.5 cm, 8.7 cm, 11.1 cm, 13.5 cm,

18.3 cm, 20.7 cm, 25.5 cm, 27.9 cm, 32.7 cm,

39.9 cm, 42.3 cm, 49.5 cm, 54.3 cm, 56.7 cm,

61.5 cm;

 PA3D beam: 7.5 cm, 8.7 cm, 11.1 cm, 13.5 cm,

18.3 cm, 20.7 cm, 25.5 cm, 27.9 cm;

The numbers of measurement points for PA6, 

PA6GF and PA3D beams are 22, 15 and 8, respectively. 

The distances are derived from the following sequence of 

prime numbers: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 

41, 43, 47, 53, 59, 61, 67, 71, 73 and 79. The 

proportionality of the distances to the prime numbers 

reduces (practically eliminates) the influence of the 

aliasing due to the finite length of the measurement points 

array.   

4. RESULTS

For each of the polyamide beams, on the basis of 

the experimental results and applied correlation method 

with ANN approach to extension of frequency range, the 

following graphs have been created: 

 a graph of the dispersion relationship between the

wavenumber of a wave k and its frequency f,

 a comparison graph of the theoretical and

experimental values for the resonant frequencies

in the frequency range between 0 Hz to 6 kHz,

 a comparison graph of the theoretical and

experimental values for the wavenumbers

corresponding to the resonant frequencies in the

frequency range between 0 Hz to 6 kHz,

 experimental values of wavenumbers

corresponding to resonant frequencies in the

frequency range between 0 Hz to 6 kHz for the

purpose of visualization of values scattering

around the line km=(2m+1)∙k0 (theoretically these

wavenumbers should lie on the line

km=(2m+1)∙k0).

Comparisons of theoretical and experimental values 

of fundamental frequency f0, corresponding wavenumber 

k0 and bkf parameter (bfk=k/f1/2) are represented tabular for 

each of the polyamide beams. Theoretical values are 

calculated based on the values of density and Young’s 

modulus of elasticity obtained from the manufacturer's 

specification.  

4.1. PA6 beam 

Figure 2: Dispersion relationship for PA6 beam 

Figure 3: Comparison between theoretical and 

experimental values of resonant frequencies for PA6 beam 

Figure 4: Comparison between theoretical and 

experimental values of wavenumbers corresponding to the 

resonant frequencies for PA6 beam 

Figure 5: Experimental values of wavenumbers 

corresponding to resonant frequencies for PA6 beam 

Table 2: Comparisons of theoretical and experimental 

values of f0, k0 and bkf parameters for PA6 beam 

Theory Experiment Relative diff 

k0 1.51 1.52 1% 

f0   1.85 1.96 6% 

bkf 1.11 1.09 -2%
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4.2. PA6GF beam 

 
Figure 6: Dispersion relationship for PA6GF beam 

 
Figure 7: Comparison between theoretical and 

experimental values of resonant frequencies for PA6GF 

beam 

 

 

Figure 8: Comparison between theoretical and 

experimental values of wavenumbers corresponding to the 

resonant frequencies for PA6GF beam 

 
Figure 9: Experimental values of wavenumbers 

corresponding to resonant frequencies for PA6GF beam 

Table 3: Comparisons of theoretical and experimental 

values of f0, k0 and bkf parameters for PA6GF beam 

  Theory Experiment Relative diff 

k0 5.24 5.15 -2% 

f0 11.12 11.80 6% 

bkf 0.74 0.73 -1% 

 

4.3. PA3D beam 

 

Figure 10: Dispersion relationship for PA3D beam 

 

Figure 11: Comparison between theoretical and 

experimental values of resonant frequencies for PA3D 

beam 
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Figure 12: Comparison between theoretical and 

experimental values of wavenumbers corresponding to the 

resonant frequencies for PA3D beam 

Figure 13: Experimental values of wavenumbers 

corresponding to resonant frequencies for PA3D beam 

Table 4: Comparisons of theoretical and experimental 

values of f0, k0 and bkf parameters for PA3D beam 

Theory Experiment Relative diff 

k0 5.24 5.15 -2%

f0 17.38 17.04 -2%

bkf 1.26 1.25 -1%

The obtained results show good agreement between 

the experimental and theoretical values for all three 

polyamide beams which were the objects of conducted 

analysis. 

For the polyamide beam produced by selective 

laser sintering, slightly larger deviations between 

theoretical and experimental results (as shown in the 

Figures 10 to 13 and the Table 4) are due to the relatively 

short beam’s length compared to the lengths of the other 

two beams and, consequently, fewer measurement points 

and smaller amount of experimental data for the further 

analysis. Furthermore, the cross-sectional area of the rod 

produced by selective laser sintering is 1.5 and 4.6 times 

smaller than the cross-sectional areas of the other two 

polyamide rods cut from extruded plates, and, therefore, 

the mass of this rod is significantly smaller. 

5. CONCLUSION

This paper presents a methodology for the 

experimental determination of the dispersion relationship 

of polyamide thin beams. The experiments were conducted 

on polyamide rods produced by cutting the extruded plates 

and polyamide rod produced by additive manufacturing 

(the process of selective laser sintering). 

The obtained results show good agreement between 

the theoretical and experimentally obtained dispersion 

relationship for all three polyamide rods. 

The slightly larger differences between theoretical 

and experimental values obtained for the rod made by 

selective laser sintering are due to its smaller dimensions 

and mass (compared to the dimensions and mass of rods 

produced by traditional cutting method), which directly 

affects the number of measurement points and 

measurement accuracy. Therefore, in further research, 

appropriate attention should be given to selecting 

dimensions and mass of the specimens.   
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Free vibration of double-cracked uniform beam 
Aleksandar Nikolić* 

Faculty of Mechanical and Civil Engineering in Kraljevo, University of Kragujevac 

This paper considers free vibration analysis of double-cracked uniform beam under various boundary conditions. It 

is supposed that cracks stay opened due to vibrations. The Euler-Bernoulli beam model was considered by using the rigid 

segment method. Satisfactory agreement of the obtained results with the results of other was achieved. In the case of 

occurrence of larger errors, it was noticed that there is a problem of closing the crack, which deviates from the initial 

assumption. 

Keywords: Double-cracked beam, Free vibration, Uniform beam  

 

1. INTRODUCTION 

The appearance of cracks leads to a change in the 

dynamic characteristics of the beam. More precisely, with 

the appearance of a crack, the stiffness of the beam 

decreases, which leads to decreasing of natural frequencies 

of free beam vibrations. The literature dealing with this 

topic is rich, so its review will not be given here. 

This paper is based on the previous research of the 

author that is published the paper [1], where the rigid 

segment method was used for free vibration analysis of 

uniform beam with one open crack under the various 

boundary conditions.  

Here, the usage of the rigid segment method is 

extended to the double-cracked beam. The position of the 

cracks and their depths differ from each other in a general 

case. The case of the free-free beam will be analysed first. 

All other beam boundary conditions will be provided as a 

special case of free-free beam. 

 

2. APPROXIMATE MODEL OF DOUBLE-CRACKED 

BEAM 

Figure 1(a) shows the double-cracked uniform 

beam that is analysed in this paper. The beam cross-

section is rectangular with dimensions b×h. The total 

beam length is L, whereas two open cracks of depth a1 and 

a2 are placed at the distances L1 and L2, respectively, 

measured from the left end of the beam.  

In the first step of modelling, the cracked beam was 

divided into the three beams (I, II and III) of the following 

lengths: 

1 2 1 2
, , .

I II III
L L L L L L L L                          (1) 

The first and the second beam (I and II), as well as 

the second and the third beam (II and III) are connected 

mutually by the crack elastic joints  
1c

J  and 
2c

J , 

respectively, as shown in Fig. 1(b). 

In the second step of modelling, each of three 

introduced beams was divided into the nI, nII and nIII 

elastic segments, respectively, whereas this numbers are 

chosen by using the following formula: 

 , , , .i

i

L
n n i I II III

L
                                            (2) 

The number n represents the total number of elastic 

segments in all of the three introduced beams. The number 

n should be chosen so that each of numbers ni must be an 

integer. 

The third modeling step involves replacing each of 

the introduced elastic segments with two rigid segments, 

interconnected by joint element Ji with three degrees of 

freedom, as shown in Figs. 1(c) and (d). 

The joint element Ji has three degrees of freedom: 

axial, translational and rotational. An appropriate springs 

are placed in the directions of the introduced degrees of 

freedom. The rigidity of introduced springs is defined as 

[1]: 

3

3

12
, , ,

i i i

z z
p q r

EI EIAE
k n k n k n

L L L
              (3) 

for all values of i except for i=n1+1 or i=n1+n2+2, for 

which, based on the references [2,3] holds that: 

   

 

2 2

1, 2,

2

3,

, ,
1 1

,
1

i i

i

p q

j j

r

j

Eb Eb
k k

F F

Eb
k

F

 



 
 




                  (4) 

where: 
1

10
1

, ,

1

, / ,j i

k j k i j j j

i

F e a a h


 




   

1

1 2

1, 1,

2, 2.

i n
j

i n n

 
 

  
                                            (5) 

Note that the parameters ak,i are listed in the Table 1. 

 

2.1 Kinetic energy 

 

Kinetic energy of the approximate model of the 

double-cracked uniform beam model should be obtained 

as the positive definite quadratic form [1]: 

1
,

2

TT  v Mv                                                                 (6) 

where: 
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Figure  1 : Double-cracked uniform beam: (a) exact shape,   (b) equivalent beam model, (c)  rigid  segment  beam model, 

(d) joint element  
i

J  

 3 3 1

0 2 ,
T nT T T

i n R
 


   v v v v  (7) 

     3 3 3 3

0 2, ..., ,..., ,
n n

i ndiag R
  

 M M M M (8) 

3 3

, ,i jk im R    M       (9)

11, 22, ,i i im m m 

 2 2

33, , ,
,

i i i i
i C i i ii i

m J m PC PC  
  

12, 21, 0,i im m 

13, 31, ,
,

i
i i i i i

m m m PC


  

23, 32, ,
,

i
i i i i i

m m m PC


   (10) 

21
, ,

12i ii i C i im Al J m l                                    (11) 

1
, ,

2

, .
i

L
i k

n
l

L
i k

n




 
 


1 1 1 2 1 21 1 2 2,k n n n n n n n           (12) 
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 

 

 

1 1 2

1 1 2

/ 2 0 0 , 0 1 2,

/ 2 0 0 , 1 2,

0 0 0 , .

T

i

T

i i i

T

l i n n n

PC l i n n n n

i k

      


       



(13) 

Table 1: Coefficients ak,i of functions Fk 

  i  

k 
1 2 3 

1 -0.326584·10-5 -0.326018·10-6 -0.219628·10-4

2 1.455190 1.454954 52.37903 

3 -0.984690 -1.455784 -130.2483

4 4.895396 -0.421981 308.442769 

5 -6.501832 -0.279522 -602.445544

6 12.792091 0.455399 939.044538 

7 -26.723556 -2.432830 -1310.95029

8 35.073593 5.427219 1406.52368 

9 -34.954632 -6.643057 1067.4998 

10 9.054062 4.466758 391.536356 

2.2 Potential energy 

Potential energy of the approximate model of the 

double-cracked uniform beam model should be obtained 

as the positive definite quadratic form [1]: 

1
,

2

TП  v Kv  (14) 

where: 

 3 3 1

0 2 ,
T nT T T

i n R
 


   v v v v (15)

     3 3 3 3

0 2, ..., ,..., ,
n n

i ndiag R
  

 K K K K (16)

  3 3, , .
i i ii p q rdiag k k k R  K (17) 

2.3 Eigenvalue analysis 

Differential equations of motion should be obtained 

as [1]: 
 3 3 1

,
n

R
 

  Mv Kv 0    (18) 

which implies the eigenvalue problem in the following 

form: 

    2 , 1,...,3 3 1 ,r r r n    K M u 0   (19) 

where ur  represents the eigenvector which corresponds to 

natural frequency r. In order to obtain the natural 

frequencies and their corresponding eigenvectors under  

different boundary conditions, it is necessary to remove 

the columns and vectors of the matrices M and K which 

correspond to the restricted displacements. 

In addition, the proposed model of a double-cracked 

beam can be adjusted for the analysis of beams with one 

crack, as well as for beams without cracks. In the case of 

beam with one crack it is necessary to put into the 

proposed algorithm that 
1 2 1 21 2n n n n   v v , as well as in 

the case of uncracked beam it holds that 
1 1 1n n v v and

1 2 1 21 2n n n n   v v . 

3. NUMERICAL EXAMPLES

3.1. Beam with one crack 

Let’s consider here the pinned-pinned (P-P) beam 

with one crack of the following characteristics: L=0.4 [m], 

b=h=0.01 [m], E=2.161011 [N/m2],  =7650 [kg/m3], 

a1/h=0.5, L1/L=0.5.  

Results obtained by using the proposed approach, 

experiment [4], and FEM are given in Table 2. Note that 

the FEM results are obtained by using Ansys software, 

whereas 2628 elements of type Solid 185 were used. The 

results obtained by the proposed approach are very close 

to the results of the experiment [4] as well as to the FEM 

results obtained by using Ansys. However, it can be 

noticed that the relative error increases with increasing 

order of the required frequency. Thus in the case of the 

third frequency, the relative error between the results of 

the proposed approach and FEM is 2.31 [%].  

Table 2: Comparison of the first three natural frequencies 

of the P-P beam with one crack 

Methods 
Natural frequencies [Hz] 

f1 f2 f3 

This study (n=100) 140.18 602.24 1271.04 

FEM 
138.96 

(0.88 %) 

596.05 

(1.04 %) 

1242.3 

(2.31 %) 

Experiment [4] 
139.2 

(0.7 %) 

593.0 

(1.56 %) 
- 

If we take a closer look at Figure 2, which shows 

the first three mode shapes of considered beam, it can be 

seen that the crack is closed in the third mode shape. This 

is contrary to the main assumption of this paper, that the 

crack is open all the time of beam vibration. So this fact is 

a possible reason for a slightly larger deviation of the 

obtained results in the case of the third frequency. 

At this point, it is interesting to comment the 

influence of the position of the crack on the deviation in 

the value of the frequencies of the uncracked beam. Figure 

3 (a) - (d) shows the change of the first three frequencies 

of the beam in relation to the corresponding values of the 

uncracked beam at different positions of the crack, for the 

most commonly used boundary conditions. The depth of 

the crack (a1/h) in all considered cases is equal to 0.5. 

Only in the case of the first frequency of C-F beam, with 

increasing distance of the crack L1, the difference between 

the frequency of the cracked and uncracked beam 

decreases. In all other cases of beam boundary conditions, 

the dependence of the obtained frequencies on the distance 

of the crack L1 has an oscillatory character. Also, under 

symmetrical boundary conditions (P-P, C-C, and F-F), the 

obtained diagrams are symmetrical with respect to the 

center of the beam. 
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Figure 2: The first three mode shapes of the P-P beam with one crack 

Figure 3: Influence of the crack position to first three natural frequencies of the beam with one crack: 

a) clamped-free (C-F), b) clamped-pinned (C-P), c) clamped-clamped (C-C), d) pinned-pinned (P-P), e) free-free (F-F).
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3.2. Double-cracked beam 

Here will be considered double-cracked beam with 

the cracks depth a1/h= a2/h =0.5. The distances of the 

cracks from the left end are L1/L=0.3 and L2/L=0.7. All 

other beam parameters are the same as in the previous 

example. Table 2 shows the comparison of the results of 

this study and FEM at various boundary conditions.  

The best results of this study are achieved in the C-F 

case, where the minimal error is equal to 1.01 % for the 

first frequency, and maximum error is in the case of third 

frequency and it is equal to 2.88 %. The worst results are 

in the case of P-P beam, where errors range from 2.48 % 

for the first frequency to 3.96 % for the third frequency. 

These are unexpectedly poor results compared to the 

previously achieved results of the rigid segment method 

[1] in the case of a single-cracked beam.

However, if we look at the first three mode shapes of

the P-P double-cracked beam, obtained by using Ansys, 

then it can be seen that in the second mode shape the crack 

closes. It is obvious that the open crack model used here 

does not give sufficient accuracy in this case. 

Table 2: Comparison of the first three natural frequencies 

of double-cracked beam at various boundary conditions 

B
o

u
n

d
ar

y
 

co
n

d
it

io
n
 

Methods 

Natural frequencies [Hz] 

f1 f2 f3 

C
-F

This study 

(n=100) 
50.84 

(1.01 %) 

318.60 

(1.10 %) 

826.22 

(2.88 %) 

FEM 50.33 315.14 803.09 

C
-P

This study 

(n=100) 
223.21 

(1.6 %) 

692.87 

(2.74 %) 

1547.37 

(2.31 %) 

FEM 219.7 674.35 1512.4 

C
-C

This study 

(n=100) 
334.45 

(0.02 %) 

840.28 

(2.35 %) 

1774.87 

(1.63 %) 

FEM 334.51 820.97 1746.4 

P
-P

This study 

(n=100) 
137.96 

(2.48 %) 

535.22 

(3.87 %) 

1345.9 

(3.96 %) 

FEM 134.62 515.26 1294.6 

F
-F

This study 

(n=100) 
313.15 

(1.87 %) 

810.03 

(3.34 %) 

1762.32 

(2.37 %) 

FEM 307.39 783.81 1721.6 

Figure 4: The first three mode shapes of P-P double-cracked beam 
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4. CONCLUSION

In this paper, the extension of the use of method 

of rigid segments to beams with two cracks is presented. 

Although at first glance it seems that the method will be 

just as effective in the case of the beam with two cracks, as 

it was the case with the beam with one crack, it is not so. It 

has been observed that a significantly larger error occurs 

when the crack closure is observed in one of vibration 

modes during vibration. Note only that the case where the 

depth of both cracks is equal to half of the cross-section 

height is analysed here. It is possible that at smaller crack 

depths this problem will be less pronounced. This would 

allow further use of this approach for the case of a beam 

with an arbitrary number of cracks, which will be the 

subject of further research by the author. 
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The international regulations used to assess the dynamic behaviour of railway vehicles – UIC code 518 and EN 14363 

– define a set of testing conditions. Under these regulations, the so-called normal method of assessing the movement safety

is based on the measurement of forces horizontal-crosswise and vertical of the attacking wheel-rail contact. In the

methodology developed is introduced as an initial (given) real criterion, so-called “nominal criterion” with participation

of a horizontal nominal force called “frame” or “axial”. The vertical load on the two wheels of a wheel-axle and the

geometric position of nominal force are taken into consideration. Entering the "wheel load" parameter as a diagnostic

parameter in the system leads to improvement. A complete cycle for seamless and high precision mutual transformation

between the criteria for derailment of different classes is applied. The parameters are analyzed - safety factor and/or risk of

derailment

Keywords – Railway, rail vehicle, wheel-rail contact, derailment. 

1. INTRODUCTION

Incidents and accidents in railway transport caused 

by derailment of railway rolling stock have always and 

everywhere in the world accounted for the highest share of 

all railway accidents - in any case over 50% and up to 80-

90%. It is no coincidence that derailment is considered a 

typical (even popular) accident for railway rolling stock. 

Although the problems of ensuring safety against 

derailment of railway rolling stock have existed since its 

inception (i.e. approximately two centuries ago), the first 

theoretical dependencies on these problems were given by 

Eng. Poshe in 1882. Later these dependencies are further 

developed by Marie G., Nadal MJ and others, and form the 

basis of modern theory of resistance to derailment in rail 

transport. Extremely significant is the contribution of 

Nadal M. J. [1, 2, 3], who in 1908 proposed the current 

and to this day working formula: 
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where: Y and Q are the horizontal transverse force and the 

vertical load, respectively, transmitted by the attacking 

wheel on the rail at the contact point; γ the angle of 

inclination of the flange generator in its right part or in the 

inflection point (if there is no right part); µ and ρ - 

respectively coefficient of friction and angle of friction 

between the flange and the rail. 

Nadal's task deals with a single wheel and does not 

require the fact that in the process of derailing the wheelset 

is moves on the rails, and not just off the rails. It is 

assumed that all the forces acting on the wheel act at one 

point, which is not really the case. 

Taking into account the forces of interaction of the 

second wheel (non-attacking) from the axle with the rail 

leads to a modification of the derailment condition. In the 
1930s, Marie G. [4] made a correction to Nadal's formula 

taking into account the frictional force of the non-attacking 

wheel µ'Q' and it took the form: 

Q

'Q
'.

tg.1

tg

Q

Y

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−

+

−
= (2) 

where: Q' and ' respectively are the vertical load on the 

rail and the coefficient of friction with the same on the 

non-attacking wheel. 

It is noted that in case of a positive angle of attack it 

is necessary to make a correction of Marie G., taking into 

account the action of the friction force of the non-attacking 

wheel, which helps to raise the wheel above the rail. 

However, Marie G.'s formula is derived without taking 

into account the rotation of the wheels and the friction of 

the flange with the head-rail, due to which the friction 

force is used to move the wheels along the line of traction, 

as shown in [5]. 

It is worth noting that the experimental 

determination under operating conditions of the horizontal 

and vertical forces (Y, Q and Q’) in the above formulas 

was not possible at the time of their creation, as well as for 

many years there after. 

In [6, 7, 8, 9] the authors consider a whole 

wheelbase, but under specified conditions [10] and 

propose a derailment criterion representing the ratio of the 

shoulder force Yp to the vertical force Q1 applied to the 

axial in wheelset on the side of the attacking wheel. 

Elkins J.'s paper [11] compares the criteria for 

assessing North American, British and European standards 

for the interaction between rolling stock and rail, with the 

North American accepting the static vertical static load on 

the road and the European standards as the maximum 

horizontal and vertical loads transmitted by the railway 

vehicles to the track. 

In [12] Weistock H. proposed that the relationship 

between horizontal and vertical force be accepted for both 

wheels (attacking and non-attacking, when measured 
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simultaneously) as a criterion for evaluation against 

derailment. Characteristic of this method is the reduction 

of the influence on the final result of the value of the 

coefficient of friction μ1, which is always controversial 

due to its difficult and inaccurate determination. 

In [13], the influence of the inertial force of the 

wheelset on the safety against derailment was studied and 

it was proved that this influence is negligibly weak in 

freight wagons in the loaded state. In the work of Blokhin 

EP [7] it is proved that the influence of the mass of the 

wheelset can be neglected not only when loaded, but also 

when the empty (unloaded) state of the freight cars. 

In [14] it is proposed to use the ratio between the 

transverse component of the creep forces and the normal 

reaction at the contact point of the attacking wheel instead 

of the coefficient of friction. This method is usually 

combined with measuring and recording the lifting of the 

attacking wheel above the rail head and is difficult to 

perform in routine tests. 

In [15] it is proposed to bring the initial system of 

forces acting on the attacking wheelset to the mass center 

of the wheelset and to treat only the main vector and the 

main moment of this system. 

In [16], a method for assessing safety against 

derailment was proposed, based on a normalization factor, 

representing the ratio between the transverse component of 

the creep force and the normal response at the point of 

contact of the attacking wheel. This normalizing factor is 

used instead of the coefficient of friction between the 

rounded edge of the rail head and the working surface of 

the flange. 

In [17] a method for safety assessment against 

derailment was developed, based on a sufficient condition 

for the stability of the wheel on the rail in the probabilistic 

aspect. 

In papers [18, 19, 20, 21, 22] a comparison of the 

safety criteria against derailment is made, in which 

reduced vertical and transverse-horizontal forces are used 

in the “wheel-rail” contact or a system of forces acting on 

the wheelset by of the bogie frame, or forces acting in the 

direction of movement of the wheel relative to the rail 

head, specifying in [19, 23] the safety criterion against 

derailment taking into account the angle of inclination of 

the rolling surface of the non-attacking wheel and the 

height of application of frame force. 

In our country, respectively in the Research 

Institute of Transport at the Ministry of 

Transport/Bulgarian State Railways (NIIT - BDZ), the 

method for assessing safety against derailment from the 
beginning (1965) was based on the criterion representing 

the relationship between the axial H or frame force Yp and 

the vertical force P1 on the axle in wheelset to the 

attacking wheel. The force measuring instruments for the 

vertical and horizontal (frame) force are designed and 

manufactured by the Institute and are strain gages. When 

the UIC method was introduced after 1969, the horizontal 

frame (axial) force was corrected with the inertial addition 

(- ym ), for which purpose the transverse (along the y-axis)

acceleration of the axle was registered, which is assumed 

to be identical to that of the wheelset. 
After 1969, a unified UIC method was introduced to 

experimentally determine the safety criterion against 

derailment as well as the safety factor against derailment 

of rolling stock. 

Derailment mechanisms, according to their causes 

[28], can be classified into the following categories:  

- climbing a flange;

- displacement of the track;

- widening of the track gauge and unloading of the

wheels. 

Each of these derailment mechanisms must be 

controlled, using appropriate safety criteria at the design 

stage and tests to demonstrate the site's compliance with 

approved regulations at the "prototype" stage. 

The criterion used to assess the danger associated 

with climbing the flange on the head-rail and derailing the 

wheel is the dependence obtained on the basis of the 

analysis of the force ratio at the contact point "wheel-rail" 

- Y/Q, according to the dependence [24]:
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where:  - coefficient of friction;  γ angle of inclination of 

the flange; α - angle of attack; ζ - angle of the contact 

point when climbing the flange on the head-rail; tx and ty 

coefficients determined by the ratios of the components of 

the tangential forces, respectively by the axes "x" and "y", 

the creep [25, 26, 27] and the tangential forces at the point 

of contact (tx = Tx/T and ty = Ty/T, as (tx
2 +  ty

2)1/2 = 1). 

In numerical simulations performed with software 

products EXCEL, MATHCAD and UMLAB, when the 

coefficient varies , the angles α and ζ, with the accepted 

angle of inclination of the flange – γ S1002 - 70, it is 

established that the critical values of the derailment 

criterion for straight movement do not depend on the 

difference in the vertical load of the two wheels from one 

wheelset, but when driving in a curve it is necessary to 

take into account the angle of attack. 

The angle of attack between the wheels and the rails 

is one of the quantities characterizing the mutual position 

and interaction between the railway crew and the track in a 

curve [29, 30, 31]. The general statement, taking into 

account all possible horizontal displacements in the system 

"frame - wheelset - rails" the angle of attack for the j - th 

axle (j = 1,2,… n) of a multi - axle crew with n - axles can 

be represented by the following expression: 
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where: ℓD is half of the base (wheelbase) of the crew; ℓj is 

the distance from the first wheelset to the considered 

random wheelset with № j (j = 1, 2… n); R - the radius of 

the curve; δSn and δS1 - the total horizontal irregularities of 

the track in the places of the “n” and the first wheelset; n 

and 1 - transverse displacements (distances or clearances) 

between the flanges and the outer rail; уn and у2 - the 
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transverse displacements of the bogie frame relative to the 

wheelsets; хjk and хjk±1 - the longitudinal displacements of 

the axles box at a transverse distance of 2b, relative to the 

frame and ξ - horizontal oblique deformation of the bogie 

frame. 

The models for experimental determination of the 

angle of attack of the wheel axle are a direct experimental 

method, a direct experimental-theoretical model and an 

indirect experimental-theoretical model. 

With significant contributions of our country to the 

research on the problems of improving the driving 

qualities and safety against derailment of the rolling stock, 

three Bulgarian scientific and technical achievements 

stand out, developed theoretically by NIIT - BDZ and 

VTU "T. Kableshkov”, massively implemented in the 

production and operation and defended as dissertations, 

under the following titles: 

➢ “Studies on torsion vibrations of wagon structures”- to 

the problem of ORE/ERRI B-55 (to increase safety 

against derailment) [32];   

➢ “Studies of the axle box connections with the bogie 

frame of the passenger cars” - to the problem of 

ORE/ERRI C-138, for the creation of a bogie for 

passenger cars with radial entry in curves [33];  

➢ "Interactions in the system" locomotive - railway "- 

problem areas and modern solutions", contributing to 

the creation and implementation in all locomotive 

repair companies system for measuring the load of the 

wheels on the rails” [34]. 

With the implementation of the developments, the 

cases of derailment have been drastically reduced.  

The normative documents EN 14363 and UIC 518 

define a virtual derailment criterion considering only the 

attacking wheel (Nadal Y/Q criterion).Благодарение на 

разработките случаите на дерайлиране са намалени 

драстично. 

ORE B10/RP12/D defines a nominal criterion 

(Yp/Q’1), determined by experimental results and not 

taking into account all force and other characteristics of 

the "wheel-rail" interaction related to derailment safety.  

There are no dependencies and methodology for 

determining the conditional criterion Y1/Q1, taking into 

account the specifics of the force interaction "wheelset-rail 

track". 

One of the groups of unresolved issues / problems is 

the lack of theoretical (computational) interpretation of 

derailment problems according to EN 14363 and UIC cod. 

518 based on a instrumented wheelset; and in particular, in 

the first place - the impossibility to determine visually and 

convincingly in a theoretical way (by real calculations by 

an established method) the criterion against derailment 

Y/Q, as well as any force and other characteristics and 

computational results of the wheel-rail interaction Relating 

to safety against derailment. 

The problem comes down to the fact that the 

determination of the Y/Q criterion approved by the 

European standards and UIC is possible only 

experimentally and with the help of a special instrumented 

wheelset with the appropriate equipment and personnel 

[39-40] provided for use by the owner. Under certain 

conditions; or - which is even more unprofitable for our 

country - full outsourcing of testing activities to Western 

companies. This state of affairs inevitably gives rise to the 

alternative of seeking another solution, at least for the 

most common cases of low liability - for example, 

according to the aim set here - the theoretical 

determination of the criterion against derailment Y1/Q1 

and Y/Q respectively, but not by a direct method (which is 

impossible!), but indirectly by theoretical or experimental 

determination of the nominal criterion against derailment 

Yp/Q’1 (or, possibly, another suitable criterion) and its 

subsequent adjustment to the conditional criterion Y1/Q1 

which is practically equivalent or in a certain dependence 

to the approved criterion Y / Q according to EN and UIC. 

And the conversion from Yp/Q’1 to Y1/Q1 is done on the 

basis of revealed methodological compatibility with the 

analogy and the drive (transforming) functions between 

the criteria Yp/Q’1 and Y1/Q1. 

2. DEPENDENCES OF CRITERIA SUBJECT TO 

MUTUAL TRANSFORMATION 

As a starting (set) real criterion, subject to 

adjustment to the internationally approved Y/Q according 

to EN 14363 and UIC 518, the so-called "Nominal" 

criterion Yp/Q’1 involving the horizontal nominal force Yp, 

called "frame" or "axial", transmitted between the axle and 

the frame [12]; and the vertical Q’1 representing the 

resultant force at the point of contact of the attacking 

wheel: 
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where: 1 and 1 - respectively the angle of the flange and 

the coefficient of friction at the contact point "flange-rail" 

of the attacking wheel; 2 - the coefficient of friction at the 

contact point "rebord-rail" of the non-attacking wheel; Q’2 

and Q’1 - vertical load on both wheels of the axle and h/c - 

parameter taking into account the geometric location of the 

nominal force Yp; 

The internationally approved Nadal criterion Y/Q = 

Y1/Q1 (and respectively system) according to EN 14363 

and UIC 518, formula (1) and with Marie G. correction - 

formula (2), is temporarily replaced by the so-called " 

conditional transforming ”criterion (and respectively 

system) against derailment Y1/Q1, which is closer to 

reality, is characterized by actually acting reduced 

(reduced) forces Y1 and Q1 at the contact point of the 

attacking wheel, helps to achieve methodological 

compatibility with the initial criterion, being taken 

temporarily with a practical tolerance of Y1/Q1  Y/Q; the 

other more important features of the conditional 

transforming criterion and the respective system (model) 

are: 

- The conditional transforming system has 2 wheels 

(attacking and non-attacking), as the forces and parameters 

of the bandage profile have indices “1” and “2” for the 

attacking and non-attacking wheels, respectively; 

-  The forces are actually acting and contain the 

"additives" due to the action of the frame force Yp; 

- The parameter Q’2/Q’1 takes into account the influence of 

the unevenness of the wheel load and is an indirect 

measure of the safety against derailment and an important 

identifying factor. 
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3. TRANSFORMATION BETWEEN THE CRITERIA

“NOMINAL” - YP/Q’1 AND “CONDITIONAL” - Y1/Q1.

The present problem is usually set as follows: at the 

input of the system (Fig. 1) a nominal criterion Yp/Q1 is 

set, which is transformed (converted) into a conditional 

criterion Y1/Q1 and it is output as such. Of course, the 

transformation is possible in reverse order - from 

conditional to nominal criterion. The transformation itself 

is performed under two initial mandatory requirements: 

first - the transformable criterion of input and 

output, ie. before and after the transformation, have the 

same values of the parameters at the primary level γ1 and 

μ1;  

second - the transformable criterion of input and 

output, ie. before and after the transformation, to have the 

same values of the indicator "safety factor against 

derailment η", ie. to fulfill the condition ηnom = ηcon. 

These two initial requirements serve as "reference 

points" in the transformation and the forthcoming 

research, because they are always actually fulfilled: the 

first - because at the primary level the ongoing processes 

are exactly the same for both criteria, due to the angle of 

the flange γ1 friction μ1 of the same with the rail; and the 

second - because in all processes for transformation in 

Nature the condition for preservation of the characterizing 

substance is obligatory - energy, matter, etc. 

Figure 1. Plan-scheme for transformation 

(transformation) of the criteria Yp/Q1 ↔ Y1/Q1. 
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Figure 2. Nomogram with methodical combination of criteria against derailment Yp/Q1 and Y1/Q1 for standard wagon 

wheelsets 920 mm, h = /2 = 460 mm, c = 1460 mm. 

The accepted and introduced prerequisites and 

criteria in different ways help to increase their 

methodological compatibility - starting from their initial 

level to reaching the state of complete analogy, which can 

be seen visually from the nomogram (Fig. 2). There in I 

and III quadrants are given the graphs of the criteria 

against derailment Yp/Q’1 and Y1/Q1 at abscissas γ1 (edge 

of the flange) and parameters Q’2/Q’1 (Q2/Q1) and 1

(friction-rail coefficient), and in the II quadrant the 

graphically transforming function of these criteria is 

presented. 

On the other hand, based on the primary force 

dependences of the transforming systems can be written  

1p
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where: the sign "±" - reflects the presence of "invalid" 

decisions (decisions inconsistent with reality), and for 

other indications - see figure 2. 

The dependence (6) at a value of the parameter 

Q2/Q1 = 0 becomes a basic dependence: 
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whose graph is presented on a large scale in fig. 2 

(nomogram, second quadrant).  

In addition to the above-mentioned analogy 

between the diagrams of the transforming criteria, it also 

exists between separate zones (sections) of these diagrams, 

as well as between separate points or states; for example, 

analog points are item 1 of quadrant I and item 1’ of 

quadrant III, item 2 and item 2’, etc. - figure 2. Thus, the 

condition for the existence of analog points is that they 

have the same values of the parameters 1, 1 and Q’2 / Q’1 

(Q2/Q1). 

An important property of the analogous points is: 

through them, using the analogy, the dependence between 

the transforming criteria can be outlined. For example, the 

ordinates of the analogous points 1 and 1’ with parameter 

Q’2/Q’1 (= Q2/Q1) = 0, located in the I and III quadrants 

respectively and representing the criteria Yp/Q’1 and 

Y1/Q1, respectively, are "transferred" to the II quadrant by 

rays parallel to the respective abscissas, which with their 

intersection points, for example item 1.1’, there (in the 

second quadrant) outline the dependence between the 

same criteria. 

The dependence thus outlined on the basis of the 

analogy completely coincides with the dependence (2), 

which is derived in an analytical way. 

The dependence (6) is determined only by the 

parameter Q’2/Q’1 = Q2/Q1 = 0, at all possible values, of 

the parameters 1 and 1. For example, if besides the 

analogous points 1 and 1’ at 1 = 0,36 we take other 

analogous points for example 2 and 2’ at another value of 

1 = 0,3 (the top thin dashed line) at the same value of the 

parameter Q’2/Q’1 = Q2/Q1 = 0, then the intersection point 

2.2’ between the rays also falls on the curve on formula (7) 

- the basic transforming function; the same hit (on a curve 

of formula (5)) will be obtained at 1 = 0,4 (thick dashed 

line located at the top), as well as at any other value of 1, 

not indicated in the nomogram, if Q’2/Q’1 = Q2/Q1 = 0. 

4. UNIVERSAL TRANSFORMING FUNCTION 

The universal transform function (UTF) in 

comparison with the basic one refers to a significantly 

wider area with a larger number of parameters and at any 

possible values of the same, due to which the task of 

determining this function is significantly more 

complicated. Because there is an analogy between the 

transforming criteria, thanks to its use with a procedure 

similar to the previous case, a successful solution is 

obtained, because the "transferred" in the second quadrant 

analog points outline curves (more precisely, family 

curves), which within the "experiment ” with a given 

construction are separated only by the value of the 

parameter Q’2/Q’1 = Q2/Q1 without any influence of the 

other parameters - 1 and 1 for the attacking wheel. The 

influence of the construction in the required transforming 

function is adequately expressed by entering in it the 

parameters h/c and 2, in the same way as in the previous 

case with the basic transforming function. 

Regarding the analytical substantiation of the 

required function, here mainly due to the increased 

influence of the invalid decisions, the obtained results can 

be unreservedly accepted not in their entirety, but partially 

by selection, i.e. they can only serve as landmarks. 

And when using the "landmarks" thus obtained, 

relying entirely on the above-revealed connections and 

when applying the Gaussian method with the "least 

squares" (according to the program), the so-called 

"universal" transforming function is derived:  
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which includes and replaces formula (2).  

The inverse transformation formula, i. from the 

criterion Y1/Q1 to the criterion Yp/Q1, we get the 

dependence: 
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which is in condition for practical use at Q2/Q1 = Q’2/Q’1.  

For cases where the value of the wheel load 

parameter Q’2/Q’1 and/or Q2/Q1 must be precisely 

determined, respectively, as follows: 
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As can be seen, in UTF the parameter of the wheel 

load can occupy different positive values, ie. Pwl  0 (Pwl 

= Q’2/Q’1), while for the basic transform function (BTF) 

the same parameter has only zero value. All other signs 

and properties of BTF are also valid for UTF. 

For the current variables (parameters) 1 and 1, 

precisely defined values are set, corresponding to the 

standardized, set, etc. values of the criteria or possibly 

other indicators. 

Therefore, three main ways to transform the values 

of the so-called nominal criterion against derailment 

Yp/Q1 to the conditional transform criterion Y1/Q1   Y/Q, 

as follows:  

- graphic, with nomogram (fig.2);  

- analytical, with classical procedure;  

- analytical, with software products. 

The main methods recommended for use in practice 

are unconditionally the analytical methods, and the 

graphical one is given rather for the purpose of illustration, 

more convincing substantiation of the methodology and 

even, including deriving through it of basic analytical 

dependences. 

5. ON THE SECURITY COURSE AGAINST 

DERALIZATION 

In any case, and especially when comparing and 

evaluating different criteria against derailment, the 

question of the safety factor as a "measure" of their 

effectiveness is at the forefront. And as this indicator is 

inextricably linked to the parameter of the wheel load 

Q2/Q1 = Q’2/Q’1, it is appropriate to make some further 

explanations about it here. 

The wheel load parameter Q2/Q1 respectively 

Q’2/Q’1 is initially a measure of the unevenness of the 

wheel load on the rails, but it also makes sense to 

E.5



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

D. Atmadzhova

characterize the load on the running gear in relation to the 

unused (reserve, in reserve) anti-derailment ability, and in 

the most general aspect characterizes the safety against 

derailment. Because the maximum (or full) usability of the 

anti-derailment ability or the lack of reserve would be 

realized at Q2/Q1 (respectively Q’2/Q’1) = 0, i.e. when all 

the wheel load would be concentrated in the attacking 

wheel; and this in the diagrams corresponds to the highest 

level of the lines Q2/Q1 (respectively Q’2/Q’1), from which 

state when increasing the value of this ratio (i.e. when 

approaching the lines in question to the abscissa axis 1) 

unused (reserve) anti-derailment capacity increases, which 

from a different point of view means an increase in the 

safety factor against derailment. 

In any case, and especially when comparing and 

evaluating different criteria against derailment, the 

question of the safety factor as a "measure" of their 

effectiveness is at the forefront.  

For the identical equality between the values of the 

coefficient of safety against derailment for the two criteria 

(i.e. nom  con) we have:  
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(Graphically presented in Fig.3, a and Fig.3, b) 

Figure 3a Dependence of nom and con of 1, at different 

values of the parameters 1 and Q’2/Q’1 = Q2/Q1, 

(according to dependences (12) and (13). 

Figure 3b Dependence of nom and con on Q’2/Q’1 (= 

Q2/Q1) at different values of 1 and 1, (according to 

dependences (12) and (13). 

6. ANALYTICAL REPRESENTATION OF

TRANSFORMING FUNCTIONS BETWEEN THE 

CRITERIA (Yp/Q1) AND (Y1/Q1) WITH IDENTIFYING 

PARAMETER  = nom = con 

In order to transform into an analytical form the 

graphs of the transforming functions obtained through the 

nomogram matrix, the first and most important condition 

is to determine or choose the type of the functions, their 

"construction". Despite the existing variety of different 

types of functions, choosing the most suitable to meet the 

requirements is actually a complex and responsible task; 

To solve it, the so-called "guidelines" are used here, 

representing, first of all, mathematical dependencies and 

individual expressions from them, obtained from the 

theoretical research on the problem conducted here. In 

addition, an important "guideline" is the existing and 

revealed analogy with other problems or tasks that have 

been successfully solved here, such as the task of 

analytical representation of the graphs of transforming 

functions with identifying parameter Pwl = Q’2/Q’1 (= 

Q2/Q1), resp. BTF, UTF and mainly formula (14). Because 

the revealed complete "overlap" between formula (14) and 

the graphs of the transforming functions in the same range 

allows for the concentration of attention and efforts to the 

second part of the formula, while inspiring confidence in 

the correctness of the chosen direction of research; 

moreover, bearing in mind that formula (14) in the form: 
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And going back to the reasoning about the role and 

meaning of the landmarks, if we consider even just the 

first expression of the formula - (Yp/Q1)/[1+(h/c). 

(Yp/Q1)], it is not difficult to be convinced that it is 

practically impossible to reach the same kind if there was 

no landmark; and there are other expressions, physical 

quantities and numbers in the formula, and the possible 

combinations between them are also extremely important. 

The above-mentioned factors, rather "benchmarks", 

if well defined, contribute significantly to the successful 

solution of the present task, as well as to its alleviation, 

although it still remains extremely difficult and complex, 

related not only to routine recruitment operations. , but 

also with extra systems based on intuition, deduction, etc. 

works that cannot be described and at the same time - plus 

the simplest logic. 

Based on the above considerations, the exposition 

of the present works on the transformation into an 

analytical form of the transforming functions with an 

identifying parameter  = nom = con condition is omitted 

here and the same are presented in summary as follows –  
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where: Y1/Q1 is a conditional criterion against derailment; 

Yp/Q1 - nominal criterion against derailment;  = nom = 

con - coefficient of safety against derailment; h = r 

(usually!) - radius of the attacking wheel: r = 460 mm - for 

wagon wheels; r = 600 mm - for locomotive wheels; c - 

distance between the contact points of the wheel (c = 1460 

mm = const); μ2 - coefficient of friction between the 
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rolling surface of the non-attacking wheel and the rail head 

(μ2 = 0,25 = const). 

The validity of formula (15) as presented herein has 

not been confirmed to date at a value of μ2  0,25; to prove 

it, a complete revision (basic examination, examination) of 

the nomogram matrix, through which the formula is 

derived, is required. 

Solution of (15) with respect to the coefficient of 

safety against derailment  = nom = con we obtain the 

dependence:  
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which can be used to directly determine the value of  

depending on the limit values of the mutually transformed 

input and output criteria. 

The results of the conducted research show that the 

transforming functions between the criteria Yp/Q1 and 

Y1/Q1, depending on the number of identifying parameters 

can be: 

- one-parameter, with parameter - Pwl = Q’2/Q’1 = 

Q2/Q1 or  = nom = con;  

- two-parameter, with parameters - γ1 and μ1. 

In the first case, the transforming functions are 

determined either by the wheel load parameter Pwl = 

Q’2/Q’1 = Q2/Q1, or by the derailment safety factor  (nom 

= con), at all possible values of 1 and 1. 

In the second case, the transforming functions are 

determined only by the parameters γ1 and μ1, whose fixed 

quantitative values in the form of degrees form different 

combinations for the different functions, the influence of 

the parameters Pwl and  is completely excluded. 

In many cases of practice, the coefficient of safety 

against derailment is of paramount importance, which is 

why it is of interest to present the dependences related to 

the parameters nom and con conditions. 

Fig.4 shows an nomogram matrices for 

transforming and outputting the transform functions 

between criteria Yp/Q1 and Y1/Q1 with identifying 

parameter  = nom = ηcon, standard wagon wheelsets. 

The idea arose to combine the nomogram matrix, 

some details for this type of nomogram matrix for wagon 

wheels are shown in Fig.5a, b. 

In addition, the parameters introduced in this paper 

- the coefficient of safety against derailment (η) and the 

parameter of wheel load Pwl - complicate the approved 

method according to EN 14363 and UIC-518, but allows 

to accurately determine the value of even the criterion 

(Y/Q) and showing the extent (or value) of the reserve 

until it is completely depleted and reaches its limit state 

[41]. 

The border state according to international 

normative documents (IND), in turn, is also a source of 

contradictions and controversies, caused mainly by its 

virtuality; whereas the limit state of the derailment 

criterion, determined by Nadal's formula, is the only 

theoretically justified state; and at the same time, it is 

accepted as a standard operating state or in other words - 

for a normal (standard) operating mode, which, however, 

is virtual. Other operating modes (not only standard) can 

obviously correspond to the same limit state, but they are 

all unrealizable in practice, because otherwise the vertical 

load of the non-attacking wheel would have to be zero 

(something unrealizable, of course se!). 
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Figure 4. Nomogram matrix for transformation and creation of transforming functions between the criteria Yp/Q1 and 

Y1/Q1 with identifying parameter  = nom = con for standard UIC wagon wheelsets 920mm. 

a) I quarter - criterion Yp/Q1;

b) III quarter - criterion Y1/Q1.

Figure 5. Details of a combined nomogram matrix with identification parameter η or Pwl. 
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CONCLUSION 

1. The article presents an overview of existing 

research on theoretical grounds and promising special 

safety trends against derailment in railway transport. The 

experience, research and contributions and inconsistencies 

of various developments are presented. 

2. A mathematical function and respectively a 

method for mutual transformation of criteria against 

derailment of different class, namely the nominal criterion 

Yp/Q1, transformed into virtual (conditional) Y1/Q1 (equal 

to the internationally approved by EN 14363 and UIC) -

518 criterion Y/Q), as well as inverse transformation. 

3. A method has been developed for theoretical 

determination of the internationally approved by EN and 

UIC criterion against indirect derailment by transforming 

the nominal criterion Yp/Q1 predetermined by known 

methods and its subsequent transformation to a conditional 

criterion. 

4. A nomogram matrix with a method for 

transformation and derivation (creation) of transforming 

functions between the criteria against derailment of 

different class - nominal and virtual in graphical form, 

which matrix is recommended and can be used for other 

criteria and any type of functions within various 

organizations and companies, including the International 

Railway Union UIC. 

5. The criteria against derailment of different class 

have been adapted, thus achieving the necessary 

methodological compatibility between them and a 

complete analogy, expressed by equality between the 

values of the variable parameters of the criteria at primary 

level γ1 and μ1 and the safety factor (or hazard) against 

derailment η (ξ) and the wheel load parameter Pwl. 

6. In the dependences determining the criteria 

against derailment of different class new additional 

parameters have been introduced - the safety factor η 

(which is a basic, unconditionally mandatory indicator for 

all technical objects and processes) and the parameter for 

uneven wheel load Pwl (which gives only true and 

unambiguous answer regarding the limit value of the 

derailment criterion). The introduction of additional 

parameters in the system will contribute to its 

improvement, which is expressed in the ability to avoid 

borderline risk regimes in operation, reduce the scattering 

of results, increase sensitivity, improve system 

manageability, etc. 

7. Different transforming functions between the 

criteria of different class are revealed, which depending on 

the number of identifying parameters are classified as: - 

one-parameter, with one identifying parameter - wheel 

load Pwl or safety factor η and - two-parameter, with two 

identifying parameters - primary level criteria γ1 and μ1 

(flange angle and friction coefficient at the wheel-rail 

contact). 
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Research and analysis of electricity quality parameters for            

traction of trains with multisystem locomotive                                    

"Siemens Vectron X4-E-LOC-AB, A26"  
Branislav S. Gavrilović1*, Zoran Bundalo1, Aleksandar B. Blagojević1 

1 Academy of Technical and Artistic Professional Studies Belgrade, Section: College of Railway Engineering, Belgrade, 
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The paper presents the results of research on the parameters of electricity quality measured in the output 25 kV field 

of the Indjija electric traction substation when moving the locomotive "Siemens Vectron X4-E-LOK-AB, A26" on the 

section of railway from Golubinci station on the right track to the neutral section at Ruma Station (approx. 20 km long). 

The results of the measurements are significant for undertaking further activities in order to eliminate the observed 

irregularities. 
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1. INTRODUCTION 

During 2019, „Serbia Cargo” acquired a total of 16 

multi-system locomotives (“Siemens Vectron X4-E-LOK-

AB, A26”), which represent the first new electric 

locomotives in Serbia after a full 38 years. These 

locomotives are intended for traffic on Corridor 10 

(covering the Republic of Austria, Hungary, Slovenia, 

Croatia, Serbia and Bulgaria) and are equipped with the 

European Train Control System ''ETCS'' [8].  

The Siemens Vectron X4-E-LOK-AB, A26 

multisystem locomotive (Figure 1) is a traction vehicle 

designed to tow freight and passenger trains capable of 

being powered by three electric traction systems: 

➢ one DC: 3 kV; 

➢ two AC 15kV/16,7 Hz and 25kV/50 Hz. 

 

 

Figure 1: Siemens Vectron X4-E-LOK-AB, A26 

 

The technical characteristics of the locomotive are 

given in Table 1. 

Table 1: Technical characteristics of the locomotive 

"Siemens Vectron X4-E-LOK-AB, A26" 
The total weight of the 

locomotive 
max. 90 t 

Locomotive body weight 

without bogies 
max. 50 t 

Overall weight of the bogie 17,5 t (+0/-2%) 

Weight of one wheelset 3,1 t 

(including gearbox and brake 

discs) 

Voltage system 

AC 15AC kV, 16,7 Hz 

AC 25AC kV, 50 Hz 

DC 3 DC kV 

Layout of wheelset Bo’Bo’ 

Wheel spacing 1435 mm 

Vehicle length (length above 

bumper) 
18980 mm 

Vehicle width (above the 

handlebar) 
3012 mm 

Vehicle height (above train 

driver's cab) 
3860 mm 

Mean distance of the bogies 9500 mm 

Distance between axles in the 

bogie 
3000 mm 

Nominal accumulator voltage 24DC V 

Ambient temperature -30 to  +40 ° C 

Maximum application height 
1400 m beyond normal 

altitude zero 

The smallest coupe radius that 

can be driven 
250 m 

The smallest radius of the 

trough that can be driven 
250 m 

Smallest arch radius to drive 

(open line) 
150 m 

Smallest arc radius that can be 

driven (depot) without 

dismantling components 

80 m (v ≤ 5 km/h, single 

vehicle) 

Maximum traction force 300 kN 

Maximum electric braking 

force 
150 kN 

Wheel power (maximum) 

AC 15 KV, 6400 kW 

(driving and recuperative 

braking) 

AC 25 KV, 6400 kW 

(driving and recuperative 

braking) 

DC 3 KV, 6000 kW 

(driving and recuperative 

braking) 

AC 3 KV, 2600 kW 

(resistive braking) 
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The main circuit of the locomotive is realized with 

three-phase asynchronous motors and indirect vector speed 

control with the possibility of recuperative electrical 

braking (Figure 2). 

Figure 2: Main circuit of the "Siemens Vectron X4-E-

LOK-AB, A26" 

The technical characteristics of three-phase 

asynchronous short-rotor traction motors are: Un= 2675 V, 

Umax= 3353 V, In= 384 A, Imax= 570 A, Pn= 1480 , nn=1810 

1/min , nmax= 4300 1/min, fn=60,8 Hz 

2. POWER QUALITY STANDARDS FOR

LOCOMOTIVE POWER SUPPLY

Different standards are used in the world to define 

the quality of electricity [1, 2, 3]: 

➢ IEEE 1159-1995 (America and some other

countries);

➢ EN 50160- 1994 (Europe);

➢ IEC 61000-4-30-2000 (International standard).

The European standard EN 50160 processes and 

determines, among other things, the basic requirements for 

the quality of electricity at the points of connection of the 

observed locomotives through the contact line to the 

electric traction substations (ETS). In these places, the 

waveform, amplitude, and voltage constancy depend 

primarily on the strength of the three-phase power grid to 

which the electric traction substations are connected, ie. on 

short-circuit power at the ETS connection point, 

electromagnetic interference in the contact line caused by 

other locomotives, nonlinearities of the elements of the 

electric traction system and on the operating 

characteristics of all electric locomotives. The purpose of 

the standard EN 50160 is to prescribe the voltage 

characteristics of the locomotive in relation to the 

waveform, height, frequency, voltage decays and 

interruptions. Table 2 gives the limit values of the voltage 

parameters according to the recommendations of EN 

50160. 

Table 2: Limit values of voltage parameters as 

recommended by EN 50160 

Parameters 
Averaging 

time 

Limit values 

during 95% 

of the time in 

one week 

(160 hours) 

Limit values 

throughout 

the week 

(160 hours) 

Voltage 

variations 
10 min +/- 10% 

Flickers 
Pst-10 min 

Piz- 120 min. 
Plt <1 

Total 

harmonic 

distortion 

10 min < 8 

Frequency 10 s +/- 1% -4% / -6%

Voltage decay 10 ms 

It is not 

defined 

exactly but 

descriptively 

Interruptions 10 ms 

It is not 

defined 

exactly but 

descriptively 

The specified voltage supply characteristics change 

during normal operation due to changes in locomotive 

loads, interferences or malfunctions caused by external 

events. EN 50160 does not set actual limit values, but sets 

those values which must not be exceeded during 95% of 

the observation period of one week (160 hours). 

However, the actual voltage and frequency values 

on the busbars in 110/25 kV electrical substations are 

defined in the SRPS EN 50163 standard and are given in 

Table 3. 

Table 3: Supply voltages on ETS output busbars 

Minimum 

voltage of 

limited 

duration 

between 

Umin1 and 

Umin2 must 

not exceed 

2 minutes 

Umin2 

Minimum 

continuous 

voltage 

Umin1 

Rated 

voltage 

Un 

Maximum 

continuous 

voltage 

Umax1 

Maximal 

voltage 

of limited 

duration 

between 

Umax1 i 

Umax2 

must not 

exceed 5 

minutes 

Umax2 

17 500 V 19 000 V 25 000 27 500 V 29 000 V 

Voltage 

frequency 

fn 

49 (Hz) - 51(Hz) 

In the 25 kV, 50 Hz electric traction system, it is of 

particular interest to consider the time changes of active 

and reactive power as well as power factors. EN 50388 

point 6 provides that the inductive power factor at power 

greater than 2MW shall not be less than 0,95 and at lesser 

power not less than 0,85. 

EN 50388 clause 12.1.1 provides that trains may 

not perform energy regeneration if the voltage on the 

contact line exceeds 29 kV, or if the contact network 

cannot receive the returned energy. 

3. DESCRIPTION AND MEASUREMENT RESULTS

On 16.04.2019 at the time from 10:49h to 11:08h 

the locomotive "Siemens Vectron VECTRON X4-E-LOK-

AB, A26" was tested, with serial number 91 80 6193 903-

2 during movement on the section of railway from 

Golubinci station on the right track. to the neutral section 

at Ruma Station, approx. 20 km in length [4]:. 

Measurement was performed by C.A 8352 power 

quality analyzer manufactured by Chauvin Arnoux. The 

recording device was connected to the secondary terminals 

of a voltage measuring transformer that measures voltage 

at 25 kV busbars in the ETS of Indjija and a current 
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measuring transformer (measuring core) that measures the 

current at the circuit breaker that feeds the contact line on 

the right track of a section from the neutral section Indjija 

Selo (km 43 + 415) to the neutral section of Ruma (km 66 

+ 215). The observed locomotive was alone on the feeder 

arm, so that all measurements refer to the influence of this 

locomotive exclusively (Figure 3). 

 
Figure 3: Connection location of C.A 8352 power quality 

analyzer, Chauvin Arnoux 

In the period when measurements were made, that 

is, by the time the locomotive passed the neutral section of 

Ruma (from 10:49 h to 11:08 h), slight variations in 

voltage were observed (Fig. 4): Umin = 24,45 kV and 

Umax = 24.94 kV. 

 
Figure 4: Measured voltage values 

At 10:58:40 at maximum voltage U= 4.87 kV and 

acceleration of the locomotive, a maximum value of 

traction current of Imaxu = 123.2 A was registered (Figure 

5). 

 
Figure 5: Measured current values 

When using recuperative braking at 10:53:09 the 

maximum braking current was measured: Imaxk = 73.6 A 

(Figure 6). No abnormal increase in the voltage on the 

contact network was observed during this brake. 

 
Figure 6: Measured value of current in recuperative 

braking 

When accelerating the locomotive at the maximum 

traction current value of Imaxu = 123.2 A (10:58:40), the 

highest active power of Pmax = 3,017 MW and reactive 

power Qmax = 0.215 MVAr were recorded, and at 

regenerative braking, the active power of:  

Pkočmax = 1.825 MW (Figures 7 and 8). 

 
Figure 7: Measured values of active power 

 
Figure 8: Measured reactive power values 

The measured power factor when moving the first 

locomotive in the period from 10:54:26 to 10:54:34, when 

the power was greater than 2 MW, was on average 0,999, 

and during the regenerative braking in the period from 

10:53:21 to 10:53:41 averaged 0.998.  

The minimum power factor of 0.35 was achieved 

when controlling the speed of the locomotive in traction 

mode and at the time interval 10:52:00 to 10:52:20 (Figure 

9). 
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Figure 9: Measured power factor values 

The measured values of the higher harmonics of 

voltage and current as well as their total distortions are 

given in Figures 10, 11, 12 and 13 respectively. From 

these figures, it can be seen that the locomotive under 

study, as a nonlinear consumer, causes only odd harmonics 

in the waweform of voltages and currents. The measured 

maximal values of total voltage and current distortion are: 

THD U = 6.395% and THD I = 139.792%. THD U is 

below the permissible values (<8%) and THD I is not 

defined according to EN 50160. However, according to 

IEEE 1159-1995 THD I is limited to 5%. 

Figure 10: Measured values of higher harmonics of 

voltage 

Figure 11: Measured values of higher harmonics of 

current 

Figure 12: Measured values of Total voltage distortion 

(THD U) 

Figure 13: Measured values of total current distortion 

(THD I) 

Figure 14 shows the time change of the active 

energy consumed during locomotive movement (for the 

observed time interval from 10: 47.28 to 11: 09.53 a total 

of 0.69 MWh), and figure 15 shows the time change of 

active energy returned to the contact line during the 

regenerative braking of the locomotive. and via ETS to the 

three-phase 110 kV transmission network of Serbia (for 

the observed time interval from 10:47.28 to 11:09.53 a 

total of 0.19 MWh). 

Figure 14: Measured time change of active energy 

consumption spent for locomotive traction 

Figure 15: Measured time change of active energy 

returned to the contact line during locomotive 

regenerative braking 

4. CONCLUSION

Based on the performed measurements and analysis 

of the parameters of electricity quality on the 25 kV side 

of ETS Indjija when powering three-system locomotives 

“Simens Vectron X4-E-LOK-AB, A26” it is concluded: 

• Harmonic voltage distortion and corresponding

THD are within the permissible limits.

• The change in voltage in the contact line during

locomotive regenerative braking is insignificant.

• Harmonic current distortions and corresponding

THD are above the prescribed values.
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• Only odd higher harmonics with dominant first 

harmonics are present in the voltage and current 

waveform. 

• Harmonic current distortion and the 

corresponding THD should be reduced by 

incorporating appropriate active filters into the 

ETS. 

• The power factor is within the prescribed limits 

both in the electric traction mode and in the 

regenerative braking of the locomotive. 

• The reactive power flows during traction and 

recuperative braking of the locomotive are 

considerable (Qmax = 215 kVAr) 
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The instrumented wheelsets are unavoidable measurement equipment in experimental testing of derailment risk of 

the railway vehicles in accordance to the international regulations. There is no universal technical solution of instrumented 

wheelsets. There are a lot of different approaches when it comes to the solution of the problems of the determination of 

locations for placement of strain gauges, as well as their layout, number and way of connection into Wheatstone bridges. 

The main aim in solving these problems and the design of instrumented wheelsets is achieving the highest possible 

sensitivity and measurement accuracy. As a continuation of the previous author's researches, this paper analyses 

mentioned problems and proposes one methodology for their optimal solution. The content of the paper may be useful for 

all those who are dealing with the problems of development or usage of instrumented railway wheelsets or similar 

measurement equipment. 

Keywords: Instrumented wheelset, Strain gauges, Wheel-rail contact forces, Derailment risk.

1. INTRODUCTION

In the processes of certification of newly-designed 

or modified railway vehicles the international regulations, 

in a large number of cases, prescribing the usage of the 

instrumented wheelsets [1, 2]. They are primarily used for 

continuous indirect measurement of vertical force Q and 

lateral force Y in wheel-rail contact (Fig. 1). The ratio of 

these two forces Y/Q is the main parameter for assessment 

of the derailment risk of tested railway vehicle [3]. 

Figure 1: Wheel-rail contact forces 

Although they define obligatory usage of 

instrumented wheelsets, international regulations don't 

provide more details related to their design and technical 

solution, measurement accuracy, sensitivity, etc. As a 

consequence, there are a lot of different approaches and 

technical solutions of instrumented wheelsets from one 

test centre or manufacturer to another. The approaches 

significantly varies when it comes to the solution of the 

problems of the determination of locations for placement 

of strain gauges, as well as their layout, number and way 

of connection into Wheatstone bridges [4]. Success in 

solving all these problems directly affects the 

accomplishment of the main aim in development of 

instrumented wheelsets - high measurement accuracy. 

As a continuation of the previous author's 

researches in this field, this paper, in a gradual and 

systematic way, analyses the problems of determination of 

optimal layout, number and way of connection of strain 

gauges in the phase of design of instrumented wheelsets. 

Given in mind the lack of literature and publication with 

this thematic, the content of the paper may be very useful 

for all those who are dealing with the problems of 

development or usage of instrumented railway wheelsets 

or similar measurement equipment. 

2. PRINCIPLE OF OPERATION OF STRAIN GAUGE

AND WHEATSTONE BRIDGE 

Knowledge of the principle of operation of strain 

gauge and Wheatstone bridge is the basis for solving the 

problem of experimental determination of unknown 

parameters in wheel-rail contact and determining the 

optimal layout, number and way of connection of strain 

gauges on the wheel of instrumented wheelset, with the 

aim of achieving high measurement accuracy. The strain 

gauges in their present form were found and patented in 

the middle of the last century in USA. From then, strain 

gauges have been using as one of the most common 

transducers in experimental tests of mechanical and other 

structures. Their primary purpose is measurement of 

strains, but they can also be indirectly used to measure 

stresses, forces, moments, as well as other quantities that 

can be related to the strains.  

The principle of operation of strain gauge is based 

on the resistance effect, i.e., on the change of the electrical 

resistance of the wire during its loading. In general, each 

strain gauge consists of two flat insulating strips between 

which a thin conductive wire is placed which is bent 

several times in order to increase its length (Fig. 2). 

Figure 2: Construction of strain gauge 
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The strain gauge is glued to the surface of the tested 

object, and when the object is deformed, it simultaneously 

deforms and changes electrical resistance of the strain 

gauge. In the general case, there is the following 

mathematical connection between the change in the 

electrical resistance of the strain gauge and the measured 

strain of the object: 

R
k

R



=   (1) 

where:  – measured strain of the object, R – nominal 

resistance of strain gauge, R – change of resistance of 

strain gauge, k – strain gauge factor. 

Bearing in mind that the values of strains  
measured during testing of structures are very small, it can 

be concluded that the change in resistance R also will be 

very small. Precisely for that reason, direct resistance 

measurements are not performed in the practise, but 

Wheatstone bridges are used. 

Wheatstone Bridge is defined as an electrical 

circuit designed to accurately and precisely measure of 

electrical resistance. It consists of 4 resistors (in this case 

the resistors are strain gauges of nominal resistances Ri, 

i=1÷4), power supply and measuring instrument (Fig. 3). 

The electrical voltage UE is supplied to one diagonal of the 

bridge, while the measuring instrument measures the 

output electrical voltage UA that occurs between the ends 

of the other diagonal of the bridge.  

Figure 3: Wheatstone bridge 

The output voltage of the Wheatstone bridge UA 

can be calculated according to the following expression:  

( )( )
1 3 2 4

1 3 2 4

A E

R R R R
U U

R R R R

−
=

+ +
    (2) 

If the bridge is composed of 4 strain gauges of 

identical resistances and is in equilibrium, the change of 

resistance of each strain gauge Ri (i=1÷4) leads to the 

occurrence of bridge imbalance, where the output voltage 

UA can be determined according to the following 

expression:  

31 2 4

4
A E

RR R R

R R R RU U

  
+ − −

=    (3) 

By replacing expression (1) into the previous 

expression, a connection is established between the strains 

registered by each of the four strain gauges i (i=1÷4) and 

the output voltage of the Wheatstone bridge UA:  

( )1 3 2 4

4
A E

k
U U

   + − −
=     (4) 

By combining active strain gauges (glued to the 

tested object), passive strain gauges (not glued to the test 

object) and resistors that are an integral part of the 

measuring instrument, in the general case, it is possible to 

realize three types of configurations of Wheatstone 

bridges: full-bridge configuration, half-bridge 

configuration and quarter-bridge configuration. 

Given in mind that the output voltage of the 

Wheatstone bridge UA is proportional to the supply voltage 

UE, the influence of changes in resistance or strains of 

strain gauges on the output voltage of the bridge is usually 

described by UA/UE ratio which is dimensionless, and 

according to expression (4) can be defined as: 

( )1 3 2 4
4

A

E

U k

U
   = + − −   (5) 

Since at a supply voltage of several [V], the output 

voltage is usually of the order of several [mV], then the 

UA/UE ratio, i.e., signal from measuring – Wheatstone 

bridge is usually expressed in [mV/V] units. 

3. SIGNALS FROM MEASURING BRIDGES AT

MEASUREMENT OF PARAMETERS IN WHEEL-

RAIL CONTACT 

In experimental determination of unknown 

parameters in wheel-rail contact using an instrumented 

wheelset, only those discrete values of mixed signals from 

measuring bridges that appear at the moments when each 

strain gauge passes above the contact point between wheel 

and rail, are relevant (Fig. 4). 

Figure 4: Section A-A relevant for determination of 

unknown parameters in wheel-rail contact 

In order to analyse the signals in more detail, one 

specific case is considered. It implies that at each optimal 

radial distance on the wheel there is one full measuring 

bridge which is formed by connecting of 4 strain gauges, 

arranged at angles of 90° (Fig. 5). 

Figure 5: Full measuring bridge at wheel formed by 

connecting of 4 strain gauges arranged at 90° 
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During wheel rotation, a measuring signal is 

obtained from each bridge, which changes as a function of 

the change of parameters in the wheel-rail contact, speed 

of movement and angular position of the wheel. The 

maximum values of the measuring signals appear at the 

moments when the strain gauges pass above the contact 

point, i.e., 4 times during one rotation of the wheel (Fig. 

6). The intensity of these maximum values depends on the 

intensity of wheel-rail contact forces and the position of 

contact point, while the time between their occurrence tp 

depends on the running speed of the tested vehicle. 

Therefore, when there are 4 strain gauges at a given 

optimal radial distance, the discrete values of the 

measurement signals relevant for determining the 

unknown parameters in the wheel-rail contact are obtained 

at each 1/4 of the wheel circumference. All other values of 

measuring signals, in periods when strain gauges are not 

above the contact point, have no significance for 

measuring. Thus, in the inverse identification algorithm, 

during one wheel revolution, maximum discrete values of 

each of the measuring signals are introduced, which arise 

as a consequence of mixing the influence of the 

parameters to be measured. By solving the inverse 

identification problem and determining individual 

influences based on the values of the mixed input signals, 

output signals of the unknown parameters are obtained 

(Fig. 7) [3, 5]. These output signals represent discrete 

values whose intensity changes during the time, i.e., 

movement along the track, where the time tp depends on 

the running speed of the tested railway vehicle. 

Figure 6: Appearance of measuring mixed input signals 

obtained during one wheel revolution 

Figure 7: Appearance of the output signal of parameters 

in the wheel-rail contact 

4. DIFFERENT SOLUTIONS OF LAYOUT, NUMBER

AND WAY OF CONNECTION OF STRAIN GAUGES

In accordance with the previous considerations, 

different variants of layout, number and way of connection 

of strain gauges are analysed in this chapter, which should 

lead to the definition of the optimal solution. For each 

solution, the following characteristics are determined, 

which are extremely important for the analysis of its 

acceptability as well as assessment of measurement 

quality: time elapsed between two adjacent representative 

values of the measuring signal (trv); distance travelled 

between two adjacent representative values of the 

measuring signal (srv); frequency of strain gauges crossing 

above the wheel-rail contact point (f). 

A special attention is paid to the analysis of 

whether the given solution enables compensation of the 

influence of centrifugal acceleration due to wheel rotation, 

as well as the influence of ambient temperature and 

temperature due to braking. All solutions were analysed 

for three different running speeds of 50, 100 and 150 

km/h. The basic parameters related to the wheel running 

with specified speeds are given in Table 1. 

Table 1: Parameters of wheel running with speeds of 50, 

100 and 150 km/h 

Parameters of wheel running 
Running speed v [km/h] 

50 100 150 

Angular speed of 

wheel 

о 

[rad/s] 
30.19 60.39 90.58 

Number of 

revolutions per sec 

nо 

[o/s] 
4.81 9.62 14.42 

Duration of one 

revolution 
tо [s] 0.21 0.10 0.07 

Distance traveled 

during one revolution 
so [m] 2.89 2.89 2.89 

4.1. One strain gauge 

If at a certain radial distance there is one strain 

gauge connected in quarter-bridge (Fig. 8), only one 

representative discrete value of measuring signal relevant 

for determining unknown parameters in wheel-rail contact 

is obtained during one wheel rotation. The basic 

characteristics of solution with one strain gauge are given 

in Table 2. 

Figure 8: One strain gauge connected in quarter-bridge 

Table 2: Characteristics of solution with one strain gauge 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 210 100 70 

srv [m] 2.89 2.89 2.89 

f [Hz] 4.76 10 14.28 

It can be seen that, regardless of the speed v, the 

distance travelled between two adjacent representative 

one wheel revolution 

one wheel revolution 
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discrete values of the measuring signal srv is 2.89 m. Given 

that international standards require the measurement of 

forces in the wheel-rail contact and the Y/Q ratio per 2 m 

of distance travelled, it can be concluded that a solution 

with one strain gauge is unacceptable. In addition, the 

quarter-bridge solution does not provide the necessary 

compensation for the effects of centrifugal acceleration 

due to wheel rotation and the effects of ambient 

temperature and temperature due to braking. 

4.2. 2 strain gauges at 180° 

If at a certain radial distance there are 2 strain 

gauges arranged at 180° and connected in half-bridge (Fig. 

9a), two representative discrete values of measuring signal 

relevant for determining unknown parameters in wheel-rail 

contact are obtained during one wheel rotation. The basic 

characteristics of this solution are given in Table 3. 

Figure 9: 2 strain gauges arranged at 180° 

Table 3: Characteristics of solution with 2 strain gauges 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 105 50 35 

srv [m] 1.445 1.445 1.445 

f [Hz] 9.52 20 28.57 

In this solution, the distance travelled between two 

adjacent representative values of the measuring signal is 

1.445 m, i.e., it is twice smaller in relation to the solution 

with one strain gauge. Discrete values of signal relevant 

for determining the parameters in the wheel-rail contact 

would be obtained for every 1.445 m of distance travelled, 

which is insufficient from the aspect of measurement 

reliability. Solution with 2 strain gauges connected in a 

half-bridge configuration enables compensation of the 

influence of centrifugal acceleration and temperature, if 

strain gauges are connected in adjacent branches of the 

bridge (Fig. 9b). If strain gauges are connected in opposite 

branches of the bridge (Fig. 9c), the mentioned undesirable 

influences are duplicated. 

4.3. 4 strain gauges at 90° 

If at a certain radial distance there are 4 strain 

gauges arranged at 90° and connected in full-bridge (Fig. 

5), four representative discrete values of measuring signal 

relevant for determining unknown parameters in wheel-rail 

contact are obtained during one wheel rotation. The basic 

characteristics of this solution are given in Table 4. 

In this solution, the distance travelled between two 

adjacent representative values of the measuring signal is 

0.7225 m. Discrete values of signal relevant for 

determining the parameters in the wheel-rail contact would 

be obtained for every 0.72 m of distance travelled, which 

is on the very edge of acceptability from the aspect of 

measurement reliability and quality. Solution with 4 strain 

gauges connected in a full-bridge enables compensation of 

the influence of centrifugal acceleration and temperature. 

Table 4: Characteristics of solution with 4 strain gauges 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 52.5 25 17.5 

srv [m] 0.7225 0.7225 0.7225 

f [Hz] 19.05 40 57.14 

4.4. 8 strain gauges at 45° 

If at a certain radial distance there are 8 strain 

gauges arranged at 45° and connected in full-bridge (Fig. 

10a), 8 representative discrete values of measuring signal 

relevant for determining unknown parameters in wheel-rail 

contact are obtained during one wheel rotation. The basic 

characteristics of this solution are given in Table 5. 

Figure 10: 8 strain gauges arranged at 45° 

Table 5: Characteristics of solution with 8 strain gauges 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 26.25 12.5 8.75 

srv [m] 0.36125 0.36125 0.36125 

f [Hz] 38.09 80 114.28 

With this solution of layout and number of strain 

gauges, the discrete values of the measuring signal 

relevant for determining the parameters in the wheel-rail 

contact would be obtained approximately every 36 cm of 

distance travelled, which is two times larger than the 

solution with 4 strain gauges. The strain gauges can be 

connected in one full-bridge (Fig. 10b), or in two 

independent full-bridges (Fig. 10c). Both ways enable 

compensation of the influence of centrifugal acceleration 

and temperature.  

4.5. 12 strain gauges at 30° 

If at a certain radial distance there are 12 strain 

gauges arranged at angles of 30° (Fig. 11a), which are 

connected in one or three full-bridges (Fig. 10b,c), 12 

representative discrete values of measuring signal are 

obtained during one wheel rotation. The basic 

characteristics of this solution are given in Table 6. 

a) 

b) 

c) 

b) 

c) 

d) 

c)
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Figure 11: 12 strain gauges arranged at 30° 

Table 6: Characteristics of solution with 12 strain gauges 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 17.5 8.33 5.83 

srv [m] 0.24083 0.24083 0.24083 

f [Hz] 57.14 120.05 171.53 

With this solution of layout and number of strain 

gauges, the discrete values of the measuring signal 

relevant for determining the parameters in the wheel-rail 

contact would be obtained approximately every 24 cm of 

distance travelled. The strain gauges can be connected in 

one full-bridge (Fig. 11b), or in 3 independent full-bridges 

(Fig. 11c). Both ways enable compensation of the 

influence of centrifugal acceleration and temperature. 

4.6. 16 strain gauges at 22.5° 

If at a certain radial distance there are 16 strain 

gauges arranged at angles of 22.5° (Fig. 12a), which are 

connected in 1, 2 or 4 full-bridges (Fig. 12b,c,d), 16 

representative discrete values of measuring signal are 

obtained during one wheel rotation.  

 

 

Figure 12: 16 strain gauges arranged at 22.5° 

The basic characteristics of the solution with 16 

strain gauges are given in Table 7. With this solution, the 

discrete values of the measuring signal relevant for 

determining the parameters in the wheel-rail contact would 

be obtained approximately every 18 cm of distance 

travelled. The strain gauges can be connected in one full-

bridge (Fig. 12b), 2 independent full-bridges (Fig. 12c) or 

4 independent full-bridges (Fig. 12d). All three ways 

enable compensation of the influence of centrifugal 

acceleration and temperature. 

Table 7: Characteristics of solution with 16 strain gauges 

Characteristics 
Running speed v [km/h] 

50 100 150 

trv [ms] 13.125 6.25 4.375 

srv [m] 0.180625 0.180625 0.180625 

f [Hz] 76.19 160 228.57 

5. SELECTION OF OPTIMAL LAYOUT AND 

NUMBER OF STRAIN GAUGES 

When choosing the optimal layout and number of 

strain gauges, several mutually contradict criteria should 

be taken into account. First of all, the criterion of 

reliability of measurements must be taken into account. It 

should be taken into account that international standards 

prescribe determination of wheel-rail contact forces at 2 m 

of the distance travelled. Thus, the first criterion that 

should be taken into account is the distance travelled 

between two adjacent representative discrete values of the 

measurement signal srv, authoritative for determination of 

the unknown parameters in the wheel-rail contact. If the 

choice of layout and number of strain gauges were made 

according to this criterion, then the optimal solution would 

involve a large number of strain gauges. However, such 

solutions are unacceptable from the aspect of the 

possibility of technical realization of the measuring system 

and its cost price. Therefore, when choosing the optimal 

solution, the criteria of the number of strain gauges at one 

wheel nsgw and the number of strain gauges on the 

instrumented wheelset nws, must also be taken into 

account. In order to select the optimal solution, Table 8 is 

formed, which gives a comparative overview of the values 

of previously defined parameters relevant for the selection 

of the optimal layout and number of strain gauges. 

 

Table 8: Comparative overview of parameters relevant for 

the selection of the optimal solution 

Criterion 
Number of strain gauges at one radial distance 

1 2 4 8 12 16 

srv 289 cm 144 cm 72 cm 36 cm 24 cm 18 cm 

nsgw 4 8 16 32 48 64 

nws 8 16 32 64 96 128 

It can be seen that according to the criterion of the 

distance travelled between two adjacent representative 

values of the measuring signal, the most favourable 

solution is with 16 strain gauges. However, that means that 

one wheel would be equipped with 64, and one 

instrumented wheelsets with 128 strain gauges. In addition 

to the high production costs, such a solution would be 

extremely difficult for technical implementation due to the 

presence of a large number of strain gauges, cables and 

b) 

c) 

b) 

c) 

d) 
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other equipment in a very limited space. Somewhat 

smaller, but similar problems exist with the solution with 

12 strain gauges, which is also not favourable. On the 

other hand, solutions with one and two strain gauges are 

not acceptable from the aspect of measurement reliability, 

and the solution with 4 measuring tapes is at the very limit 

of acceptability. Based on all this, it can be concluded that 

the optimal solution is with 8 strain gauges that provides 

sufficient reliability of measurement, and at the same time 

it is acceptable from the aspect of technical realization and 

cost price of the measuring system. The finally determined 

optimal layout and number of strain gauges per wheel is 

shown in Fig. 13. 

Figure 13: Finally determined optimal layout and number 

of strain gauges per wheel [5] 

6. SELECTION OF OPTIMAL WAY OF CONNECTION

OF STRAIN GAUGES 

By analysing the output signals from the measuring 

bridges UA/UE, and based on the values of strains obtained 

from the wheel FEM model [3], it was concluded that the 

most favorable solution is to connect all eight strain 

gauges at one radial distance into one full measuring 

bridge. The highest values of the output signals UA/UE for 

different load combinations are obtained when two 

adjacent strain gauges at a given radial distance are 

connected in series, in the same branch of the measuring 

bridge. This solution ensures that, in the case of constant 

values of the wheel-rail contact forces, the given bridge 

shows identical discrete values of the measuring signal at 

passing the strain gauges over the contact point. The 

defined optimal way of connection of strain gauges at four 

optimal radial distances according to Fig. 13, is shown in 

Fig. 14. 

It is very important to emphasize that the defined 

way of connection of strain gauges enables compensation 

of the influence of centrifugal acceleration due to wheel 

rotation, as well as the influence of ambient temperature 

and temperature due to braking. In the general case, the 

output signals from the measuring bridges shown in Fig. 

13 can be determined based on the following expression: 

( )1 2 3 4 5 6 7 8
4

A

E

U k

U
       

 
= + − − + + − − 

 

 (6) 

Figure 14: Defined optimal way of connection of strain 

gauges at four optimal radial distances 

7. CONCLUSION

Obtained optimal solutions of layout, number and 

way of connection of strain gauges, with determination of 

their optimal locations - radial distances, provide good 

basis for development of instrumented wheelsets of high 

performance and measurement accuracy. These results 

have a high practical significance, bearing in mind that the 

instrumented wheelsets will certainly be used for a long 

time for testing the dynamic behaviour of railway vehicles. 

Further researches in this field should be directed toward 

the testing of eventual convenience of usage of fibber-

optic sensors instead the strain gauges. 
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This paper is based on a review of a study of damage to passenger bogies on railway vehicles. The results of the 

research of the reliability of the passenger bogies from the park of the Bulgarian State Railways (BDZ) are analyzed. The 

constructions of passenger bogies type swing in the operation of the Republic of Bulgaria are presented - YT72, Görlitz V 

and GP200. The most common faults of the passenger bogies are indicated. The general failures, the probable causes of 

failures and the ways to minimize them have been successfully identified. 

Keywords – Railway vehicles, passenger cars, bogies. 

1. INTRODUCTION

All modern passenger wagons are with  bogies. 

Passenger wagons are subject to greater requirements in 

terms of smoothness, the size of the accelerations of the 

body car and the dynamic forces, and for movement at 

much higher speeds [1, 2]. This imposes a number of 

requirements on the construction of passenger wagons, 

namely:  

a) a small total mass of the bogies and especially of

the unsprung parts; 

b) providing a large static sag (especially in the

range of 200-300 mm) of spring suspension in two 

degrees; 

c) realization of an elastic connection in the

transverse direction between the basket (respectively the 

spring beam) and the bogie frame by means of a rocking 

device in the central spring stage, working on the 

pendulum principle, or by using horizontal transverse 

deformation of the central springs;  

d) an effective system for damping all types of

oscillations; 

e) the distance between the spring sets, measured

transversely to the wagon, shall be as large as possible and 

the side bearer on the bogies shall lie closer to the plane 

passing through the axles of the wheels in order to increase 

the lateral stability and reduce the intensity of the lateral 

oscillations of the carbody; 

f) the braking system to be with high efficiency, etc.

2. THE CONSTRUCTION TYPE SWING BOGIE

The first Bulgarian passenger bogie, produced in

our country for the VKAZH-57 wagons, is similar to the 

carriages of the Görlitz IV family (Germany). The second 

Bulgarian construction used in the non-compartment and 

part of the compartment cars manufactured in our country 

after 1964 is the T-65 bogie. 

Frequent damages in primary suspension require 

structural changes, after which the bogie receives the 

designation T 65-2. On its basis in 1972 the bogie YT-72 

was created [3]. 

The Görlitz-V bogie is used in most of the wagons 

imported from Germany, and the imported couchette 

wagons have GP 200 bogies.  

The object of this article are bogies type YT-72, 

Görlitz-V/Va/DVJ and GP 200.  

2.1. Bogie YT-72 and YT-72 A 

The bogie YT-72 (fig.1) is intended for wagons 

type B4-68 and 70.  

Figure1. General view of the bogie type YT-72. 

The base of the bogie is 2.5 m, the wheel axles in 

the rolling circle for the bogie YT-72 are 1000mm, and for 

the bogie YT-72A are 920mm. Design speed - 160 km/h. 

The frame is a welded construction, closed type, 

consisting of two side longitudinal beams, front beams, 

cross beams and inner beams. 

The spring suspension is made of springs. 

The axle boxes are spindle driven. The primary 

suspension consists of two sets of double coil springs and 

a friction vibration damper, consisting of a conical sleeve 

and 6 conical segments pressed by the inner axle spring. 

The secondary spring suspension consists of 4 sets - 

double coil springs, two vertical hydraulic dampers with a 

stroke of 150 mm, mounted externally and two transverse 

horizontal hydraulic dampers with a stroke of 100 mm, 

mounted internally between the bolster and the internal 

crossbeams of the frame. The transverse elastic mobility 
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between the carbody, respectively the bolster of the bogie 

and its frame, is realized by a swing device in the 

secondary suspension (as in the bogie T-65). The bogie 

has two linkers for longitudinal guidance of the spring 

beam and a generator for lighting. 

The vertical load from the carbody is transmitted to 

the bogie only by the side bearers. The central pivot is a 

traditional type (cylindrical flat), but its upper part is 

raised by 10 mm, so it transmits only horizontal loads. 

2.2 Bogie type Görlitz V 

The Görlitz V bogie [3] is a modern construction 

(Fig. 2) with a two-stage suspension of cylindrical coil 

springs only.  

Figure 2. Bogie Görlitz V 1-frame; 2- primary suspension; 

3-secondary suspension; 4-bolster; 5-spring beam; 6-

wheelset; 7- braking system. 

The secondary suspension is a swing, made of four 

sets of coil springs lying on two beams, which are 

suspended in a pendulum in the frame of the bogie. The 

spring beam is suspended to the bogie frame by means of 

balancing bolts (swing supports). The adjustment of the 

distance "buffers-head rail" is carried out by means of a 

balancing nut on the frame of the bogie and a screw thread 

of the balancing bolts. The movement of the swing in 

space amounts to 25mm in the transverse direction and 

5mm in the longitudinal direction. The transverse and 

longitudinal clearances of the swing are limited by metal-

rubber supports. The damping is in the secondary 

suspension and is carried out by two vertical and two 

horizontal dampers. 

The primary suspension consists of two coil springs 

located on both sides of the axle on its wings. The axle 

wings are guided by spindles and bushings located 

between them. 

The bogie frame consists of two longitudinal 

beams, two transverse beams forming the cradle space and 

two front beams. 

The carbody rests on the side bearer by a center 

pivot of flat type, and the lateral support of the carbody is 

done by height-adjustable hinged sliders. There is a small 

gap between the bogie sliders and the carbody, so that the 

vertical and horizontal loads from the carbody on the 

frame are transmitted through the center pivot, and only 

the additional vertical loads from the centrifugal and wind 

force of the carbody are transmitted through the sliders. 

The base of the bogie is 2.5 m. Mass of the bogie - 

6103 kg.  

2.3 Bogie type Görlitz Va/DVJ 

This bogie (Fig. 3) has been reconstructed in order 

to provide good ride quality, noise reduction by installing 

additional rubber elements, and also by installing disc 

brakes to achieve a better braking effect. This bogie (Fig. 

3) has been reconstructed in order to provide good ride

quality, noise reduction by installing additional rubber

elements, and also by installing disc brakes to achieve a 

better braking effect. This bogie (Fig. 3) has been 

reconstructed in order to provide good ride quality, noise 

reduction by installing additional rubber elements, and 

also by installing disc brakes to achieve a better braking 

effect.  

The new bogies are equipped with a disc brake 

system, modified spring suspension, and modified bearing, 

additional rubber elements for sound insulation, grounding 

of the axle ends and at the same time electronic traction 

protection.  

The guide of the axle box has been changed using a 

new development of DVJ, namely tight-elastic guide of 

the axle boxes. 

The guide elements (spindles) have retained their 

old dimensions and are mounted on the machined surfaces 

of the bogie frame. 

The rubber ring, ensuring the elasticity of the axle 

box connection, is placed in a tubular construction. 

Figure 3. General view of the Görlitz Va/DVJ bogie 1-

frame; 2- primary suspension; 3- secondary suspension; 

4- bolster; 5- spring beam; 6- wheelset; 7- linker; 8-

earthing device; 9- braking system. 

The secondary suspension (Fig. 4) is made of four 

sets of cylindrical coil springs that lie on newly 

manufactured spring beams (bathtubs). The double spring 

set also has a rubber pad, which in case of overload or 

larger dynamic thrusts, is like a third spring element and 

helps to absorb the load. 

The damping is performed with two hydraulic 

dampers in vertical and horizontal direction, the over 

sprung beam is connected to the bogie frame. The 

damping characteristic is progressive.  

The connection between the bolster and the central 

bolt beam of the wagon is made by means of a central 

pivot of flat type. Between the upper and lower part of the 

camp there is a so-called "Central bolt".  

When tilted transversely, the side bearers stabilize 

the carbody. The side bearers are adjustable and can be 

adjusted without play. 

When tilted transversely, the side bearers stabilize 

the carbody. The side bearers are adjustable and can be 

adjusted without play. 
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Figure 4. Secondary suspension (SS) of the Görlitz Va/DVJ bogie 

1-frame; 2- bolster; 3- balancing bolt; 4- nut; 5 – rubber-metal package; 6 - cap; 7 - casing; 8, 9, 10 - washer; 11 -

insurer; 12 - spring beam; 13 - damper; 14 - internal spring from SS; 15 - outer spring from the SS; 16-bumper

rubber; 17 - beater; 18 - rubber support; 19 - linker. 

When tilted transversely, the side bearers stabilize 

the carbody. The side bearers are adjustable and can be 

adjusted without play.  

The braking system is disc and two brake kits (disc 

+ cylinder) are mounted on each axle.

2.4 Bogie type GP200 

The GP 200 bogie (Fig. 5) was developed by the 

VÚKV Institute for Railway Vehicle Research as an 

international project developed by VÚKV together with 

Vagonka in Görlitz, Germany, with the name GP 200, 

meaning the maximum possible design speed using an 

electromagnetic rail brake. 

Figure 5. Bogie GР-200 

1-wheelsets; 2-friction damper; 3-axle box; 4-guides; 5-

frame; 6-swing pendants; 7-spring beam; 8-bolster; 9-

vertical hydraulic damper; 10-linker; 11-sided disc; 12-

horizontal hydraulic damper; 13 – center pivot; 14 – slide

bearer. 

The GP 200 bogies are two-axle with a two-stage 

spring cradle suspension for light railway vehicles. Base 

2600 mm.  Carriage weight - 5400  6035 kg. Year of 

production 1984 and 1990. 

The bogie frame is a welded construction. 

Figure 6. Inclined outwards at an angle of about 10° 

swing pendants 

1 - bogie frame; 2- swing pendants (upper stabilizer, 

connecting nut, lower stabilizer); 3- spring beam 

(bathtub); W- welding. 

The frame consists of two longitudinal and two 

transverse elements.  

The secondary suspension is swung by means of 

swing pendants inclined outwards at an angle of about 10 ° 

(Fig. 6). 

The guide axle box is guided by an elastic 

fiberglass connection, fixedly connected to the wing of the 

axle box body by a bolted connection, and on the other 

side to the bracket of the bogie frame (Fig. 7). The 
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detachable axle box body allows disassembly of the axles 

without disassembly of the axle spring suspension. The 

axle box body consists of three parts. 

Figure 7. Primary suspension 

1-frame; 2-friction damper; 3-springs from the primary

suspension; 4-support; 5-slot connection; 6-bolt

connection; 7- elastic fiberglass flat connection; 8-pad; 9- 

axle body - upper part; 10- axle body - middle part; 11- 

axle body - lower part. 

Bearings, safety and labyrinth rings are mounted in 

the cylindrical sleeve of the axle box body. The axle box 

cover is mounted to the cylindrical part 

The bolster has a closed section made of steel 

sheets. The center pivot, the side bearer, the baffles and 

hinges for horizontal and vertical dampers and the linker 

connection are mounted on the over sprung beam. 

3. FAILURE IN PASSENGER BOGIES TYPE SWING

OF THE RAILWAY SYSTEM OF THE REPUBLIC OF

BULGARIA 

The importance of the problems related to the 

strength condition and especially the durability of the 

bogies of the passenger wagons can be judged by the fact 

that they are decisive for the safety of the movement. 

Indeed, all failures of passenger wagons of a strong nature, 

ie. all destruction leads directly to severe accidents and 

catastrophes related to the lives of passengers. 

Of course, in the framework of the present work not 

all cases of failures can be found, but only those of them 

will be affected, which are related to mass defects and are 

mainly due to design deficiencies and mass deviations 

from technological requirements [4]. Wheelset and 

braking systems failures will not be treated because they 

are subject to separate regulations and special attention, 

although they can be said to have problems [5, 6, 7]. 

We will note in advance that due to the dynamic 

nature of the loads on the passenger wagons and due to the 

presence of a certain level of technical literacy of the staff 

in the railways, the destruction is in all cases caused by 

fatigue of the material, ie. from cyclic rather than one-time 

loads. This assessment for the specific cases is confirmed 

by the characteristic features - lack of neck (thinning of the 

section) at the site of destruction and the presence of 

visible to the naked eye different areas of fracture, 

characteristic of different stages of crack development. It 

should be noted that these stages are not short-lived and it 

is good that it is so, because there is a possibility to detect 

the crack before the actual loss of performance, ie. before 

the demolition itself took place, characterized by the 

division of the part into two parts. Ways and means to 

detect cracks is the subject of another topic. 

Unfortunately, fatigue damage is almost always 

widespread [4]; they are characteristic and do not appear 

as single cases, but for whole series and production 

batches. Because this type of destruction requires a large 

number of load cycles (hundreds of thousands and millions 

- usually up to 10 million for steel), which can not be

obtained either in factory tests and test trips, or in institute

tests, but accumulate over time. of a relatively long period

of operation.

It can be said that such mass damages did not occur 

after the institute tests, which actually started from 1964 to 

1965, were introduced for serial productions after 1970, 

because in these tests, also called "determinants", , in 

addition to the dynamic-running indicators, also the 

strength properties, the stresses that precisely cause the 

cracks. 

However, even with this approach (by performing 

definitive tests) there is no complete guarantee for cracks 

and damage. 

Here will be considered only those of the elements 

and units of the bogie that require close attention. 

A) In the first place - are the object of close

attention - The joints between the sides and crossbeams. 

Very low stressess were obtained in these places during 

the static bench tests, according to UIC 515 [8], but during 

the train tests in the conditions of movement in curves the 

stressess are significantly higher. From the analysis of the 

records and from the additional stationary tests performed 

by simulating the loads in curves, it was found that these 

high stresses are due to the pair of longitudinal shoulder 

forces caused by the longitudinal components of the creep 

forces when entering a curve. Due to the high 

responsibility of this unit in the subsequent strength 

vibration tests of fatigue [9] an additional cyclic load was 

realized (which is not prescribed by UIS slip 515 [8]), 

trying to cause horizontal oblique deformation of the 

frame, turning it from a rectangle into rhomboid (seen in 

plan!). In addition, the requirements of the Transport 

Research Institute (NITIZHT) include the requirement for 

mandatory defectoscopy of the welds in this unit. 

Unfortunately, however, data were later found showing 

that this unit was not implemented for all bogies of the 

required quality. This is the main reason for placing this 

unit among those that should be the subject of close 

attention during operation and repair. 

B) Secondly - are the object of attention to the

brackets (ears), through which the longitudinal linkers are 

connected to the bolder and the sides of the bogie frame, in 

and around the joints. To reduce the high stresses resulting 

from different train conditions, it is recommended to 

increase the radius of curvature at the base of the brackets 

and improve the quality of the welds connecting the latter 

to the bolster or the side. In addition, there are 

recommendations regarding the linker rubber "hinges", 

because the stresses in the specified places strongly 

depend on the serviceability of these "hinges" or on the 

extent to which they act as such, ie. without generating a 

bending moment of tension or with the lowest possible 

value of the same. This factor depends on the quality of 

the tire, the degree of its tension, etc., which does not 
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exclude striking faults associated with leaning "hard" and 

locking. 

Therefore, along with the checks for cracks in the 

indicated places of the linker consoles, it is necessary in 

case of factory repair (and if possible in case of depot) to 

check the force for the necessary vertical and horizontal 

deviation of the lantern at one end, free from metal 

package, provided that the other end is connected to the 

corresponding metal package. 

C) Thirdly, cracks can be expected under certain

conditions in the lower sheet of the spring beam around 

the places near the edges of the brackets, perceiving the 

transverse forces as reactions of the elastic bumpers. In 

these places cracks occur in bench fatigue tests at 6 million 

cycles, in connection with which recommendations are 

given with welding of external or internal ribs. After the 

implementation of the recommendations, the structures are 

tested on a multi-cycle load and they can withstand the 

prescribed loads according to EN 13749 [10] and EN 

14363 [11], calculated with a large reserve for the 

depreciation period of the wagons. 

3. NECESSARY CONDITIONS FOR PUTTING INTO

SERVICE OF BASIC ELEMENTS OF PASSENGER

BOGIES 

When putting railway carriages into operation 

according to the European normative documents, 

obligatory stages are:  

- Development of constructive and technological

documentation; 

- Conducting strength-strain analysis;

- Testing of a prototype.

The normative documents of the European Union

and the UIC allow the commissioning to take place only 

on the basis of strength-strain analysis. The necessary 

conditions for this are:  

- The manufacturer has received a bogie certificate

with similar design, technological and operational 

characteristics;  

- To perform the full volume of theoretical research

with verified computational and simulation models. 

The normative documents related to the testing and 

theoretical examination of railway bogies (including the 

study of fatigue of the material in the welds in the metal 

structure) are EN 15827: 2011 [9], EN 13749: 2011 [10], 

UIC 510- 3 [13], UIC 615-4 [14] UIC 515-4 [15], TSI 

[16], ERRI B 12 / RP 17 [17], ERRI B 12 / RP 60 [18], 

EN 12663-1: 2010 [19], DVS 1612: 2014 [20] and 

Eurocode 3 [21]. Their analysis shows that the forces of 

loading, the places of their application, the combinations 

under the different regimes (groups of loads) are clearly 

and unambiguously defined [10].  

The analysis of the normative documents regarding 

the study of the fatigue of the material in the area of the 

welds in theoretical and experimental way shows some 

differences. The reason for this is that the theoretical 

assessment is performed by quantitative indicators 

(allowable stresses), and in the experimental - by 

qualitative (presence or absence of cracks). 

The German national welding standard DVS 1612: 

2014 [20] is preferred by most European manufacturers of 

railway equipment and complex machine-building 

products due to the very good results regarding the 

reliability of the welds. The standard is based on curves 

Moore-Kommers-Jasper (MKJ) diagram.  

Depending on the type of welded structure, the type 

of weld, the control technology and the type of applied 

load, a diagram is selected to determine the allowable 

stresses. In the general case for the study of complex 

machine-building products under complex loading, the 

assessment is performed by four consecutive criteria, three 

by components and one complex [21, 22, 23, 24], 

formulas: 
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where ׀׀ are the normal stresses longitudinally of the 

weld; ⊥ - normal stresses transverse to the weld;  - 

tangential stresses longitudinally at the weld; ׀׀lim - 

normal allowable stresses along the seam; ⊥lim - normal 

allowable stressess; lim - tangential allowable stresses 

longitudinally at the weld. 

The allowable stresses lim(R) are a function of the 

cyclic load asymmetry coefficient, which is calculated 

according to the formula: 
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where x is the exponent depending on the selected curve 

corresponding to the respective weld and load. 

4. TESTING OF FATIGUE STRENGTH OF

PASSENGER BOGIES 

According to the requirements of the International 

Railway Union – UIC 510 [13] and UIC 515-4 [15] - 

bench tests of wagon bogies are of two types and are 

conducted in two stages in the following sequence, usually 

on the same sample:   

- first stage - static (for static strength);

- second stage - dynamic (for fatigue strength).

In addition, there are the conditions: a) dynamic

bench tests (which are more lengthy and expensive) to be 

conducted if the respective sample (construction) has 

successfully "passed" the static tests at the 1st stage; (b) 

bench tests of wagon bogies must be carried out on: new 

or modified structures; new or changed technologies; 

material replacement; new company-manufacturer and 

new place (workshop, factory) for production. 

4.1. Dynamic fatigue strength tests 

The loads (forces) on the test bogie acting in the 

vertical transverse plane through the central bearing are 

first grouped [3, 25] (see Fig. 8) in: 

- system of vertical forces Fz1 and Fz2, applied on

the right and left side beams in the plane of the central 

bearing;  

- a system of horizontal forces Fy1 and Fy2, also

applied to the right and left side beams in the plane of the 

center bearing, usually assuming: Fy1 = Fy2 = Fy. 

The vertical forces Fz1 and Fz2 are different from 

each other in time t, and are considered to be composed of 

3 components - one constant and two periodically 

changing (see Fig. 12), as follows:  
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- vertical static component Fzs = const;

- vertical quasi-static components ± Fzq;

- vertical dynamic component ± Fzd.

It is customary for the right and left curves to have

the same parameters and to alternate without straight lines. 

The period Tq of the periodic function thus obtained 

(component Fzq) in the tests must be significantly longer 

than the period Tdq of the dynamic component (according 

to UIC-510 and 515). 

Figure 8. Loads applied to the side beams of the passenger 

bogie frame [4, 22] according to code. UIC - 515 [13]:  

a, b, c - vertical: static Fzs, quasi-static Fzq and dynamic 

Fzd; d, e - horizontal-transverse; quasi-static Fyq and 

dynamic Fyd.  

1- right side beam; 2- left side beam.

The horizontal forces Fu of each side beam, which 

are equal in size and direction, are composed of two 

periodically changing components over time (see Fig. 8, d, 

e), as follows:  

- horizontal quasi-static component ± Fyq;

- horizontal dynamic component ± Fyd.

With the mandatory UIC-510 and 515 phase

correspondences between Fzq and Fyq and between Fzd and 

Fyd, the aim is clearly to test the most unfavorable 

operational combinations that can be obtained, albeit for a 

short time. 

To determine the value of the vertical static 

component Fzs (t) = const and the amplitude values of the 

periodically changing components Fzq, Fzd, Fyq and Fyd, 

defined above, UIC-510 and 515, respectively for bogies 

of freight and passenger wagons - are suitable in different 

ways, although there is an analogy between them. 

According to this approach, the values of the 5 load 

components in question in the bench tests are determined 

as follows: 

1) The vertical static component Fzs

Fzs = ¼.(mVON +1,2.mCN – 2m+).g   (3) 

where: mVOM is the curb weight of the wagon; mCN - 

payload; m+ - bogie mass. 

2) The vertical quasistatic components Fzq

Fzq = ±α.Fzs (4) 

where: α is the coefficient for the influence of road 

condition (α = 0.10 for normal and α = 0.15 for bad). 

3) The vertical dynamic component Fzd,

Fzd = β.Fzs     (5) 

where: β is the coefficient of dynamism (β = 0.2 for 

normal road condition; β = 0.3 for bad road) 

4) The horizontal quasistatic component Fyq and the

horizontal dynamic component Fyd to each side beam are 

determined by the formula 

Fyq = Fyd = ±0,125 (Fzs + 0,5 m+.g).   (6) 

The normal duration of fatigue tests is 6.106 pcs. 

cycles, which is stage I. At the end of the first stage, at 

6.106 pcs. cycles the elements of the bogie structure (bogie 

frame) must not have cracks, even in the embryo. The 

stage ends with an intermediate qualitative and 

quantitative assessment. Quality assessment is mandatory 

and requires full control of welds. The criterion is the 

absence of cracks. Quantitative evaluation is most often 

performed with Goodman-Smith diagrams [4]. It allows 

exceeding the stressess above the normalized in a limited 

number of controlled points. The condition of these areas 

is closely monitored in the next two stages. This is the 

condition for putting the bogie into regular production. 

However, in order to evaluate the construction and with a 

view to greater safety, the tests are continued in stage II, 

which contains 2.106 pieces. cycles with 20% increased 

dynamic and quasi-static loads Fzq, Fzd, Fyq and Fyd while 

maintaining the vertical static load Fzs. In order to give a 

positive assessment of stage II, namely that the structure is 

"durable", it should not have cracks, but germs of cracks 

up to 2-3mm are allowed. Provided that they have 

successfully passed the tests of stage II, another 

continuation is undertaken - stage III – 2.106 pcs. cycles 

and by 40% increased compared to stage I quasi-static and 

dynamic loads while maintaining the static. The condition 

for successfully passing stage III is the same as for the 

previous one. 

During the tests, the condition of the tested 

structure is constantly monitored in parallel with the 

operation of the stand, as in the event of unusual noises, 

shocks (crashes), deformations, etc. the work is stopped to 

clarify the condition. It is recommended that work be 

interrupted every 1 million cycles to perform a basic 

inspection - primarily for cracks. There are international 

requirements for documenting test regimes and results 

obtained. 

4.2. Static bench tests (static strength tests) 

The loads in the static bench tests simulate the 

dynamic ones in character and size; the difference is that 

here they are applied in static mode with stresses 

measurement. 

Based on the fact that for each point of the structure 

at any time t (more precisely peak moment), the stress is 

determined by the vertical and horizontal forces applied in 

the considered places (right or left side beams - with 

indices 1 and 2), it is obtained: 

- for vertical forces Fz1 and Fz2:

Fz1(t) = Fzs+Fzq(t)+Fzd(t)  Fz2(t) = Fzs+Fzq(t)+Fzd(t)  (7) 

or taking into account only the peak (amplitude) values Fzq 

and Fzd, according to (4) and (5) we get: 

Fz1(t) = Fzs(1 ± α ± β)   Fz2(t) = Fzs(1 ± α ± β)  (8)  
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- for horizontal loads

Fy1 = ± Fyq1± Fyd1     Fy2 = ± Fyq2 ± Fyd2 (9)    

or, in the case of an even distribution between the two side 

beams, i. for Fy1 = Fy2 = Fy and taking into account, 

according to (6), the equality between the amplitude 

values of the quasi-static and dynamic components (ie Fyq 

and Fyd), the maximum and minimum values of the total 

horizontal force of the bogie are obtained, for the tense 

state 

max/min2Fy = ± 0,5(Fzs+0,5.m+.g)    (10)   

When the bogie is loaded with different 

combinations between the vertical forces Fz1 and Fz2 taken 

from formula (8) and the horizontal force from (10), code. 

UIC-515 and EN 13749 [7] prescribe mandatory 9 

combinations of loads, shown in Table 1 and with the 

corresponding values for the tested bogie, confirmed by 

[4]. 

From these combinations, the stresses from two of 

them must be taken, namely the largest and the smallest 

values for each point of the structure, which represent the 

simulated maximum σmax and minimum σmin stresses at 

these loads; when plotting them in the Goodman diagram 

on the ordinate, for abscissas σm = (σmax + σmin)/2, the 

obtained points must be inscribed in its contours. 

Table 1. Load combinations for static bench test of 

passenger bogie at operating loads 

Combi-

nation 

№ 

Vertical loads Horizontal 

transverse load 

Fz1 Fz2 Fу 
1. Fzs Fzs 0 

2. Fzs(1 + α – β) Fzs(1 – α – β) 0 

3. Fzs(1 + α – β) Fzs(1 – α – β) +2 Fy

4. Fzs(1 + α + β) Fzs(1 – α + β) 0 

5. Fzs(1 + α + β) Fzs(1 – α + β) +2 Fу

6. Fzs(1 – α – β) Fzs(1 + α – β) 0 

7. Fzs(1 – α – β) Fzs(1 + α – β) - 2 Fу

8. Fzs(1 – α + β) Fzs(1 + α + β) 0 

9. Fzs(1 – α + β) Fzs(1 + α + β) - 2 Fу

It is recommended that the loads in combinations 

№№ 3, 5, 7, and 9 (Table 1) be repeated because they are 

extreme and most likely are the stressess generated by 

them. The above method is known as the "operating load 

method". 

A static bench test is prescribed by the method of 

extreme loads, which is applied with a single static load at 

higher values of vertical and horizontal forces - 

respectively Fz1max, Fz2max, 2Fymax - determined by the 

formulas: 

Fz1max = Fz2max =  (mVCE – 2m+).g (11) 

mVCE  = (mVOM +2.n.80) (12) 

2Fуmax = 2.(10 + mVCE), kN (13) 

where: mVCE is the gross mass of the wagon under extreme 

load; mVOM - the own weight (tare) of the wagon; m+ - 

mass of the bogie; n - the number of seats in the car; Fz1max 

and Fz2max - maximum (exclusive) vertical forces applied 

to the right resp. left side beams; 2Fymax - maximum 

(exclusive) horizontal effort of the bogie. 

The conditions for admissibility in the test with 

extreme loads are: 1) the stresses at any point of the 

structure do not exceed the limit of proportionality of the 

material; 2) no residual deformations in the structure after 

its release from the loads. 

5. CALCULATION OF BASIC LOAD-BEARING

ELEMENTS OF A PASSENGER BOGIE OPERATED 

BY BDZ PASSENGER TRANSPORT EOOD 

The calculation of the bogies is realized through an 

engineering package of software products. The bogies are 

3D modeled in the middle of Soidworks in accordance 

with their original design documentation, and the welds 

are created in a uniform shape by the existing modeler in 

the computer system (CAD). The models thus created are 

statically loaded by the extreme forces defined above in 

accordance with UIC-515 and EN 13749, using the finite 

element method (FEA). For this purpose, the models are 

divided into elements with dimensions from 2 to 4.4 mm, 

which makes a compromise decision in order to obtain a 

numerical solution within a reasonable time interval. At 

the same time, the sensitivity of the numerical process to 

the existing stress concentrations in the welded joints is 

limited, and admissible imperfections in the welded seam 

are not taken into account [26, 27]. Results were obtained 

for the stress state and for the deformations of the 

calculated elements. 

5.1. Calculation of main load-bearing elements of 

Görlitz Va/DVJ type bogie 

For the construction of a Görlitz Va/DVJ passenger 

bogie, the load values for the different combinations are 

given in Table 2. 

Table 2. Load combinations for static bench test of 

passenger bogie type Görlitz Va/DVJ at operating loads 

(at accepted α = 0.15 and β = 0.3 for poor road 

condition) 

Combi-

nation 

№ 

Vertical loads Horizontal transverse 

load 

Fz1 Fz2 2Fу 

1. 88,275 88,275 0 

2. 75,034 48,551 0 

3. 75,034 48,551 59,105 

4. 127,999 101,517 0 

5. 127,999 101,517 59,105 

6. 48,551 75,034 0 

7. 48,551 75,034 -59,105

8. 101,517 127,999 0 

9. 101,517 127,999 -59,105

The generalized scheme of the forces on the frame 

of the bogie type Görlitz Va/DVJ, applied from the side of 

the carbody is given in Fig.9.  

Figure 9. Loads of bogie type Görlitz Va/DVJ. 
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The vertical load is transmitted in the supports of 

the suspension from the SS and Fz11 = Fz12 = Fz1/2, and the 

horizontal-transverse load is in the support between a page 

of the frame and the overhang beam. 

The maximum values for determining the stresses 

in the structure of the frame of the considered passenger 

bogie are in combination № 5.  

The values of the loads are: Fz11 = Fz12 = Fz1/2 = 64 

kN; Fz21 = Fz22 = Fz2/2 = 50.76 kN and Fy = 29.55 kN 

shown in figure 6. 

The results of the SolidWorks program in the 

calculation of the bogie frame type Görlitz Va/DVJ are 

given in Table 3. 

Table 3. Study Results for bogie frame type Görlitz 

Va/DVJ  
Name Type Max Location 

Stress1 VON: von 

Mises Stress 

66,87 MPa 

Node: 43 

(0 mm, 152 mm, 

-924.8 mm)

Displa-

cement1 

URES: 

Resultant 

Displacement 

0.388 mm 

Node: 

11330 

(6.4373e-006 mm, 

190 mm, 

-878 mm)

Strain1 ESTRN: 

Equivalent 

Strain 

0.000194 

Element: 

9439 

(-877.625 mm, 

-4 mm,

-1052.94 mm)

Figure 10. Stress condition of the bogie frame type Görlitz 

Va/DVJ. 

Figure 11. Stress state with maximum value. 

In figure 10 shows the stress state of the bogie 

frame, the maximum value being 66.87 MPa obtained in 

the middle of the beam in the area of the weld of the 

lateral bump (Fig. 11). In other areas, maxima have been 

reported, which are 15-30% lower stresses values.  

The displacements shown in the table are within 

normal limits, in accordance with the regulations. 

5.2. Calculation of main load-bearing elements of 

GP200 type bogie 

For the construction of a GP200 passenger bogie, 

the load values for the different combinations are given in 

Table 4. 

The generalized scheme of the loads on the frame 

of the bogie type GP200, applied from the side of the 

carbody is given in fig.12. 

Table 4. Load combinations for static bench test of 

passenger bogie type GP200 at operating loads (at 

accepted α = 0.15 and β = 0.3 for poor road condition) 

Combi-

nation 

№ 

Vertical loads Horizontal transverse 

load 

Fz1 Fz2 2Fу 

1. 98,1 98,1 0 

2. 83,385 53,955 0 

3. 83,385 53,955 62,784 

4. 142,245 112,815 0 

5. 142,245 112,815 62,784 

6. 53,955 83,385 0 

7. 53,955 83,385 -62,784

8. 112,815 142,245 0 

9. 112,815 142,245 -62,784

The vertical load is transmitted in the supports of 

the suspension from the SS and Fz11 = Fz12 = Fz1/2, and the 

horizontal-transverse load is in the support between a page 

of the frame and the overhang beam. 

The maximum values for determining the stresses 

in the structure of the frame of the considered passenger 

bogie are in combination № 5.  

The values of the loads are: Fz11 = Fz12 = Fz1/2 = 

71,12 kN; Fz21 = Fz22 = Fz2/2 = 56,41 kN and Fy = 31,39 kN 

shown in figure 12. 

Figure12. Load and supports for bogie type GP200. 

The results of the SolidWorks program in the 

calculation of the bogie frame type GP200 are given in 

Table 5. 

In figure 13 shows the stress state of the bogie 

frame, the maximum value being 72.39 MPa obtained in 

the middle of the beam in the area of the weld of the 

lateral bump. In other areas, maxima have been reported, 

which are 10-30% lower stresses values.  

Table 5. Study Results for bogie frame type GP200 
Name Type Max Location 

Stress1 VON: von 

Mises Stress 

72.39 MPa 

Node: 43 

(0 mm, 152 mm, 

-924.8 mm)

Displa-

cement1 

URES: 

Resultant 

Displacement 

0.5612 mm 

Node: 11330 

(6.4373e-006 mm, 

190 mm, 

-878 mm)

Strain1 ESTRN: 

Equivalent 

Strain 

0.000229 

Element: 

9439 

(-877.625 mm, 

-4 mm,

-1052.94 mm)

The displacements shown in the table are within 

normal limits, in accordance with the regulations. 

E.30



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

Failure analysis in passenger bogies from the railway system of the Republic of Bulgaria 

Figure 13. Stress state with maximum value. 

In total for both bogies it can be concluded that the 

maximum stresses are in the area of the bumper, assuming 

that the reason is in the prevailing local stresses of 

pressure from the lateral forces Fy. The maximum stresses 

are in the T weld of the bumpers, and the formation of 

tired micro cracks in tests confirms this. 

5.3. Goodman diagram for Görlitz Va/DVJ and 

GP200 passenger bogies frame. 

Drawing the theoretically and experimentally 

obtained Goodman diagram, we determine the position of 

the endangered stresses for the sections of the frames of 

the two bogies. 

For passenger bogie type Gorlitz Va/DVJ: 

m = 66,87 MPa and max = 80,244 MPa; 

For passenger bogie type GP200: 

m = 72,39 MPa and max = 86,868 MPa.

The obtained values plotted in the Goodman 

diagram are shown in Fig.14.  

Figure 14. Goodman diagram with plotted stresses values. 

The values of stresses for the frame of passenger 

bogies type Görlitz Va/DVJ and GP200 are in the outline 

a2, which gives grounds for the necessary strength of the 

structure, but we still recommend strict control of welds 

and determining the coefficient of accumulation of 

damage [4, 28]. 

CONCLUSION 

In the present article the constructions of passenger 

carriages in operation of BDZ "Passenger Transport" 

EOOD are considered. Cases of failures that are related to 

mass defects and are mainly due to design deficiencies and 

mass deviations from technological requirements are 

analyzed. Particular attention is paid to the problems in the 

construction of passenger carriages type YT-72, Görlitz-

V/Va /DVJ and GP 200. The weak points in the 

constructions of the indicated bogies and the conditions for 

the occurrence of cracks have been determined. The article 

examines the strength of the frames of the specified 

passenger bogies. The loads are in accordance with the 

requirements of UIC-515 and EN 13749. The various 

fatigue strength tests of the passenger bogie are indicated. 

It is calculated that the construction of the frame has the 

necessary fatigue strength, but nevertheless it is 

recommended to strictly control the welds and determine 

the coefficient of accumulation of damage. 

REFERENCES 

[1] Petrovic D., Rakanovic R., Zeleznicka vozila

Praktikum., Kraljevo, (2006)

[2] Petrovic D., Aleksandrov V., Jeleznicka vozila.

Osnove, MF Kraljevo, ISBN 978-86-82631-66-8

p.223, (2013)

[3] Penchev Ts., Atmadzhova D. Issues from operation,

repair and recycling of passenger cars from the park

of BDZ, VTU "T. Kableshkov", Sofia, (2003)

[4] Penchev Ts., Atmadzhova D. Strength and durability

of automobile and railway technology, VTU, "T.

Kableshkov", Sofia, (2007).

[5] Nikolov V., MODELLING AND STRENGT

ANALYSIS OF THE WHEELSETS OF 

LOCOMOTIVES OF TYPE 86 

 Scientific Journal "Mechanics of Transport 

Communications" Volume 16, Issue 3/3, No 1678 

pp.VI-48 - VI-53, ISSN 1312-3823, (2018)  

[6] Nikolov V., Reliability indicators of the brake

distributors KE 1 for rolling stock in operation, IX

International Conference “Heavy Machinery-HM

2017”, Zlatibor, (2017)

[7] NIKOLOV V., MODELING AND STRENGTH

ANALYSIS OF THE AXLES OF BOGIE WITH

VARIABLE-GAUGE WHEELSETS, The Fourth

International Symposium for Students CPMA 2015,

(2015)

[8] UIC 515-4, PASSENGER ROLLING STOCK -

TRAILER BOGIES - RUNNING GEAR - BOGIE

RUNNING GEAR - BOGIE FRAME STRUCTURE

STRENGTH TESTS, (1993)

[9] Ivanov A.I, Structural Dynamics. publ. “Avangard

Prima”, ISBN 978-954-323-684-8, Sofia, (2010).

E.31



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

V. Ralev, D. Atmadzhova

[10] EN 13749:2011 – Railway applications. Wheelsets

and bogies. Method of specifying the structural

requirements of bogie frames, (2021)

[11] EN 14363:2016 Railway applications - Testing for

the acceptance of running characteristics of railway

vehicles - Testing of running behaviour and

stationary tests, June, (2016).

[12] EN 15827:2011 Railway applications - Requirements

for bogies and running gears, Brussels: EUROPEAN

COMMITTEE FOR STANDARDIZATION, (2011)

[13] UIC 510-3, WAGONS - STRENGTH TESTING OF

2 AND 3-AXLE BOGIES ON TEST RIG,

International Union of Railways (UIC), (1989)

[14] UIC 615-4, "Movie power units bogies and running

gear bogie frame structure strength tests,”,

International Union of Railway, (1994)

[15] UIC 515-4 (E), 1st Edition, January 1, 1993 -

PASSENGER ROLLING STOCK - TRAILER

BOGIES - RUNNING GEAR - BOGIE RUNNING

GEAR - BOGIE FRAME STRUCTURE

STRENGTH TESTS, (1993)

[16] Technical specification for interoperability of the

rolling stock - freight wagons subsystem of the trans-

European conventional rail system, (2006)

[17] ERRI B12/RP17-8th Edition, Programme of tests to

be carried out on wagons with steel underframe and

body structure (suitable for being fitted with the

automatic buffing and draw coupler) and on their cast

steel frame bogies, Utrecht, April, (1997)

[18] ERRI B 12/RP 60, 2nd Edition, regulation for proof

tests and maximum permissible stresses, Utrecht,

(1998).

[19] EN 12663-1:2010 Railway applications - Structural

requirements of railway vehicle bodies - Part 1:

Locomotives and passenger rolling stock (and

alternative method for freight wagons), (2010).

[20] DVS 1612:2014 Design and endurance strength

analysis of steel welded joints in rail-vehicle

construction, (2014)

[21] Eurocode 3: Design of steel structures – (2005)

[22] Svetoslav SLAVCHEV, Vladislav MAZNICHKI,

Valeri STOILOV, Stanislav ENEV, Sanel PURGIC.

METHODOLOGY FOR THE EVALUATION OF

MATERIAL FATIGUE IN THE AREA OF

WELDED SEAMS OF RAILWAY BOGIES ON

THEORY WAY. Materials Science and Engineering,

VOL. 618 ISSN: 1757-899X, (2019)

[23] P. Štastniak, M. Moravčík, P. Baran и L. Smetanka,

„Computer aided structural analysis of newly

developed railway bogie frame,“ MATEC Web of

Conferences, том 157, № 157, (2018).

[24] H. Dannbauer, C. Gaier и K. Hofwimmer, „Fatigue

Analysis of Welding Seams and Spot Joints in

Automotive Structures“, ARABIAN JOURNAL

FOR SCIENCE AND ENGINEERING, (2005).

[25] Atmadzhova D., Determining the strength of

elements of passenger carriage type Y32,

International Scientific Forum "Engineering and

Construction Technologies in Transport - 2014"

Banya, Razlog, September 18-19, 2014, Article 1046,

vol. 12, issue 3/3, pp VI-1-VІ-10, (2014)

[26] Kolarov I. Concentration in welding joints due to the

presence of pores in the seam. Scientific Journal

"Mechanics of Transport Communications", Volume

18, Issue 3/1, XIII-21 - 26, ISSN 1312-3823, (2020)

[27] Kolarov I. Stress state in a weld with a linear and

point concentrator. Scientific Journal "Mechanics of

Transport Communications" Volume 18, Issue 3/1,

XIII - 14 - 19, ISSN 1312-3823, (2020)

[28] Jankovic Miodrag D., Malociklusni zamor, Msinski

Fakultet, Beograd, (2001).

E.32



X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23–25 June 2021 

*Corresponding author: Dragan Petrović, Dositejeva 19, 36000 Kraljevo, petrovic.d@mfkv.kg.ac.rs  

Braking – precondition for faster movement of railway vehicles 
Dragan Petrović*,, Milan Bižić 

Faculty of Mechanical and Civil Engineering in Kraljevo, University of Kragujevac, Serbia 

The paper gives a brief review of development of the braking system of railway vehicles. At the end of the nineteenth 

and the beginning of the twentieth century, the development of the concept of the drive of the railway vehicles has 

completed. After the steam, both electric and diesel traction have developed. For further development of railway traffic, it 

was necessary to develop a more efficient braking system. After the official start of railway traffic, it took almost a hundred 

years to development the braking system that allows faster and safer movement of railway vehicles. The credit for that 

belongs Serbian inventor, Eng. Dobrivoje Božić. In an original way, he constructed the brake which solved many problems 

that until then had been a limiting factor for faster and safer movement of railway vehicles. The aim of this paper is to 

bring the ingenious technical achievements of Dobrivoje Božić in the field of braking of railway vehicles closer to the 

scientific and professional public. 

Keywords: Serbian inventors, Dobrivoje Božić, Railway traffic, Train braking.

1. INTRODUCTION 

People always try to overcome the distance 

between two places as easily and quickly as possible. The 

discovery of the wheel had leaded to a revolutionary 

transformation of land transport. The development of the 

technology in that period was mostly contributed by the 

exploitation of ore. Wooden wagons loaded with ore had 

moved more easily on rails than on macadam roads. With 

the invention of the steam engine in 1782, the Scottish 

inventor James Watt had started the new era in 

industrialization, especially in the development of 

transport. 

During the nineteenth century, almost all over the 

world, railways rapidly replaced existing stagecoach 

networks. The railway traffic, in that period of great 

geographical discoveries and industrial revolutions, 

became crucial for the development of the economy and 

society of the whole world. The first railway for public 

transport was built in 1825. In addition to participating in 

the construction of the railway, George Stephenson built a 

steam engine in the same year, which he called 

"Locomotion". Stevenson personally drove this machine, 

which was not equipped with a cabin or a place for a 

machine operator. Due to great successes in development, 

the year 1825 is considered to be the beginning of 

organized railway traffic, and the name "Locomotive" 

came into official use [1]. 

The first regular railway line Liverpool – 

Manchester for passenger transport was opened in 1830. 

Since then, rail traffic has been expanding at high speed all 

over the world. The limiting factor for further, even faster, 

development of railway traffic was the unsolved problem 

of braking. 

Along with the development and improvement of 

railway constructions, the standardization of technical 

solutions of vehicles, as well as infrastructure and the 

entire railway traffic took place. This was necessary 

because rail traffic connected distant cities and states, and 

even continents. 

In addition to many good and useful characteristics, 

railway traffic enabled exploitation and occupation of 

certain territories in hitherto unimaginable proportions. 

That is why some countries, in accordance with their 

interests (primarily military) - deliberately hindered the 

free flow of railway traffic and deviated from some 

established dimensions, such as e.g. track width. 

2. THE BEGINNING OF THE DEVELOPMENT OF 

RAILWAY TRAFFIC IN SERBIA 

By signing the Congress of Berlin in 1878, Serbia 

undertook to build a railway on the route Belgrade - Niš - 

Vranje. However, even more significant is that the 

Belgrade - Nis railway was a section of the planned Berlin 

- Baghdad railway. This would allow Germany access to 

significant oil deposits, which did not suit other major 

world countries. The finishing the section Belgrade - Nis 

marks the beginning of the existence of Serbian railways. 

The first train passed on this line on October 4, 1884. 

For the construction of Belgrade - Niš railway, the 

so-called Bontu's concession was agreed. In the first 

contact with large western capital, one of the biggest 

money scandals in Serbian history occurred. The collapse 

of the Bontu's General Union was caused the fall of the 

French government. Regarding this concession, prof. 

Slobodan Jovanović wrote: "The spoilage of our political 

natures began immediately under the influence of foreign 

gold" [2, 3]. 

3. BRAKING OF RAILWAY VEHICLES 

The braking system of railway vehicles regulates 

the running speed, as well as deceleration and stopping of 

train. A known joke that trains can move faster uphill than 

downhill speaks of the greatness of the technical problem 

of safe braking of variable mass (empty - loaded) of 

several thousand tons. As in the case of construction of 

locomotives, wagons and tracks, at the end of the 

nineteenth century, a race arose in the construction of the 

brakes of railway vehicles. 

At the beginning of the development of railway 

vehicles, the braking force was changing manually. After 

that, at the end of the nineteenth century, the American 

George Westinghouse constructed an air (pneumatic) 

brake with direct action. During braking, air was released 

into the main line, and in the unlocked position, 
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atmospheric pressure prevailed in the line. When the train 

was interrupted, there was not possibility for automatic 

braking, and with other shortcomings, this brake did not 

meet the basic requirements of a good and safe brake. In 

addition to Westinghouse's brake, four other technical 

solutions of the brake competed in America. This 

competition led to the certain improvements and spreading 

the Westinghouse's brake both in America and in Europe. 

In Europe, the Westinghouse's brake was used only for 

passenger trains. Until the First World War, freight trains 

in Europe were braked exclusively manually. Each wagon 

had to have one or two brake operators, which took care of 

the safe braking of the train. 

In addition to Westinghouse in America was also 

Smith, as well as Hardy in Europe, who designed brakes 

with diluted air - vacuum brakes. After Westinghouse's 

brake, several brake variants appeared in Germany, such 

as Kunze-Knor, Hildebrand-Knor and in Switzerland 

Drolshamer. All these brakes operated on the principle of a 

standard two-pressure distributor and did not satisfactorily 

solve the observed shortcomings. 

The idea of brakes with distributor with three 

pressures was patented in 1892 by the Englishman 

Humpfrey. The idea remained only on the paper and was 

never practically realized. 

While Watt, Trevithick, Stephenson, Diesel and 

other inventors set trains in motion with their inventions, 

Westinghause, Smith, Hardy, Kunce, Knorr, and many 

others, have been developing the brakes of railway 

vehicles which had huge deficiencies until the occurrence 

of Dobrivoje Božić.   

The main shortcomings of the then brakes of the 

railway vehicles were reflected in the following: 

The main shortcomings of the then brakes of the 

railway vehicles were reflected in the following: 

▪ when the train was interrupted, both parts of the train

were not automatically braked;

▪ the brake was exhausting on longer track falls, i.e., the

brake was losing its power;

▪ there was no automation of braking force depending on

the degree of loading of the train;

▪ there was no automation of braking force depending on

the speed of the train;

▪ the brake transmission speed of the braking system was

unacceptably low (maximum 80 m/s);

▪ wheel blocking was very often.

These shortcomings limited the running speed and 

made it difficult to use the railway on a larger scale. Due 

to the imperfection of the brakes, frequent accidents and 

railway traffic interruptions were occurring. Due to the 

blocking of the wheels during the braking many problems 

were occurring such as: sliding the wheels on the track; 

extension of the train stopping distance; formation of flat 

places on the wheels; damages to both the vehicle and the 

track etc. 

Until the appearance of Božić's invention, the 

braking of railway vehicles was initially performed 

manually, and later pneumatically but non-automatically 

(directly) according to the scheme shown in Fig. 1. 

In the case of direct - nonautomatic - exhaustive 

brakes, the air is fed directly from the main tank through 

the air line into the brake cylinder. The big disadvantage 

of these brakes is that in the event of a train break, there 

will be no automatic braking of any disassembled part of 

the train. 

Figure 1: Principle of operation of direct (non-automatic - 

exhaustive) brake 

The exhaustive brakes have a single-stage release, 

i.e., once started release cannot be interrupted. In this case,

the brake distributor has two distribution pressures: the

main line - the brake cylinder. If the train is braked to any

degree, as soon as the main line is slightly charged, the

brakes will fully release. The brake cylinder will not be

completely charged because the pressure in the main line

did not reach its maximum value. If the braking-releasing

process is repeated several times, the pressure in the brake

cylinder will decrease more and more, i.e., the amount of

compressed air is exhausted, and thus the braking force

will decrease more and more (Figs. 2 and 3).

In addition, the huge disadvantage of exhaustive 

brakes is that they do not have regulation of the magnitude 

of braking force depending on the weight of the vehicle 

(with and without load) and running speed. Also, they do 

not have synchronization of braking (low brake 

transmission speed) from locomotive to rear wagon, so it 

often happened that when changing the movement regime 

(start, acceleration, deceleration) there is a collision 

between individual vehicles of the composition or the 

rupture of connections between vehicles. 

Figure 2: The change of pressure in the main line during 

braking and releasing at exhaustive brakes 

Figure 3: The change the air pressure in the brake 

cylinder at exhaustive brakes 

Full braking 

Pressure in main line 

Braking 

Full braking 

Releasing 

Pressure in brake cylinder 

Single-stage releasing 
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Although this method of braking had great 

shortcomings and although many researchers around the 

world worked on solving this problem, after several 

decades of attempts, better braking system wasn't 

successfully developed. The impression is that there was 

no way out of that vicious circle. The main topic of 

discussions in the circles of scientists and engineers who 

developed the brake was whether the braking of railway 

vehicles should be done with diluted air or compressed air. 

After many tests with diluted air, no significant progress 

was made. 

4. CONTRIBUTION OF DOBRIVOJE BOŽIĆ TO 

DEVELOPMENT OF BRAKES OF RAILWAY 

VEHICLES 

In the beginning, English, French, German, and 

American engineers contributed to the development of the 

railway. However, the braking of railway vehicles was not 

resolved in an appropriate way. Further development of 

the railway (increase of running speeds and weight of 

transported cargo) was not possible without a quality 

solution to all previously mentioned problems. 

Dobrivoje Božić (Fig. 4) was born, according to the 

then valid calendar, on December 23, 1885 in Raška, 

Serbia. Due to the later state transition to the new calendar, 

some sources state that he was born at the beginning of 

1886. After finishing primary and secondary school in 

Kraljevo and Kragujevac, he was studying at the Technical 

High School in Karlsruhe and Dresden - Germany, where 

one of his professors was Rudolf Diesel. After completing 

his studies, he returned to Serbia. In 1911 he employed in 

the state railway workshop in Niš where he faced with 

problems with braking railway vehicles. He developed his 

invention in the period 1911-1914. He designed and 

patented the braking system of railway vehicles in which a 

brake and distributor with three pressures were applied for 

the first time (Fig. 5). According to Božić's solution, the 

role of the new braking system is to distribute the air not in 

two, but in three parts of the braking system - the main air 

line, the brake cylinder and the auxiliary reservoir [4]. 

 

Figure 4: Dobrivoje Božić 

In 1922, the American Patent Office accepted his 

solution of the braking system called "System of 

continuous braking of passenger and freight trains with 

compressed air". That was just the beginning because there 

was still a long way to go before International Railway 

Union (UIC) approved and recommended Božić's patent 

for use on railway vehicles. 

 

 
Figure 5: Božić’s three-pressure distributor 

At the conference of the victorious countries of the 

First World War, in 1923, France submitted a proposal in 

which it recommended the use of the direct, exhaustive 

Westinghouse's brake for braking railway vehicles. Since 

the Knorr's brake came from a country that was a loser of 

the Great World War, it did not have a great chance next 

to the Westinghouse's brake in that period. The Knorr's 

brake was just one of the modifications of the 

Westinghouse's brake. In that time, these brakes used a 

standard two-pressure distributor. At the same conference, 

the representative of the Kingdom of Serbs, Croats and 

Slovenes recommended the general reception of the 

Božić's brake, as a better and more perfect solution. The 

great success of that representative is that the French 

proposal, i.e. Westinghouse's brake, was not automatically 

accepted. Instead, a certain period of time was left for 

Božić and other constructors to practically prove the 

quality of their solutions to the International Railway 

Union. 

In 1923, Božić also applied for a patent called 

"Quick-reacting triple valve", which was recognized in 

1926. His solution of brake of railway vehicles, Dobrivoje 

Božić officially submitted via the railway of the Kingdom 

of Serbs, Croats and Slovenes in 1925. The third patent 

"Distributor for brake systems with pressurized fluid" was 

adopted in 1928. 

Since they represented a completely new, 

revolutionary solution, these patents initially faced with a 

lot of resistance, but after numerous tests on the Zagreb-

Rijeka line, they were accepted by the International Union 
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of Railways in 1928. The complete solution is registered 

as a Božić brake. 

With Božić's automatic - indirect - inexhaustible 

brakes, there are three pressures: constant pressure in the 

working chamber of the main reservoir, variable pressure 

in the main line (1) and variable pressure in the brake 

cylinder (3). The air from the main reservoir, through the 

main line (1) is indirectly via the distributor and the 

auxiliary reservoir (2) introducing into the brake cylinder 

(3). Conversely to direct brakes, at the Božić brake in the 

unlocked position, the main line is under pressure and the 

brake shoes (4) are not in contact with the vehicle's wheel 

(Fig. 6a). In case of braking or rupture of the railway 

composition, the main line is emptied, atmospheric 

pressure prevails in it then, so the pressure from the 

auxiliary reservoir acts on the brake cylinder and braking 

occurs automatically (Fig. 6b). 

a) Unlocked position

b) Locked position

Figure 6. Simplified scheme of operation of Božić 

automatic - indirect - inexhaustible brake 

The role of the distributor is to distribute the air 

into the parts of the braking system such as: the main air 

line, the brake cylinder and the auxiliary reservoir. Božić's 

three-pressure distributor was designed in a such way that 

it solved the issue of gradual unlocking of railway vehicles 

for the first time in the world (Fig. 7).  Also, it eliminated 

the danger existed at the previous brakes with two 

pressures, that due to the emptying (exhausting) of the 

auxiliary reservoir on the long falls of the railway track, 

the necessary braking force will not be realized (Fig. 8). 

Unlike the hauled vehicles, traction vehicles 

(locomotives) also have a braking control device which is 

the central device of the train braking system. The Božić's 

braking control device gives commands for: 

▪ braking and unlocking all brakes in the train

▪ filling the brake system with compressed air

▪ compensation of losses due to unsealed brake devices,

i.e. maintaining the working pressure in the main line

▪ discharging of the main line into the atmosphere and

rapid braking.

Before the Serbian inventor Božić, no braking 

control device could automatically maintain a constant air 

pressure in the main line during the braking. Compared to 

earlier solutions, Božić designed the pressure adjustment 

in the relay chamber in an original way. Guided by the 

same principles according to which Božić designed his 

braking control device (Fig. 5), all modern braking control 

devices have the property of maintaining the working 

pressure in the main line during the braking and unlocking. 

In this way, brake exhausting is avoided, i.e., no matter 

how many times braking is performed, the braking force 

will have approximately the same value. 

Figure 7. Principle of operation of indirect (automatic, 

inexhaustible) - Božić brake 

Figure 8. Change of the air pressure in the brake cylinder 

of Božić brake 

These brakes are also called inexhaustible, because 

the auxiliary reservoirs are filled for all the time of braking 

and unlocking, so that the pressure in the brake cylinder 

remains constant. With Božić brakes, the reduction in the 

braking force can be done gradually. Gradual unlocking is 

enabled by a distributor with three distribution pressures: 

main air line - working (auxiliary) chamber (reservoir) - 

brake cylinder. 

Therefore, brakes at which gradual braking and 

gradual unlocking are possible, i.e., in which the auxiliary 

reservoirs are replenished for the entire time of braking 

and unlocking, while maintaining the maximum value of 

the braking force at any time, regardless of the repeated 

braking, are called inexhaustible (Fig. 9). 

The Božić distributor is designed so that it 

automatically adjusts the pressure in the brake cylinder for 

each load. This was achieved with special device that 

changed the value of the braking force depending on the 

deflection of the vehicle suspension. In this way, empty or 

lightly loaded railway vehicles are braked with smaller, 

and more loaded with greater braking force. Other 

countries at the time were developing brakes with two 

brake cylinders. In the case of an empty wagon, only one 

brake cylinder would work, and in the case of a loaded 

wagon, both brake cylinders would work. 
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Figure 9: The change of the pressure in the main line of 

Božić brake 

Because of their interests, large companies tried to 

criticize Božić's patents through their representatives. 

Despite, all later constructions of the braking system are 

based on Božić's (simpler, safer and cheaper) solution. 

Božić's brake system of railway vehicles have remained in 

an essentially unchanged form until today. In this way, the 

genius and superiority of Božić's solution was proven, and 

all the criticism "fell into the water" over time, because 

they were technically unfounded and encouraged only by 

the desire for profit and fame. 

In addition to previously realized and 

internationally accepted patents, Božić designed and 

proposed a device based on the principle of a centrifugal 

regulator which, at lower train speeds, would reduce the 

pressure in the brake cylinder to an appropriate measure 

and thus reduce braking force. This solution would prevent 

blocking the vehicle wheels during braking. In this way, 

the problem of changing the braking force depending on 

the speed of railway vehicles is solved [5]. Although 

Božić's solution preventing blocking the wheels, forming a 

"flat place" on the wheel and significantly shortening the 

stopping distance of railway vehicles, his proposal was not 

accepted at the time. 

This Božić's attitude was understood and accepted 

by science and profession only many years later and is 

used in modern railway brakes. Božić sold the license for 

his patent to the Czech company "Skoda". After the 

Second World War, Božić was unjustifiably declared as an 

enemy of the state by the new authorities and arrested on 

charges of collaborating with the occupier. He was 

released from the prison at the insistence of the Russians. 

Fearing that, in those troubled times, he would be arrested 

again and shot, and that he would be prevented from 

further work on perfecting the brakes of railway vehicles, 

with his family he secretly left Yugoslavia in 1948. 

In 1954, a special commission of the General 

Directorate of the Yugoslavian Railways considered the 

issue of the type of brakes that should be approved for use. 

Even then, the ''Metalski zavod Tito" in Skopje had 

purchased a license of the brake from the then little-known 

Swiss company Oerlikon and was just waiting for the 

decision of the commission to start production. Of course, 

the Collegium of the General Directorate, ignoring Božić's 

results, adopted the Commission's view that the Oerlikon 

brake is most suitable for Yugoslavian Railways and made 

the decision that in the future only that brake will be 

installed on all railway vehicles on Yugoslavian Railways. 

By unnecessarily spending money on a license, any further 

serious development of the brake of railway vehicles in 

Serbia was also prevented. 

5. CONCLUSION 

With his inventions, Dobrivoje S. Božić solved the 

hitherto unsolvable problems of braking of railway 

vehicles: he was the first who constructed and applied a 

distributor with three working pressures. He constructed 

the most efficient braking control device. Božić's designs 

of braking control devices and distributors solved the 

problems of automatic keeping of constant air pressure in 

the main air line during braking and unlocking, and at the 

same time increased the brake transmission speed of air in 

the main line from 80 to 150 m/s. His braking control 

device enabled the gradual braking and unlocking of the 

train and solved the problem of inexhaustibility of the train 

brake during braking. For modern brakes, the UIC 

prescribed a mandatory examination of the inexhaustibility 

of the brake, which was not obligatory in previous 

regulations. With his inventions, Božić solved the problem 

of overcrowding of the working chamber, as well as the 

problem of automatic change of braking force depending 

on the load of the railway vehicle. He was the first who 

solved and proposed the automation of passenger train 

braking as a function of speed, and for that he constructed 

a centrifugal regulator. Although this solution was not 

accepted at that time, today it is used in all (both passenger 

and freight) railway vehicles. 

In a completely new way, Božić significantly 

increased the degree of automation of the braking process 

and prevented frequent blocking and the formation of 

"flat" places on the wheels of railway vehicles. Božić's 

inventions enabled safer, better quality and more 

economical braking of railway vehicles. It was no longer 

necessary to employ a large number of braking operators 

who, in addition to train drivers, were obligatory 

participants in the movement of railway compositions. 

After Božić's discoveries, concept of diluted air brakes 

was definitely abandoned and it was decided to use brakes 

with compressed air. Also, the issue of two-distributed and 

three-distributed brakes has been resolved. The three-

distributed concept has been adopted as a more perfect, 

which enables gradual unlocking and ensures the 

inexhaustibility of the brake. Increasing the brake 

transmission speed enabled calmer and safer braking. 

Automation of braking depending on the load and speed of 

movement also contributed to more efficient and safer 

braking. This influenced the further, even faster, 

development of railway traffic in the whole world. The 

best judge of these conclusions is always immutable and 

impartial time, because all other developed systems of 

braking of railway vehicles have long been out of use. All 

later solutions of air brakes in the world are just 

improvements of Božić's inventions. His braking principle 

is unsurpassed and is the basis for all types of air brakes 

used to date. 

From all the above, we conclude that Božić's 

contribution to the development of brakes of railway 

vehicles is of planetary proportions, and in many cases, he 

was far ahead of the time in which he created [6]. We can 

Pressure in main line 

Full braking 

Braking Releasing 

Braking Releasing 

Pressure in brake cylinder 

Single-stage 
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rightly say that Dobrivoje Božić was even a forerunner of 

the development of the ABS (anti-lock braking system) 

with which road vehicles are equipped today. 

After the Second World War, Dobrivoje Božić was 

unjustly accused for cooperating with the enemy. All his 

property was confiscated, and he, fearing further and more 

drastic measures, emigrated with his family from 

Yugoslavia to the North America. He remained in exile 

until 1961, when, without a family, he returned to 

Belgrade permanently with a great desire to start the 

production of the most perfect brake of railway vehicles in 

the world. Having been left without a family and without 

property, he failed to fulfil this wish in the new state 

system, exposed to huge obstruction. The state 

government of that time, for reasons known only to them, 

was not ready to accept this invaluable gift. He died in 

Belgrade on October 13, 1967, at the age of eighty-two. 

 As an illustration of the positive influence of 

Božić, the words of Josip Švagel from Zagreb should be 

cited, who in the preface of his book "Brakes of railway 

vehicles" points out [7]: "... I should especially emphasize 

my gratitude to Mr. Dobrivoje Božić, who interested me in 

this important branch of railway technology with his 

brakes and personal influence, and is thus the real initiator 

of this book." "The extraordinary development of 

conduction brakes in the last decade, the great success in 

that field of our compatriot Eng. Božić, is looking for its 

interpreter."  

In the end, it can be concluded that the 

development of railway traffic is not the merit of one man, 

but it is the continuous improvement of many inventions 

of several generations of engineers and technicians of 

several countries, among which Serbia has a significant 

place thanks to mechanical engineer Dobrivoje S. Božić. 

Studying his work and life, it can be seen that Dobrivoje 

Božić is an example of a world inventor - a sufferer, 

although he did everything to enable everyone a safer, 

easier and better life. 

The life destiny of inventors like Dobrivoje S. 

Božić should not discourage future researchers. The 

greatest Serbian inventor Nikola Tesla also spoke about 

this in 1919, emphasizing [8]: "It is a difficult task for the 

inventor, who is often misinterpreted and not rewarded. 

However, he finds enormous compensation in the 

satisfaction that comes from his powers and the cognitions 

that he belongs to the class of extremely privileged people 

without whom humanity would have long ago disappeared 

in the difficult struggle against the ruthless forces of 

nature".  

Among other, in an interview with Nikola 

Karanović in 1963 in Belgrade, Dobrivoje Božić said: 

▪ "... all foreign copies of my brake are very

complicated and therefore unreliable, and at the same

time very expensive. For example, while my

distributor has 70 parts, foreign copies have even 200

parts."

▪ "Until recently, my brake was the only one with

automatic adjustment of braking power according to

the load of the wagon, which was done with a single

part, while all similar brake systems had only manual 

adjustment, and even very limited - only for empty or 

partially loaded wagon". 

▪ "Only when UIC prescribed my automatic

adjustment of braking power according to the load of

the wagon as obligatory in 1953, an attempt was

made to apply it to foreign copies, but the device was

incredibly complicated. That's why it works poorly

on the one hand, and on the other - it's very

expensive."

▪ "The production of my last universal type of brake is

obstructed in our country ... it was not enough for

them that foreigners earned billions by copying, but

they want foreigners to sell licenses for making those

bad and expensive copies to my homeland." The

Swiss company Oerlikon already succeeded in that

several years ago, and now the West German

company Knorr-Bremse is also trying to do that.

"(Price Božić - 330000 dinars, Erlikon - 530000

dinars).

▪ "So my country, instead to use my brake, which is

why I came here and whose improvement I am now

working on, has already issued a billion foreign

currency dinars to buy a license to produce a bad and

expensive copy of my brake!"
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      Leaf spring are widely used for the suspension system in trains and commercial vehicles to absorb vibrations and 

shocks. This paper deals with the methodology of analysis of the leaf springs of the freight 

railway wagons by using software package Ansys 14.5. The methodology is applied in a concrete 

example of leaf spring for axle load of 225 kN. The procedure of forming the CAD model of the leaf 

spring using AutoCad and Autodesk Inventor is exposed, as well as the development of numerical model 

in Ansys software package. The results of the static analysis of given leaf spring are 

presented and commented. 

Keywords: Leaf spring, FEM analysis, Wagon, Ansys

1. INTRODUCTION 

 

A leaf spring is a type of spring made by a number 

of plates (leaves) stacked upon each other in descending 

order of size. It is used to absorb shocks and vibrations in 

heavy commercial vehicles like trucks,trains,buses,etc. 

 

The leaf spring provides quite a few major 

advantages. Below, we have mentioned a few of the main 

benefits: 

• Leaf springs are simple in design 

• Leaf springs are light in weight and strong 

• Leaf springs provides good damping action  

• Leaf springs provides good support to the axle 

and the chassis 

• Leaf springs can withstand a large amount of load 

when compared to helical springs 

 

However, leaf springs have a series of shortcomings: 

manufacturing process and their maintenance is more 

expensive than other types of springs, their mass is larger, 

leaves are exposed to damage, friction force between the 

leaves depends upon the state of contact surfaces, and they 

are not convenient for horizontal impact amortization. 

Besides, they are not resistant to small forces, transmitting 

them to the solid body, thus leading to vibration and noise. 

It is for this reason that the contemporary passenger cars 

do not possess leaf springs. They can however be found 

only in older models of passenger cars. 

 

There are five different types of leaf springs: 

• Transverse 

• Eliptic 

• Semi-eliptic 

• Quarter-eliptic 

• Three quarter eliptic 

 

Different types of leaf springs are shown in Figure 1. 

 

 
Figure 1:Types of leaf spring 

     The material used for leaf springs is usually a plain 

carbon steel having 0.90 to 1.0% carbon. The leaves are 

heat treated after the forming process. The heat treatment 

of spring steel produces greater strenght and therefore 

greater load capacity, greater range of deflection and better 

fatique propeties. 

      The complete of leaf spring is composed of the main 

leaf (with eyes), other leafs, spring buckle and wedge. 
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Leafs are made of steel tapes which are bend in certain 

radius and subjected to the thermal treatment. Every leaf 

has on its upper side the longitudinal groove and on 

bottom side the appropriate longitudinal rib, which 

prevents mutual lateral movement of the leafs. The main 

leaf has on its ends the eyes for connection with the wagon 

underframe or bogie frame.  

The characteristic construction and dimensions of the leaf 

spring are shown in Figure 2. 

Figure 2: The characteristic construction of the leaf spring 

    In this paper we use FME analysis to solve static 

analysis of the leaf spring using modern software packages 

Ansys 14.5 [1,3]. 

2. LOAD CASES FOR LEAF SPRING CALCULATION

In this Section, a leaf spring on a 4-axle tank wagon with 

the following parameters was analysed: 

Gk  = 210  kN   -mass of the empty wagon 

Gos = 14,5 kN   - mass of the wheelset 

Gg  = 1,2   kN   -mass of the leaf spring 

nos  = 4  - number of axles 

ng   = 8  - number of leaf spring 

Pos = 225  kN  - maximum axle load 

    For leaf spring for axle load of 225 kN considered in 

this paper, the specific load cases are calculated in [2], and 

those are: 

Load case 1: The load of the leaf spring under 

empty wagon 

210 4 14,5 8 1,2
17,8 kN

8

k os os g g

k

g

G n G n G
F

n

−  −  −  − 
= = =

Load case 2: The load of the leaf spring under fully loaded 

wagon 

690
17,8 104,05 kN

8

t
t k

g

G
F F

n
= + = + =

Load case 3: The load of the leaf spring under fully loaded 

wagon in the dynamic regime 

max 1,3 104,05 135,265 kNd tF k F=  =  =

      The required stiffness, dimensions, number of leafs, 

stresses and safety factor, are determined. The defined 

geometry and the previous load cases are used for 

demonstration of procedure of analytical calculation of the 

leaf spring, as shown in the next chapters. 

3. FORMING CAD AND FEM MODEL

The first step is modelling the main leaf in 2D 

surrounding, for which AutoCAD is the most 

favourable, and it is used in this case. 

In next phase, formed dwg or dxf file with sketch is 

imported in software for 3D modelling - in this case 

Autodesk Inventor is used. After this, it is very simple to 

obtain 3D geometry of main leaf, as shown in Figure 3. 

Figure 3:The 3D geometry of leaf spring formed in 

Autodesk Inventor 

        The basis for forming the FEM model is previously 

formed CAD geometry which is imported in Ansys in 

form of IGES or STEP file. 

The values of parameters of the leaf spring material 

(spring steel 51Si7) are put in Ansys 14.5. (Figure 4). 

Figure 4: Values of parameters of the leaf spring material 
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In the next phase, supports are adjusted, as 

shown in Figures 5-7. 

 

 
Figure 5: Support 1. – only vertical translation allowed 

 

 
Figure 6: Support 2. – rotation and horizontal 

translation allowed 

 

 
Figure 7: Support 3. – rotation and horizontal 

translation allowed 

 

The finally generated FEM model is composed of 

28158 finite elements and 109598 joints (Figure 8). 

 

 

Figure 8:The finally formed FEM model of the leaf 

spring in Ansys 14.5 

 

       The applied force for third load case is 

shown in Figure 9.  

 
Figure 9:The applied force for third load case 

 

4. NUMERICAL RESULTS 

The obtained results for given load cases are 

shown in Figures 10-15. 

 

 
 

Figure 10: The deflection for load case 1 
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Figure 11: The equivalent stress for load case 1 

Figure 12: The deflection for load case 2 

Figure 13: The equivalent stress for load case 2 

Figure 14: The deflection for load case 3 

Figure 15: The equivalent stress for load case 3 

     In the final stage, the results obtained by the 

numerical calculation are compared with the results of 

analytical calculation (exposed in literature [2]). 

Figure 16: The comparative diagram of leaf spring 

deflection obtained by the FEM and analytical way for 

load case 1 
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Figure 17: The comparative diagram of leaf spring 

deflection obtained by the FEM and analytical way for 

load case 2 

 

 
Figure 18: The comparative diagram of leaf spring 

deflection obtained by the FEM and analytical way for 

load case 3 

 

5. CONCLUSION 

This paper uses analytic and numeric (FME) 

methods for constructing a leaf spring of a passenger car 

(rail). Save for the analytic method, the finite element 

method – FME was used. The 3D model of the leaf spring 

was developed in Autodesk Inventor Professional software 

suite, while the FME analysis was performed using Ansys 

14.5 software suite. 

Based on calculation results given by FME, a 

significant conclusion about the state of analyzed leaf 

spring construction can be drawn. In the first case, 

considering an empty wagon under the influence of a force 

of 17,8 kN, the deflection of the spring is 1,04cm, a 

characteristic result for such a force. In the second case, 

considering the full wagon under the influence of a force 

of 104,05 kN, the deflection of the spring is 6,09cm. This 

result was expected, and the value represents a difference 

of the arrow length between the empty and full wagon. In 

the third case, considering spring behavior under the 

influence of the maximum force of 135,26kN, the 

deflection is 7,92cm, which is an expected result. 

Based on obtained results, the following conclusion 

can be drawn: the analyzed construction of the leaf spring 

does satisfy all of the criteria, and it can be installed on the 

passenger car (rail). 
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Shimmns wagons are very common type of freight wagons that are used for transportation of heavy steel sheet coils, 

which are further used as an initial material in automotive and other industries. Due to frequent usage, and heavy loading, 

these wagons are prone to fatigue cracks, which, if not identified it time, could cause catastrophic failures. Therefore, these 

wagons must satisfy rigorous standards, and must be thoroughly analysed and tested. In this paper, we will present a 

methodology that combines experimental testing and Finite Element Analysis according to TSI standard and norm EN 

12663-2:2010. Measurements with strain gauges and stresses obtained by FEM calculation gives good agreement. FEM 

model is created in FEMAP software, and analysis was done using NX Nastran solver. Based on the agreement between 

numerical and experimental results, it can be concluded that the FEM analysis can be reliably applied during the 

designing of new wagons, or analysis of failures in existing ones. FEM analysis can be used to perform several design 

cycles virtually, thus reducing the number of the prototypes required for experimental testing. This can lead to great 

savings in time and money during the design of new wagons. 

Keywords: Finite Element Method, Freight wagon, Sheet coils, Fatigue strength analysis, Stress field

1. INTRODUCTION 

Finite Element Method (FEM) simulations are 

widely used for solving various problems in the heavy 

machinery industry because they reduce the time and cost 

of developing the new products [1]. FEM analysis results 

provide very useful information about the product and can 

indicate the potential problems that can be eliminated in 

the virtual environment. The second step in the design 

cycle is making a prototype, based on the results obtained 

using FEM. The strain gauges are placed where FEM 

analysis predicts the high stress concentration, and 

measurements are carried out for required load cases. 

When the prototype testing is finished, in a third step a 

comparative analysis of the results obtained by FEM 

calculation and experimental measurements on a prototype 

is performed. Measurement results and results obtained by 

FEM calculation must satisfy all requirements defined in 

the standards. 

In the case of SHIMMNS freight wagon analysis, 

presented in this paper, strength validation is done 

according to TSI standard [2] and norm BS EN 12663-

2:2010 [3].  

The paper is organized as follows. In the Chapter 2, 

the FEM model of the SHIMMNS freight wagon is 

described. This chapter also contains descriptions of 

analysed load case, standard requirements, safety factor 

and permissible stress. In the Chapter 3, we will present 

measuring procedure, positioning of the strain gauges and 

obtained experimental stress values. Chapter 4 features 

FEM results and their comparison with experimental data.   

In the conclusion, FEM analysis results and experimental 

data are discussed, and based on these results, we can 

conclude that analysed SHIMMNS wagon satisfy all of the 

safety requirements defined by standards [2], [3]. 

2. FEM MODEL OF SHIMMNS WAGON 

The SHIMMNS freight wagons are used for the 

transportation of sheet metal coils, placed on five wagon 

saddles as shown in the Fig. 1. 

   
Figure 1: SHIMMNS wagon 

These coils can have different diameter, length, 

mass, and different saddle placement. Wagon must be able 

to withstand a wide range of load cases set by the 

International Union of Railways (UIC). 

FEM analysis, according to standards [2] and [3] 

was performed using the NX Nastran solver, which is built 

in FEMAP pre and post-processor [4]. FEMAP is used to 

create a finite element mesh, that primarily consists of 

shell elements, which have appropriate thicknesses in 

accordance with the part of construction. Some 3D 

elements were also used for modelling of support plates, 

relief ring, traction device. The construction is modelled in 

detail with 153420 elements and 151650 nodes, and the 

system of about 900 thousand equations is solved during 

the calculation. The average size of the element is 40 mm 

Full FEM model is shown in the Fig. 2. 
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Figure 2: FEA model of SHIMMNS wagon 

In the most of the load cases, due to symmetry, we 

were able to use one quarter of the model, shown in the 

Fig. 3, which saved us a lot of computational time. 

Figure 3: One quarter FEA model of SHIMMNS wagon 

The main characteristics of the SHIMMNS wagon, 

according to [5] are given in Tab. 1. 

Table 1: Technical data of wagon type SHIMMNS 

Track width 1435mm 

Gauge G1 

Length over buffers 12240mm 

Length without buffers 10800mm 

Distance between the central bolts 7200mm 

Load opening width 2400mm 

Max. axle load 20t 

Buffer height 1.060 
−

+

5

10 mm 

Tare weight 23t±3% 

Max. cargo weight 57 t 

Max. speed (empty/loaded) 120/100km/h 

Bogie type Y25 Cst 

The smallest curve radius 70m 

The wagon is made of steel S355J2+N, with the 

following characteristics, shown in Tab. 2. [5]. 

Table 2: Material characteristics of S355J2+N 

Physical Characteristics 

E N/mm2 ρ kg/mm3 ν 

2.10·105 7.85·10-6 0.3 

Mechanical Characteristics 

Re N/mm2 Rm N/mm2 KV J 

355 510 27 

According to UIC 577 and BS EN 12663-2: 2010 

[3], Clause 5.2.3.1 Tab. 6, the analysis is performed in the 

case of maximum load of the wagon. Here, the value of 

the maximum load is increased 1.3 times (30%) in relation 

to the nominal load, in order to take the dynamics into the 

account. 

The maximum weight of steel coils that this wagon 

can carry is 57 tons, as shown in Tab. 1, and this weight 

can include the combination of different diameters and 

widths of the coils shown in Tab. 3. 

Table 3: Maximum loading of the cradle and dimensions 

of the steel coils 

Cradle number Coil diameter mm Load t 

1 1000 – 2250 28 

2 800 – 1700 17 

3 1000 – 2250 33 

4 800 – 1700 17 

5 1000 – 2250 28 

In accordance with EN 12663-2:2010 [2], clause 

6.2.2.1 Tab. 18 and Tab. 19, and based on the material 

characteristics given in Tab. 2, in this paper, we can 

calculate permissible stress in parent material, and in the 

welded joints, shown in Tab. 4. 

Table 4: Safety factors and permissible stress in parent 

material and welded joints 

Material 
Safety 

factor S1 

σcmax 

MPa 

S355J2+N 1.0 355 

Parent material in the immediate 

vicinity of welds (S355J2+N)  
1.1 323 

Safety factors specified in Tab. 4. cover static load 

cases defined in EN 12663-2:2010 [3]. Also, in accordance 

with EN 12663-2:2010, Clause 6.2.2.1, the maximum 

deflection on the underframe should not exceed 3‰ of the 

wheelbase from the initial position. In accordance with the 

data given in the Tab. 1, the maximum deflection at half 

the distance between wheelbase must not exceed 21.6mm. 

Horizontal, vertical load cases, load combinations 

and lifting load cases were analyzed using FEM. Vertical 

load cases cause the highest stress values in the significant 

loaded zones and unfavorable vertical load case is used for 

comparative analysis of experimental and numerical 

results.   

According to the technical characteristics of four– 

axle bogie wagon type SHIMMNS for transporting sheet 

metal coils [5], given in Tab.1, the maximum vertical load 

of the wagon is 57t. Accordingly, and respecting the 

limitations regarding the maximum load of cradles given 

in Tab 3, six cases were performed within the analysis of 

the vertical load. 

In the first load case the second and fourth cradles 

are loaded with 12t each, with medium sized coils that 

have a diameter of 1700mm, and width 1000mm, while 

the middle cradle is loaded with the maximum size coil 

that according to Tab. 3, has a diameter of 2250mm, width 

1000mm and weight of 33t. This combination corresponds 

to the maximum load capacity of the wagon, which is 57t. 

In this paper, we will present experimental testing 

of the wagon according to the first vertical load case [2] 

(unfavorable vertical load case) which is shown in the Fig. 

4, and afterwards we will show the additional FEM 

analysis which is used to replicate experimental conditions 

and to verify calculated stress. 
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Figure 4: First load case for SHIMMNS wagon analysis 

3. EXPERIMENTAL MEASURING OF STRESS IN 

SHIMMNS WAGON 

Analysed model has two main subassemblies: 

underframe and superstructure. Based on the initial FEA 

results, strain gauges are placed on the wagon structure, 

their positions are given in the technical drawings shown 

in the Fig. 5. (position of strain gauges on underframe) and 

Fig. 6 (position of strain gauges on superstructure and 

cradles). 

   
Figure 5: Underframe technical drawings with strain gauge positions 

 
Figure 6: Superstructure technical drawings with strain gauge positions 
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Unfortunately, coils with the exact dimensions 

given in the Fig. 3. were not available for testing, so the 

closest ones at hand were placed on cradles 2 and 4, and 

the largest coil in the middle cradle is substituted with a 

combination of 3 coils. Dimensions of the experimental 

coils are given in Tab. 5, and their placement on 

SHIMMNS wagon cradles is shown in the Fig. 7.  

Table 5: Experimental setup for the first load case 

Cradle number Coil dimensions mm Load t 

2 ϕ 1400x1500 11.66 

3

ϕ 1400x1500 

ϕ1400x1500 

ϕ 1400x1500 

11,8+0,85+ 

7,26+9+1,6 

=30,51 

4 ϕ 1400x1500 11.66 

Figure 7: Experimental setup for the first load case 

Strain gauges are shown in the Fig. 8. and Fig. 9. 

Figure 8: Strain gauge P16 

Figure 9: Strain gauge P13 

Data acquisition equipment is shown in the Fig. 10. 

Figure 10: Data acquisition equipment 
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Stress obtained experimentally by gradual, 

incremental loading are shown in Tab. 6. 

Table 6: Experimental measurements results 

Stress MPa 

Strain gauge 
Load t 

11,05 23,32 35,12 53,83 

P1 -14,960 -27,271 -40,36 -63,2 

P2 0,954 -1,28 -1,116 0,173 

P3 0,211 -4,337 -6,759 -10,42 

P4 1,972 1,703 2,745 3,401 

P5 1,857 -0,102 0,159 0,078 

P6 -0,448 -0,341 -0,177 -0,074 

P7 0,547 0,315 1,178 2,934 

P8 1,000 13,006 14,821 17,337 

P9 -1,514 -1,498 -4,129 -7,918 

P10 14,658 24,691 50,972 91,693 

P11 3,336 2,122 19,283 46,619 

P12 -4,702 -3,714 3,333 13,743 

P13 -4,939 -10,201 -20,63 -37,33 

P14 0,157 2,05 16,031 37,004 

P15 10,816 23,13 45,091 78,301 

P16 0,626 -10,624 -21,24 -36,68 

P17 -1,642 -1,909 -3,829 -6,931 

P18 3,631 12,989 13,539 14,083 

P19 - - - - 

P20 0,793 -0,176 -0,253 -0,19 

K1 -2,713 -7,73 -8,485 -10,17 

K2 -0,618 0,169 -1,137 -5,437 

K3 16,985 -21,188 -19,52 -17,61 

K4 -2,399 55,958 74,489 80,549 

K5 15,301 10,026 31,578 66,241 

K6 -4,483 -34,452 -34,91 -35,64 

K7 10,448 3,479 1,982 1,603 

K8 -0,784 -0,615 -2,347 -5,737 

K9 7,166 -2,389 -25,66 -59,14 

K10 -1,681 -4,556 -6,625 -9,733 

K11 -0,651 9,28 -14,92 -25,2 

K12 0,919 -3,405 -4,487 -6,581 

K13 2,546 3,373 5,528 10,768 

K14 -2,283 0,286 0,726 1,327 

K15 -9,789 -23,434 -33,40 -45,55 

K16 0,043 -29,033 -45,91 -71,45 

K17 -0,495 -7,521 -14,97 -26,74 

K18 -2,115 6,388 19,147 38,035 

K19 3,041 -3,79 -8,158 -14,52 

K20 -3,527 -4,002 -8,235 -13,94 

For subsequent comparison with FEM results, we 

considered only stress greater than 20 MPa which are 

emphasized in Tab. 6. 

4. FEM RESULTS AND COMPARISON WITH 

EXPERIMENTAL DATA 

Subsequent FEM analysis was done for the realistic 

experimental load case defined in Tab 5, which slightly 

different from the initial load case shown in the Fig. 4. 

Von Mises stress field in one quarter model is shown in 

the Fig. 11. to Fig.16, for different viewing angles, and 

zoomed in areas with high stress values. 

 
Figure 11: Von Mises equivalent stress field, view 1 
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Figure 12: Von Mises equivalent stress field, view 2 

Figure 13: Significant loaded zones, view 3,4 

Figure 14: Von Mises equivalent stress field, view 5 
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Figure 15: Von Mises equivalent stress field, view 6 

  

Figure 16: Significant loaded zones, view 7,8 

Longitudinal displacement is shown in the Fig. 17.  
  

 
Figure 17: Longitudinal displacement field – UZ  

  

The FEM results show good agreement with 

experimental data, and that Von Mises equivalent stress in 

both parent material and welded joints [6] is far less than 

permissible stress, as can be seen in Tab. 7. 
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Table 7: Comparison between experimental and FEM 

results 

Stress MPa 

Strain 

gauge 
Measured value FEM analysis 

Permissible 

stress 

P1 -63,2 -64.88 216 

P10 91,639 92.23 238 

P11 46,619 46.11 238 

P13 -37,33 -36.42 216 

P14 37,004 46.11 238 

P15 78,301 92.23 238 

P16 -36,68 -36.42 216 

K4 80,549 60.09 216 

K5 66,241 65.66 216 

K6 -35,64 -34.55 216 

K9 -59,14 -62.61 238 

K11 -25,2 -25.93 238 

K15 -45,55 -47.74 216 

K16 -71,45 -62.3 216 

K17 -26,74 -44.77 216 

K18 38,035 -44.77 216 

Due to the lack of appropriate measuring 

equipment, the maximum deflection at half the distance 

between wheelbase is not experimentally confirmed, but 

based on stress agreement between FEM and experimental 

testing, we can vouch that this condition is satisfied as 

well, as shown in Tab. 8. 

Table 8: Maximum deflection at the middle of the wagon 

Measured 

deflection 
FEM result 

Permissible 

deflection 

- 7.152 21.6 

5. CONCLUSIONS

In this paper numerical analysis of SHIMMNS type 

wagon is presented along with the experimental 

verification. According to standards [2] and [3], this type 

of wagon must be certified to withstand numerous loading 

conditions that can occur during its exploitation. However, 

experimental validation can be difficult, impractical and 

expensive, so FEM analysis is used to refine wagon design 

before the first prototype for testing is constructed. Six 

vertical load cases are analysed using FEM according to 

wagon specifications, and in this paper only the first load 

case is presented. Exact loading of wagon cradles was 

impossible to experimentally recreate due to the lack of 

sheet coils with specific dimensions and weight, however, 

the deviation from the targeted values can be neglected 

having in mind the difference between stress calculated 

using FEM and experimental values on one side, and 

permissible stress on the other side.  

Analysed wagon satisfies all safety criteria defined 

in the standards [2] and [3], but its tare weight/cargo 

weight ratio makes it inferior to the competition, so 

optimization of wagon is required in order to reduce tare 

weight and to increase its cargo capacity, which will 

require multiple repetition of design changes and FEM 

analysis cycles. 
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Influence of the traction force and the speed of movement on the 

strength characteristics of the locomotive axles 
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The article presents the dependencies obtained when researching the load on the locomotive axles, depending on the 

traction force and the speed of movement of the locomotive. The traction characteristic of the locomotive is the relationship 

between the traction force achieved by the traction motors and the speed of movement, and it is different under different 

driving conditions. Different modes of operation of locomotive axles are considered. A simulation of the axles’ behaviour 

has been developed. The strength and deformation characteristics of the locomotive axles under different loading modes 

are calculated. A comparative analysis of the strength characteristics of locomotives with different classes of transmission 

mechanisms has been made. 

Keywords: locomotive axles, strength characteristic, comparative analysis, traction characteristic, strength analysis, 

simulation, traction force

1. INTRODUCTION 

Locomotive axles are subjected to heavy and 

variable loads during their operation. As a result, they 

accumulate fatigue of the material, leading to unacceptable 

failures in them. These failures are unacceptable because 

locomotive axles have a direct impact on the safety of 

trains and rail transport in general. The change in the load 

of the locomotive axles depends mainly on the magnitude 

of the torque with which they are loaded during the 

realization of the traction forces of the locomotive. Since 

the traction force is not constant, the load on them is 

variable. The traction force of a locomotive is a function 

of the current in the traction motors and the gear ratio of 

its axle gearbox and varies for the different power 

transmitted by the locomotive at different speeds. The 

present study aims to determine specific quantitative 

values of the strength characteristics of the locomotive 

axles depending on the traction force realized by the 

locomotive and its speed. 

In the study, electric locomotives with individual 

drive of the axles with the help of a traction motor and a 

single-speed gear of the transmission mechanism were 

observed. 

2. TRACTION FORCE AND TRACTION 

CHARACTERISTICS OF LOCOMOTIVES 

The movement of trains on the track is considered 

to be translational, i.e., as if all its points have the same 

velocities in both direction and magnitude. In other words, 

the train is seen as a material point. The accepted 

assumption does not affect in any way the results of the 

train running calculations. 

The study used the data and designs of the 

transmission mechanisms of several series of locomotives 

used in railway transport in Bulgaria: type of 43, 44, 45, 

which have the same design parameters of the 

transmission mechanism, types of 46 and 86. 

The first two types of locomotives (43-45 and 46) 

are constructed with transmission mechanisms – support-

frame suspended traction motor and support-axle 

suspended wheel axle reducer (Fig. 1). In the considered 

locomotives the transmission of the torque is carried out 

by means of a cardan shaft, placed in the hollow shaft of 

the traction motor, as in locomotives 43, 44 and 45 this is 

carried out by a cardan shaft and hinged connections at 

both ends, and in locomotives 46 - with using a shaft with 

gear clutches at both ends. 

Locomotives of type of 86 have a transmission 

mechanism of the third kind - support-frame suspended 

traction motor and wheel axle reducer and one-sided 

transmission of torque with a hollow shaft placed on the 

axis of the wheel axle (Fig. 2). The transmission of the 

torque from the traction motor to the motor wheel is 

carried out by means of a gear, as the big gear is attached 

to the hollow shaft by means of elastic (rubber-metal) 

joints. In turn, the hollow shaft mounted on the drive 

wheel is connected to one of the wheels in the same way - 

by means of an elastic connection. 

Figure 1 
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All this leads to a different distribution of the load 

on the motor wheel, as well as a different distribution of 

forces along it. 

The formation of the traction force in the 

considered types of locomotives (with individual drive of 

the axles by traction electric motors) is carried out by the 

following mechanism: 

When the current enters the traction motor of its 

armature, a torque M1 occurs, which is then transmitted to 

the locomotive of the locomotive by means of the gear. 

The moment M1 can also be represented as a pair of 

forces, one of which Z1 is applied at the point of contact of 

the teeth of the gears, and the other Z2 is applied in the 

centre of the engine (Fig. 3). Therefore, 

From where: 

But the force Z1, acting on the large gear, 

generates torque: 

Substituting the force Z1 with its value, we 

obtain: 

In the above dependencies: 

M1 - torque created by the traction motor 

armature; 

M2 - torque acting on the large gear; 

Z1 - force applied at the point of contact of the 

two gears; 

Z2 - force applied in the centre of the rotor of the 

traction motor; 

r1 - radius of the small gear pressed on the shaft of 

the traction motor; 

r2 - radius of the large gear pressed on the axis of 

the motor wheel; 

l - length of the arm from the centre of the rotor

of the traction engine to its jet support; 

R - radius of the wheel of the motor wheel on its 

rolling surface; 

A1 - point of contact of the teeth of the gears; 

A2 - centre of rotation of the rotor of the traction 

motor; 

A3 - centre of rotation of the motor wheel; 

A4 - point of suspension of the reaction; 

P - part of the weight of the locomotive, falling 

on the respective motor wheel (axle load); 

V - direction of movement of the crew. 

Figure 3 

The proposed considerations apply to 

locomotives with second-class transmission mechanisms. 

With small additions to the above dependencies, they can 

also be adapted for locomotives with third-generation 

gears. 

The traction characteristic of the locomotive is a 

graphical relationship between the tangential traction force 

Fk and the speed of the train V at different modes of 

operation of the locomotive power system and within the 

limits of reliability, stability, and safety. 

To assess the impact of the torque created on the 

drive wheel in order to realize the traction force of the 

locomotive, it is necessary to take into account both the 

values of traction force and the speed at which they are 

realized, i.e., to analyze the traction characteristics of each 

type of locomotive in order to calculate the load on the 

motor axles at each operating mode. 

3. WHEELSET LOAD

The forces to be taken into account in the design 

calculations of the axle shall be determined so as to 

represent a constant fatigue load applied over the entire 

service life of the element, which is equivalent to the full 

sum of the various loads occurring during operation (Fig. 

3). 

The forces acting on the locomotive axles are 

caused by: 

• The mass of the locomotive:

o Q1 and Q2 - vertical forces applied in the axle

necks arising from the mass of the locomotive together 

with the mass of the bogies in which the respective axles 

are located, N; 

o Z1 and Z2 - vertical reactions occurring at the

contact points between the wheels and the rails due to the 

mass of the locomotive, N; 

Y1 and Y2 - horizontal reactions occurring at the 

contact points between the wheels and the rails due to the 

movement of the locomotive in a curve, N; 

Fi - force generated by the unsprung masses pressed 

on the axis between the necks. This force exists only in 

Figure 2 
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locomotives whose transmission mechanisms are of the 

second kind with axially suspended axle gearboxes. In this 

case these are locomotives 43, 44, 45 and locomotives 46, 

N; 

F'iz - vertical component of the traction force 

realized by the locomotive. This force exists only in 

locomotives whose transmission mechanisms are of the 

second kind with axially suspended axle gearboxes. In this 

case these are locomotives 43, 44, 45 and locomotives 46, 

N; 

The braking process - in the present study these 

forces will not be considered; 

The traction forces that the locomotive realizes: 

X'1 and X'2 - horizontal reactions arising from the 

traction forces and applied at the points of bearing of the 

axle with the axles, N; 

Z'1 and Z'2 - vertical reactions arising from the 

traction forces and applied at the points of bearing of the 

axle with the axles, N; 

F'iz - vertical component of the force F'i, generated 

by the torque of the traction motor, N; 

In addition to the listed forces, the main role in the 

load of the locomotive wheel is played by the torque 

generated by the current in the traction motor, which is the 

primary reason for creating the traction forces realized by 

the locomotive. In the case of second gears (locomotives 

43, 44, 45 and 46) this is done with the help of the axle 

mounted on the axle (Figs. 4 and 5), and in the case of 

locomotives with third gear (locomotive 86) - by means of 

a hollow shaft mounted on the axle of the axle, which is an 

intermediate element between the large gear and one of the 

driving wheels of the axle, connected to each other by 

elastic metal-rubber elements (Fig. 6). 

 
Figure 4 

 

 
Figure 5 

 

 
Figure 6 

 

4. MODELING AND STRENGTH ANALYSIS OF THE 

WHEELSETS 

The strength analysis of the wheelsets was 

performed using the finite element method (FEM). 

For the successful analysis of the considered nodes 

the accuracy of the chosen model is of special importance. 

It should be as close as possible to the actual design, while 

being simple enough and not complicating the calculations 

unnecessarily. The loads in the selected model must also 

correspond as much as possible to the actual ones in terms 

of size, location and direction, and the selected supports 

must sufficiently provide the necessary degrees of freedom 

of the considered elements. 

The three-dimensional model of the axles of the 

various locomotives is made with the help of a computer 

program and is integrated into the software product 

ANSYS Workbench, with the help of which the strength-

strain analysis is made. 

In the analysis, the results for the following 

parameters were examined: 

• Equivalent stress; 

• Equivalent elastic strain; 

• Total deformation; 

• Safety factor under static load; 

• Fatigue tool safety factor; 

• Fatigue tool, Life; 

5. RESULTS OF THE CONDUCTED SIMULATIONS 

The simulations were performed at a certain speed 

(respectively, rotation at a certain angular speed), varying 

from rest at the moment of departure (0 km / h) to the 

design speed at the maximum torque corresponding to the 

set speed according to the traction power of the 

locomotive in question. 

5.1. Wheelsets of locomotives 43-45 

5.1.1. Equivalent stress acting on the wheelset. 

In fig. 7 shows the results obtained during the 

simulation for the equivalent stress acting in the axle of 

locomotives 43-45, and two graphs are formed: for the 

maximum effective stress obtained in the holker (the 

transition between the two subhead parts - the wheel and 

the gear - fig. 8) and for the average for the axle stress in 

the whole range of speeds. The maximum stress takes 

values from 108.43 MPa at start-up to 103.43 MPa at 

maximum speed and decreases by 4.83%. The tendency of 

the values of the maximum stress is towards continuous 

decrease. At the average value of the stress acting on the 

wheel, the maximum value initially assumes a value of 
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3.92 MPa, with an increase in speed there is a slight 

tendency to decrease to 3.78 MPa at 30 km / h. This trend 

intensifies and the minimum value reaches the average 

equivalent stress at 70 km / h - 3.35 MPa, after which the 

values begin to increase and the highest value of 5.195 

MPa it reaches at a maximum speed - 130 km / h. The 

average equivalent stress between 0 and 30 km / h tends to 

decrease by 3.8% (between 3.92 and 3.78 MPa), and 

between its minimum value at 70 (3.35 MPa) and the 

maximum at 130 km / h (5,195 MPa) increased by 35.5%. 

Figure 7 

Figure 8 

5.1.2. Equivalent elastic strain 

The maximum value of the equivalent elastic strain 

of the wheel is observed in the holker and decreases with 

increasing speed, the decrease being 4.82% (Fig. 9). 

Figure 9 

5.1.3. Total deformation 

The total deformation of the wheelset illustrates its 

deformation under load in operating conditions from rest 

to movement at the maximum allowable speed for the 

locomotive (Fig. 10). The change in deformation along the 

wheel itself under different operating conditions increases 

from 0.206 mm when starting to 0.219 mm at a maximum 

speed in the range of 5.95%. 

Figure 10 

5.1.4. Safety factor under static load 

The distribution of this indicator in the different 

operating modes is shown in fig. 11. The trend is towards 

continuous growth. Its values increase from 2.3 at the time 

of departure to 2.717 at maximum speed, i.e., with 4.6%. 

Figure 11 

5.1.5. Fatigue tool safety factor 

The change in the fatigue safety factor is illustrated 

in fig. 12. Its value increases at different loads in the 

whole speed range by 4.61%, as the minimum is 0.795 

when starting, and the maximum - when driving at 

maximum speed - 0.833.  

Figure 12 
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5.1.6. Fatigue tool, Life 

 
Figure 13 

The change in the longevity indicator of the wheel 

is illustrated in fig. 13. This indicator varies in the range 

from 266890 cycles when starting to 350130 when driving 

at maximum speed, i.e., it increased by 23.77%. The 

maximum is at the weakest point of the wheel - the holker 

between the two subheadings - the wheel and the gear. 

5.2. Wheelsets of locomotives 46 

5.2.1. Equivalent stress acting on the wheelset. 

In fig. 14 shows the results obtained during the 

simulation for the equivalent stress acting in the axle of 

locomotives 46, and two graphs are formed: for the 

maximum effective stress obtained in the holker (the 

transition between the head parts of the wheel and the gear 

- Fig. 15) and the average for the axle stress over the entire 

speed range. The maximum stress takes values from 

239.22 MPa at start-up to 238.16 MPa at maximum speed 

and decreases by 0.45%. The tendency of the values of the 

maximum stress is towards continuous decrease. At the 

average value of the stress acting on the rim, the maximum 

value initially assumes a value of 4.00 MPa, where with 

increasing speed there is a slight tendency to decrease to 

30 km / h. This trend is slightly intensifying, and the 

minimum value of the average equivalent stress is reached 

at 50 km / h - 3.76 MPa, after which the values begin to 

increase and the highest value of 7.29 MPa it reaches at a 

maximum speed - 130 km / h. The average equivalent 

stress between 0 and 30 km / h tends to decrease by 

1.88%, and from 50 to 130 km / h increases by 48.43%. 

 
Figure 14 

 
Figure 15 

5.2.2. Equivalent elastic strain 

The values of the equivalent elastic strain of the 

wheel are shown in fig. 16. The maximum value of the 

equivalent elastic elongation of the wheel is observed in 

the holker and decreases with increasing speed, the 

decrease is 0.48%. 

 
Figure 16 

5.2.3. Total deformation 

The total deformation of the wheelset under load in 

operating conditions from rest to movement at the 

maximum allowable speed for the locomotive (Fig. 17). 

The change in deformation along the wheel under different 

operating conditions increases from 0.135 mm when 

starting to 0.167 mm at a maximum speed in the range of 

19.03%. 

 
Figure 17 

5.2.4. Safety factor under static load 

The change of this indicator for the wheel axles of 

locomotives 46 is illustrated in fig. 18. The trend is 

towards continuous growth. Its values increase slightly 

from 1.045 at the time of departure to 1.049 at maximum 

speed, i.e., with 0.44%. 
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Figure 18 

5.2.5. Fatigue tool safety factor 

The change in the fatigue safety factor in the axles 

of locomotives 46 is illustrated in fig. 19. Its value 

increases at different loads in the whole speed range by 

0.44%, as the minimum is 0.3603 when starting, and the 

maximum - when driving at maximum speed - 0.3619.  

Figure 19 

5.2.6. Fatigue tool, Life 

Figure 20 

The change in the durability index for the axles of 

locomotives 46 is illustrated in fig. 20. This indicator 

varies in the range from 13655 cycles when starting to 

13864 cycles when driving at maximum speed, ie. it 

increases by only 1.51%. 

5.3. Wheelsets of locomotives 86 

5.3.1. Equivalent stress acting on the wheelset. 

In fig. 21 shows the results obtained during the 

simulation for the equivalent stress acting in the axle of 

locomotives 86, and two graphs are formed: for the 

maximum effective stress obtained in the transition 

between the pre-head and sub-head part of the axle at the 

wheel-clamping point and for the mean for the axle stress 

in the whole range of speeds. The maximum stress takes 

values from 969,790 MPa at start-up to 969,470 MPa at 

maximum speed and decreases by 0.03%. The tendency of 

the values of the maximum stress is towards continuous 

decrease. At the average value of the stress acting on the 

wheel, the maximum value initially assumes a value of 

11,883 MPa, with an increase in speed there is a slight 

tendency to decrease to 80 km/h. This is the minimum 

value of the average stress, after which the values begin to 

increase and the highest value of 14,293 MPa it reaches at 

a maximum speed - 170 km/h. The average equivalent 

stress between 0 and 80 km/h tends to decrease by 0.79%, 

and from 80 to 170 km/h increases by 17.03%. 

Figure 21 

Figure 22 

5.3.2. Equivalent elastic strain 

The values of the equivalent elastic strain of the 

wheel are shown in fig. 23. The maximum value of the 

equivalent elastic elongation of the axle is observed in the 

transition between the pre-head and sub-head part of the 

axis and decreases with increasing speed of movement, as 

the decrease is by 0.48%. 

Figure 23 
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5.3.3. Total deformation 

The total deformation of the rim illustrates its 

deformation under load in operating conditions from rest 

to movement at the maximum allowable speed for the 

locomotive (Fig. 24). The change in deformation along the 

wheel itself for the entire speed range remains constant. 

 
Figure 24 

5.3.4. Safety factor under static load 

The change of this indicator for the wheel axles of 

locomotives 86 is illustrated in fig. 25. The trend is 

towards continuous growth. Its values increase slightly 

from 0.25779 at the time of departure to 0.25787 at 

maximum speed, i.e., with 0.03%. 

 
Figure 25 

5.3.5. Fatigue tool safety factor 

The change in the fatigue safety factor in the 

locomotives of locomotives 86 is illustrated in fig. 26. Its 

value increases at different loads in the whole speed range 

by 0.03%, as the minimum is 0,08889 when starting, and 

the maximum - when driving at maximum speed - 

0,08891.  

 
Figure 26 

 

5.3.6. Fatigue tool, Life 

 
Figure 27 

The change in the durability index for the axles of 

locomotives 46 is illustrated in fig. 27. This indicator 

varies in the range from 3881200 cycles when starting to 

3877900 cycles when driving at maximum speed, ie. it 

decreased by 0.08%. The minimum value is marked in the 

transition between the pre-head and sub-head parts of the 

axle on the side of the wheel, which is not connected to the 

driving hollow axle. 

6. ANALYSIS OF THE OBTAINED RESULTS 

From the obtained results it can be concluded that 

the strength characteristics of the axles of the considered 

locomotives in most cases show dependence on both the 

change of the torque and the change of the speed of the 

locomotive. This dependence is dominated by two factors 

to varying degrees: at low speeds torque dominates due to 

the nature of the traction characteristics of locomotives, 

then the main factor is the speed due to its increased 

values on the one hand and on the other due to reduced 

values of torque, again due to the nature of the traction 

characteristics of the locomotives. 

Another characteristic feature of the change in the 

strength characteristics of the axles is that no characteristic 

bend is observed in their graphs when the design speed of 

the locomotives is exceeded, regardless of the type of their 

transmission mechanism. This, in turn, once again proves 

the influence of the speed of the locomotive, respectively 

the speed of rotation of the axle. 

The maximum equivalent stress obtained in the 

heaviest loaded sections of the wheelsets of all three 

locomotives shows a tendency to decrease with increasing 

speed. The decrease is most noticeable for locomotives 43-

45 - 4.83%, for locomotives 46 - 0.45% and most 

imperceptible for locomotives 86 - 0.03%. This shows that 

the places where the highest values of stresses are obtained 

remain potentially dangerous throughout the entire 

wheelset load range, respectively over the entire speed 

range of the locomotive. On the other hand, the almost 

constant high stress obtained in the most endangered 

sections of the axles gives sufficient reason for designers 

to think of new ways and methods to strengthen these 

potentially most dangerous in terms of strength, without 

applying the same methods to others. sections where the 

loads are not so high. 

An interesting picture is presented by the graphs of 

change of the average equivalent stress acting on the axles, 

which show a change of its values in both directions: to 

increase and to decrease, depending on the change of 

torque and speed of movement. In the three cases there is 
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an initial retention of the values around the initial one 

obtained when starting the locomotive, followed by a 

decrease in the range from ½ to ⅓ of the maximum speed, 

after which the stress increases rapidly and reaches a 

maximum value between 1.2 and 1.8 times -higher than 

when starting, obtained at maximum speed of the 

locomotive. This shows that at the values of the average 

equivalent stress acting on the axles, the speed of 

movement has a greater influence than the torque applied 

to them. 

The maximum equivalent relative strain of the 

axles shows a steady downward trend with increasing 

speed, which is a clear sign of the predominant influence 

of speed before torque on the condition of the axles. The 

largest difference in the values of this indicator is observed 

for locomotives 43-45 – 4.82%, while for the other two 

types of locomotives it is 1.48% (for locomotives 46) and 

0, 23% (for locomotives 86). This can be explained both 

by the structural features of the axle and, in particular, by 

the choice of material for its manufacture, which for these 

locomotives is high-carbon steel with greater elasticity. 

The total axle deformation in locomotives 43-45 

and 46 also shows a tendency to increase the values with 

increasing speed, as for locomotives 43-45 it is 5.95%, and 

for locomotives 46 - 19.03%. The latter can be explained 

by the particularly high values of traction force, 

respectively torque, at the maximum speed of the 

locomotive (9.79 kNm for locomotives 46 at 6.18 kNm for 

locomotives 43-45 and 6.98 kNm for locomotives 86). 

Unlike the other two types of locomotives, in locomotives 

86 there is a complete invariability of the results of the 

total deformation - it remains the same for the entire speed 

range of the locomotive. This proves the advantages of this 

type of transmission mechanism, which subjects the axle 

to the same operating conditions during operation, 

regardless of its operating modes. 

Safety factors are parameters that show the reserve 

of axle strength, providing them with the ability to 

withstand loads greater than the nominal in different 

operating modes. The general trend observed is that both 

the static load safety factor and the fatigue safety factor 

have the lowest values when starting – a fact that proves 

once again that at the time of start and at low speed and 

high torques the reserve of axle strength is the smallest. As 

the speed increases, both coefficients increase their values 

(respectively 4.6% and 4.61% for locomotives 43-45, 

0.44% for both coefficients for locomotives 46 and 0.03% 

for both coefficients for locomotives 86), as in 

locomotives 43-45 and 46 this happens smoothly for both 

coefficients, and in locomotives 86 the increase is stepped, 

as this is more pronounced for the coefficient of safety 

under static load and not so much at the safety factor 

against fatigue. The analysis of the results for the safety 

factors proves the connection between the values of the 

maximum equivalent voltage acting in the axis and those 

of the safety factors, as well as the fact that when 

designing a locomotive axle special attention should be 

paid to the sections in which receive the highest stresses 

because they determine the values of the safety factors. 

Another characteristic feature is that the nature of the 

change in the safety factors does not depend on the type of 

transmission mechanism – in the three types of 

locomotives considered there is a clear trend towards 

increasing the safety factors when increasing the speed, 

i.e., on the values of these parameters the torque before the

speed prevails, regardless of the way of transmitting the

traction force to the axle itself.

Despite the same tendency of change of safety 

coefficients, it should be noted that for locomotives 43-45 

the difference between the minimum and maximum values 

of their values is many times greater as a function of speed 

(4.6% and 4.61 %), while for the other two types of 

locomotives the differences are less than 1% - especially 

pronounced for locomotives 86. From the point of view of 

the loads received in the axles, it can be said that for 

locomotives 46 and 86 they are constructed more 

correctly, but from the results obtained in operation, it can 

be seen that the cases of fractures and cracks in the 

dangerous sections of the axles are the rarest in 

locomotives 43-45, from which the following conclusions 

can be drawn: the axle strength of locomotives 46 and 86 

are designed to be in a hazardous area over the entire load 

range; locomotives 46 and 86 are operated with loads that 

do not correspond to the strength qualities of their axles; 

the axles of locomotives 43-45 are designed so that the 

stresses obtained in the dangerous sections are far from the 

maximum allowable for the respective material. 

The parameter axle life shows the minimum 

resource that the locomotive axles have and is indicative 

based on the results obtained for the other studied 

parameters. To a large extent, its values overlap as a trend 

with the values for the safety factors and confirm the 

obtained results. 

CONCLUSIONS AND RECOMMENDATIONS 

The conducted research and the made analyses of 

the obtained results give grounds to make the following 

conclusions: 

• The load of the locomotive axles is not constant in

the different modes of operation of the locomotives and is 

constantly changing in operation; 

• The load on the locomotive axles during operation

depends on both the torque applied to them by the traction 

motor and the instantaneous speed of the locomotive; 

• Different axle strengths are affected to varying

degrees by applied loads: some of them depend more on 

the applied torque, others are more affected by the 

instantaneous speed; 

• The type of transmission used in the different

locomotives has a significant effect on the values of 

individual indicators and must always be taken into 

account when designing locomotive axles. 

Locomotive axles, as one of the main elements of 

the running gear and the propulsion of locomotives, on 

which the safety of traffic in railway transport directly 

depends, are constantly in the focus of researchers and 

designers in this field. In their design and construction 

must be taken into account not only all the parameters that 

affect their strength and durability, but also their change in 

all modes to which they will be subjected in operation. 
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One of the main tasks facing the rolling stock of the Bulgarian State Railways is to increase operational reliability. 

Rolling bearings largely determine the performance of rolling stock. Currently at the entrance of the wagons for scheduled 

repairs, no detailed inspection of the axle roller bearings is carried out to establish their current technical condition. Only 

a visual inspection is performed to detect visible defects in their elements. The actual radial clearance of the axle roller 

bearings as an assembled unit is also not checked. The report shows the results of the measurements that were performed 

on the elements of the axle bearings and the analysis performed. 
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1. INTRODUCTION

One of the main tasks in regards with the rolling 

stock of the Bulgarian State Railways is to increase 

operational reliability [1, 2, 3, 4]. The aim is to ensure 

train safety, improve performance, increase axle load and 

speed. 

The current practice is after a certain period of time, 

the wagons to undergo routine repair, without taking into 

account their actual technical condition. This does not 

allow the further operation of the wagons prior to entry for 

routine repairs, although they may still have a resource. 

Increasing the cost-effectiveness of rolling stock operation 

can be achieved by using the method of replacing and 

repairing the units and the aggregates depending on their 

current technical condition. This method will allow the 

respective units and aggregates to remain in service, if 

their current technical condition allows it. 

The performance of the rolling bearings largely 

determines the performance of rolling stock. It is well 

known their failures lead to emergencies. The technical 

condition of a unit depends on many factors that 

characterize the quality of its bearings, their normal 

lubrication, conditions and regime  of operation [5, 6]. 

Currently, during the dispatch of the wagons for 

routine repairs, no detailed inspection of the axle roller 

bearings is carried out to determine their current technical 

condition [7]. Only a visual inspection is performed to 

detect visible malfunctions on their elements. Also, the 

actual radial looseness of the axle roller bearings as an 

assembled unit is not checked. 

This report shows the results of the measurements 

that were made on the elements of the axle bearings and 

the respective analyzes. 

2. MEASUREMENT OF THE ROLLERS.

The device, which is designed and manufactured to 

measure the rollers of the axle roller bearing, has been 

developed using the two-point scheme and the relative 

measurement method. This was performed by measuring 

the element (roll) in a prism with an angle of 900 (there 

were prisms with angles of 600 and 1080 respectively). 

Two indicator clocks with a measurement accuracy of 

0.001mm were used. for greater accuracy. The indicator 

clocks were positioned at an angle of 900 relative to each 

other in such a way that their axes were perpendicular to 

both of the base surfaces of the prism respectively. /Figure 

1/ 

For the sake of greater reliability of the results, 

measurements were made of 450 rolls, disassembled from 

30 roller bearings, installed as new in the rolling stock axle 

units in the same calendar year. Roller bearings were 

removed from rolling stock during routine repairs. The 

rollers were pre-washed and dried before starting the 

measurements. 

Figure1 

• The measurements of the rollers were made in

three sections - one in the middle of the roller and the 

other two at 5mm. from the heads of the rollers; 

• The measuring clocks were reset by a calibrated

measuring roll in each of the measured sections. The 

deviations of the tested rollers were measured. As a final 

result, the maximum deviations were taken in two 
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mutually perpendicular sections -  dhorizontal and dvertical. 

These measurements were made in all three sections of the 

rollers. 

3. MEASUREMENT OF OUTER RINGS

The device, which is designed and manufactured to 

perform measurements on the outer rings of the axle roller 

bearings, has been developed using the three-point scheme 

and the relative measurement method. The measured 

element (outer ring) is based on two supports simulating 

basing in the prism with an angle of 900. The contact 

between the outer ring edges and the supports is pointwise. 

For better measurement accuracy, a retainer is used at the 

base, which supports the measured outer ring at the rear 

end. The indicator clock is accurate to 0,001mm. It is 

placed on a stand located at the bottom of the stand. The 

stand on which the indicator clock is mounted has the 

ability to move parallel to the axis of the outer ring so that 

measurements can be made in several sections. /Figure 2/ 

Figure 2 

For the sake of greater reliability, measurements 

were made on 100 outer rings dismantled by roller 

bearings, fitted as new to the rolling stock axle units in the 

same calendar year.  

Roller bearings were removed from rolling stock 

during routine repairs. Before starting the measurements, 

the outer rings were washed and dried. 

• The measurements of the outer rings were made in

three sections - one in the middle of the outer ring and the 

other two at 5mm. from the faces of the outer ring edges; 

• The measurement clocks were reset by a

calibrated outer ring for measurements in each of the 

measured sections. The deviations of the checked outer 

rings were measured. These measurements were made in 

all three sections of the outer rings. 

4. MEASUREMENT OF INNER RINGS

The device, which is designed and manufactured to 

measure the inner rings of the axle roller bearings, has 

been developed using the two-point scheme and the 

relative measurement method. The measurement was 

carried out by measuring the element (inner ring) in a 

prism with angle 900 (there were prisms with angles of 600 

and 1080 respectively) /Figure 3/. Two indicator clocks 

with a measurement accuracy of 0.001mm were used. for 

greater accuracy.  

Figure 3 

ROLLERS 

Figure 4 a) 
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The indicator clocks were positioned at an angle of 

900 relative to each other such that their axes were placed 

perpendicular to each other and the base surfaces of the 

prism respectively.  

For the sake of greater reliability, measurements 

were made of 99 inner rings dismantled by roller bearings, 

fitted as new to the rolling stock axle units in the same 

calendar year. Roller bearings were removed from rolling 

stock during routine repairs. Before starting the 

measurements, the inner rings were pre-washed and dried. 

• The measurements of the inner rings were made in

three sections - one in the middle of the inner ring and the 

other two at 5mm. from the front of the inner ring; 

• The measurement clocks were reset by a

calibrated inner ring for measurements in each of the 

measured sections. The deviations of the checked inner 

rings were measured. The maximum deviations in two 

mutually perpendicular sections dhorizontal and dvertical were 

considered as final result. These measurements were made 

in all three sections of the inner rings. 

After processing the obtained values from the 

measurements, the results were summarized, indicating the 

relationship between the number of measurements and the 

specific values in microns. /Figire. 4 a, b,c/ 

Based on the results we made the 

CONCLUSION 

- For roller bearing roller bearings:

• about 80% of the measured roller diameters of

the axle roller bearings were grouped around

the average tolerance field value -    30–0.015

mm.

• about 20% of the measured roller diameters of

the axle roller bearings were in the area of the

average tolerance field value of    30–0.015 mm.

and a lower boundary of the tolerance field of

  30–0.041 mm.

• about 9% of the measured roller diameters of

the axle roller bearings were located in the area

relatively close to the lower boundary of the

tolerance field -  30–0.041 mm.

- For the inner rings of the axle roller bearings:

• All measured diameters of the inner rings of the

axle roller bearings were outside the lower

limit of the tolerance field -   150–0.140 mm.

• about 61% of the measured diameters of the

inner rings of the axle roller bearings were in

the area of 0.010 mm. below the lower limit of

the tolerance field -   150–0.140 mm.

- For the outer rings of the axle roller bearings:

• all the measured diameters of the outer rings of

the axle roller bearings were in the area

between the mean value of the tolerance field 

210 + 0.015 mm. and the lower boundary of the

tolerance field   210 + 0.010 mm.

• about 48% of the measured diameters of the

outer rings of the axle roller bearings were in

the area close to the lower boundary of the

tolerance field   210 + 0.010 mm.
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When designing a new generation passenger train, it is necessary to provide for the existence of a passive safety 

system (PSS) integrated in its construction, which should ensure the protection of passengers and service personnel in the 

event of the most probable emergency collisions. The article provides an excerpt from statistics of accidents and incidents 

related to railway transport for the Bulgarian State Railways, which show the need to improve safety. The aim of the study 

is to develop energy absorption devices included in the PSS of high-speed passenger trains of a new generation. The article 

discusses the requirements for the harmonization of European safety standards and regulations in force in Russia and the 

United States. The main concepts of passive safety equipment and possibilities for application in the construction of 

passenger trains in operation of the Bulgarian State Railways (Holding BDZ EAD - BDZ - Passenger Transport EOOD) 

are indicated. 

Keywords: Railway stock, passenger trains, passive safety. 

1. INTRODUCTION 

In 1991 the UIC made appropriate adjustments in 

Leaflet 526 to comply with the new trends in railway 

transport and ensure traffic safety [1, 2, 3]. The most 

important change is aimed at increasing the energy 

absorption of draw gear equipment. Its minimum value is 

recommended to be 30 kJ, which is a double increase of 

current standards. 

The compressive forces are absorbed by buffers, 

which also maintain a certain distance between wagons 

[4]. The requirements for the structure of buffers are 

reflected in UIC Leaflets 526-1; 526-2 and 526-3. 

The development of transport industry is always 

associated with accidents. The causes of accidents are 

many, including damage or breakage of parts, physical and 

moral aging of equipment, human factor, track poor 

condition, unfavourable weather conditions. 

If we take into account the statistics of accidents, 

then it will be possible to trace a trend – the higher the 

speed, the more accidents happen in different modes of 

transport. Rail transport is no exception.  

Since the managment teams of railway companies 

have set a goal to increase the volume of high-speed 

transport by 20% by 2030, it is necessary to urgently 

improve the level of freight and passenger rail transport 

safety, especially of high-speed trains. Table 1 and Fig. 1 

provide an excerpt of statistics of accidents and incidents 

[5] related to railway transport carried out by BDZ EOOD 

that shows the need to increase its safety. 

The largest value of relative share of: 

-  collisions between trains in relation to the total number 

of accidents is 10% in 2019; 

-  collisions with a car at level crossings is 23.4% in 2017; 

-  all collision-related accidents are 92.9% in 2018. 

 

 

Table 1 Collision-related accidents. 

Year 

Number 

of 

collisions 

between 

trains 

Number of 

collisions 

with cars at 

level 

crossings 

Number 

of 

collisions 

with 

people 

Total 

number 

of 

colli-

sions 

Total 

number 

of 

accidents 

2015 3 6 33 42 48 

2016 3 5 24 32 40 

2017 1 11 29 41 47 

2018 1 5 33 39 42 

2019 4 7 24 35 40 
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1 - Collision of a train with railway vehicle; 2 - Collisions 

with a car at railway crossings; 3 - Accident with people; 

4 - Total collisions; 5 - Total accidents. 

Figure 1- Diagram of railway stock accidents related to 

collisions. 

In order to reduce railway accidents, it is necessary 

to improve the two main safety systems: 

-  active safety system; 

-  passive safety system. 

The main focus should be put on improving the 

passive safety system, which consists of developing a set 
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of measures and technical solutions aimed at reducing the 

level of injuries caused to passengers and minimizing the 

damage to rail stock in cases where it is not possible to 

avoid collisions with obstacles. 

Since the beginning of the 21st century, global 

manufacturers of railway vehicles have begun to use 

passive safety elements in their projects, including 

emergency crash systems. In principle, they are similar to 

those used in cars but are adapted to the rail track 

conditions. 

Crash emergency systems are designed to reduce 

the risk of severe accidents, injuries of passengers and 

train staff as well as to protect the load-bearing parts of 

wagon structure in case of train collision with an obstacle, 

particularly with another train. In this case the absorption 

of kinetic energy is due to irreversible controlled 

deformation of crash elements. 

Modern passive safety systems are based on a 

number of international research programs. As a result 

passive safety requirements have been proposed for all 

types of rolling stock, including urban rail vehicles. The 

requirements for emergency systems have been included 

in European standard EN 15227 [6]. 

It is increasingly necessary to introduce emergency 

crash elements in the structure of rail vehicle to provide 

protection against serious accidents, such as the accident 

in Hitrino in 2016 [5]. As a result of train derailment, the 

tank of the tenth tank wagon was drilled, which caused 

leakage of transported cargo (propylene) that subsequently 

ignited. The explosion and followed by fire killed 7 and 

seriously injured 29 residents of the village of Hitrino. The 

blast affected an area of about 535,000 m2, partially 

destroying 50 residential and public buildings, the railway 

infrastructure and rolling stock. 

As a result of the investigation carried out, the 

Special Unit for Investigation of Accidents and Incidents 

in Railway Transport with Ministry of Transport, 

Information Technology and Communications prepared 

“Final Report on Technical Investigation of the Railway 

Accident” giving the following recommendation to 

prevent accidents cause by the same reasons: Tank cars 

transporting liquefied hydrocarbons have to be equipped 

with draw gear with crash elements according to the 

requirements of BDS EN 15227: 2008 + A1: 2010 and 

shall possess a safety certificate. 

2. OVERVIEW OF THE REGULATORY

REQUIREMENTS FOR RAILWAY STOCK 

EMERGENCY CRASH SYSTEMS 

In 1997 SAFETRAIN (Safe Train), a research 

project for railway safety, was launched in Europe [7], 

involving more than 10 European railway companies and 

rolling stock manufacturers such as Deutsche Balm, 

SNCF, Alstom, Siemens, Bombardier, etc. [8]. A great 

number of studies on vehicle passive safety were 

conducted under the project including human behaviour 

modelling in the event of train collision, nonlinear 

dynamic analysis of rail vehicle structure through the finite 

element method and field tests on rail vehicle collision. 

The research results have contributed to the 

development of a regulatory document for ensuring 

passive safety of railways: EN 15227:2020 “Railway 

applications. Crashworthiness requirements for rail 

vehicles”. In accordance with the principles of passive 

safety included in EN 15227, the emergency crash system 

have to limit the acceleration of rail vehicles, ensure the 

integrity of the body structure in the passenger area and 

reduce the derailment risk of rail vehicles. 

It is not possible to provide absolute protection to 

people in all possible cases of collisions, therefore the 

regulatory documents introduce the concept of an 

emergency collision scenario as a specific design case 

where the fulfilment of emergency crash system 

requirements are monitored. The collision scenarios were 

developed using the data taken from investigations of 500 

accidents in 12 railway companies in Europe from 1991 to 

1995. The data analysis made it possible to determine the 

most common cases of collisions of railway stock 

according to “Railway applications. Crashworthiness 

requirements for rail vehicles”. Thus, when checking the 

requirements to crash system of a train running in regional 

European railway networks, it is necessary to use the 

following collision scenarios: head-on collision with 

identical rolling stock, collision with a freight wagon and 

collision with a freight vehicle at a level crossing.  

According to the requirements of standard EN 

15227, the crash system efficiency is evaluated by the 

following criteria: 

- by the values of rolling stock longitudinal accelerations;

- by the values of the residual deformation of rolling stock

body;

- by the condition wheel-rail contact maintenance (for

assessment of derailment risk).

Comparing the basic provisions of EN 15227 with 

GOST 32410-2013 "Emergency systems for emergency 

rolling stock for passenger transport. Technical 

requirements and control methods” [9], it can be noticed 

that the Russian standard is not equivalent to the European 

one because of the differences in railway stock structure 

and in the statistics of collision accidents in the CIS 

countries and the European Union. The performance of the 

crash system in this standard is checked by the values of 

rolling stock longitudinal accelerations and the values of 

the residual deformations of car bodies, without checking 

the maintenance condition of wheel-rail contact. Similar to 

the European standard, the control on fulfilment of 

emergency crash system requirements is carried out 

according to the design scenarios: emergency collision 

with a car at a level crossing and collision with a freight 

wagon. 

Analyzing the existing differences in the conditions 

of collision scenarios, the following can be distinguished: 

- GOST 32410-2013 does not have a scenario of

collision with identical rolling stock;

- in the collision scenario established by EN15227 the

freight wagon has buffers with a given energy

absorption while according to GOST 32410 the

freight wagon shall not be equipped with buffers as

they do not exist in the wagons operated in Russia;

- in European standard EN15227 the scenario of

collision with a car provides irreversible obstacle

deformation while according to GOST 32410-2013

the obstacle is given as an absolutely rigid body.

Table 2 presents a comparison of crash scenarios. 
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Table 2 – Comparison of crash scenarios 

Scenarios Scenario parameters  EN 15227-2008 [6] GOST 32410-2013 [9] 
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Crash speed 36 km/h 36 km/h 

Obstacle mass 80 t 80 t 

Obstacle geometry 

  
Obstacle stiffness Absolutely solid body* Absolutely solid body 

Acceleration limit per unit of 

rail vehicle  

5 g ** 50 m/s2 
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Crash speed 110 km/h 72 km/h (110 km/h)*** 

Obstacle mass 15 t 10 t 

Obstacle geometry 

  

Obstacle stiffness 

 

Absolutely solid body 

Acceleration limit per unit of 

rail vehicle 

7,5 g 50 m/s2 

* - in the freight car collision scenario. EN 15227 defines the power features of buffer devices whose total energy capacity is 62 kJ; 

** - g – ground acceleration; 

*** - a collision speed of 110 km/h is set for a vehicle with a design speed over 160 km/h. 

 

The collision scenario with a car in GOST 32410-

2013 is of particular interest because the obstacle is 

assumed as an absolutely rigid body. 

 
a) - damage to the electric train; b) - damage to the car. 

Figure 2 - Consequences of the emergency collision of 

"Swallow" electric train 

Under real conditions, the car has a relatively low 

strength, therefore in a collision it will suffer significant 

damage and thus will affect the processes of accident. This 

is confirmed by the collision of "Swallow” electric train at 

a speed of 90 km h with an MAZ car [10]. The 

consequences of this collision are shown in Fig. 2. 

This collision corresponds to the conditions of a 

collision scenario with a truck: the collision speed and the 

mass of obstacle were identical to the design conditions: 

the check of electric train damage revealed that the 

emergency energy absorption device of the emergency 

system had not worked because there were no residual 

deformations, while at the same time the first bogie 

derailed. 

Thus, in a real emergency situation, the car 

absorbed part of the energy of collision due to its own 

destruction. At the same time to model a car in the form of 

an absolutely rigid body does not allow to take into 

account this effect that can lead to a strong discrepancy 

between the calculation results and the actual 

consequences of collision. 

On November 12, 2019, 19205 passenger train (PT) 

consisting of an electric multiple unit (EMU) series 31-

005/006 with four wagons was moving in direction 

Plovdiv - Asenovgrad - Plovdiv. At 06:42 the traffic 

manager on duty at Krumovo station ordered the departure 

of 19205 passenger train (PT) with a telephone message to 

the guards of the level crossings at kilometer 3+784 and at 

kilometer 8+830. After the train left Krumovo station at 

06:44, the on-duty traffic manager verbally informed the 

level-crossing guards about the train departure. Although 

the guard of level-crossing at km 8+830 had recorded the 

telephone message, he did not activate the barrier 

mechanisms before passing of 9205 passenger train. 

Approaching the level crossing, the engine driver gave a 

"Warning" signal with the whistle of the EMU having seen 

that the barriers are raised and the crossing guard is 

standing next to the barrier control mechanism. At that 

moment, a vehicle – an Opel (ASTRA) car, approached 

the level crossing to the left in direction of the train 

running and entered the danger zone [11]. That resulted in 

a collision, the car was turned and thrown to the left of 

railway track and the train continued to run without 

stopping.  

One of the passengers travelling next to the driver 

died. The engine driver was not injured. The left side of 

the EMU was damaged (Fig. 3a) and severe damage was 

inflicted to the car (Fig. 3b). 

 
a) – damage caused to the EMU; b) – damage caused to  

the car. 

Figure 3 - Consequences of the emergency collision of an 

EMU with a car at a level crossing [11]. 
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It is not only in the European countries, but also in 

the United States experts have been actively involved in 

the passive safety issues in railway transport for more than 

20 years, so a significant number of different designs of 

energy-absorbing devices have been already available. 

That is why regulatory documents have appeared and 

based on them modern public standards have been 

developed. Both Western European and US regulatory 

agencies are making significant efforts to rapidly update 

rail stock safety requirements. The modern rail stock 

operating on the European railways shall meet the 

following standards EN 12663: 2000 [12] and EN 15227: 

2008; in the United States railways shall keep the Code of 

Federal Regulation 49 CFR [13].  

In terms of harmonization, European standard EN 

15227 is closer to the safety standards, which are in force 

in Russia. The development of TT SPB and GOST 32410-

2013 has taken into account the peculiarities of rail stock 

(structure, design, production, testing, operation) in 

Russia, as well as statistics of rail stock emergency 

collisions with obstacles that differ from the European 

ones. Tables 3 and 4 show the main differences between 

the European, American and Russian standards [14]. 

Table 3 – Maximum values of accelerations in strength 

calculations of wagon equipment and interior  

Standard 

Acceleration values by axes 

X 

(longitu-

dinally) 

Y 

(verti-

cally) 

Z (transversally) to the 

body 

In the 

front part 

In the 

middle part 

EN 12663, 

15227 
 5 g  1 g  3 g  1,5 g 

49CFR  8 g  4 g  4 g 

TT SPB  7,5 g  1 g  3 g  1,5 g 

Gost 32410-

2013 
 5 g * * 

* It is not regulated

Table 4 – Main crash scenarios of wagons and 

locomotives  
Speed V, 

km/h 

Standard 

Crash scenarios 

No1 No 2 No3 No4 No5 

EN 12663, 

15227 

36 36 - 110 - 

TT SPB - - 18 36 - 72 110 

Gost 32410-

2013 

- - 36 - 72 110 

No 1 - collision with an identical train; No 2 - with a freight 

wagon of 80 t equipped with buffers; No 3 - with freight wagon 

with mass 80 t without buffers; No 4 - with a freight vehicle 

(truck) with a mass of 15 t; No 5 - with a freight vehicle (truck) 

with a mass of 10 t. 

The mentioned distinctive features of main 

regulatory documents setting the requirements for passive 

protective devices show that the existing collision 

scenarios do not fully take into account all possible cases 

of emergency collisions. 

Based on the statistics of railway accidents and the 

operating conditions of rail stock, it is necessary to 

significantly expand the list of possible collision scenarios. 

In order to fully cover all possible collision 

scenarios, based on statistics, the main types of obstacles 

must be taken as follows: 

- obstacle No 1 - a  large animal with a mass of 1 t;

- obstacle No 2 - a vehicle with mass of 2 t;

- obstacle No 3 - a truck with mass of 15 t;

- obstacle No 4 - a heavy truck of 30 t;

- obstacle No 5 - a freight wagon of 80 t without buffers;

- obstacle No 6 - a similar fixed train with different mass.

The study of emergency collisions with the 

indicated types of obstacles will allow to determine the 

area of effective operation of energy absorption devices 

(EOD) and to design energy-absorbing structures that meet 

the requirements of regulations. 

3. COLLISION SCENARIOS

Collision scenarios have been developed taking into 

account statistical analyzes of railway accidents in Europe 

and the CIS [14]. 

Collision scenarios (Fig. 4  7) are characterized by 

a set of conditions for emergency collision of passenger 

cars/trains with an obstacle (values of masses, initial 

speeds and other parameters of the objects of collision). 

Fig. 4. Collision scenario (4a, 4b) of a passenger car 

equipped with side buffers for 1435 mm gauge 

On a track gauge of 1520 mm –  a collision at a speed of 

36 km h with a freight wagon of 80 t. 

Fig. 5. Collision scenario of a passenger carriage 

equipped with auto-coupler for 1520 mm track gauge 

Fig. 6. Collision scenario (1a, 1b, 2) of a multiple unit 

equipped with auto-coupler for 1435 mm track gauge 

Fig. 7. Collision scenario (1b, 2) of a multiple rail unit 

equipped with auto coupling for 1520 mm track gauge 
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To determine the power and energy features of the 

crash system devices, the following collision scenarios 

have been assumed: 

- scenario 1a simulates an emergency collision of with 

passenger cars/trains of one and the same type (only 

for 1435 mm gauge track); 

- scenario 1b simulates an emergency collision with a 

freight wagon of 80 t; 

- scenario 2 simulates an emergency collision at a level 

crossing with a vehicle of 15 t for a track gauge of 

1435 mm and of 10 t for a track gauge of 1520 mm. 

The following collision scenarios are foreseen for 

passenger carriages with locomotive traction: 

On a track gauge of 1435 mm: 

- collision at a speed of 36 km/h with the same type of 

passenger cars; 

- a collision at a speed of 36 km/h with a freight wagon 

of 80 t equipped with a side buffer set. 

The following collision scenarios are provided 

multiple units (connected trains). 

           For track gauge of 1435 mm: 

- collision at a speed of 36 km/h with a train of the same 

type; 

- collision at a speed of 36 km/h with a freight wagon of 

80 t equipped with a side buffer set; 

- collision with a speed of 110 km/h at a level crossing 

with a truck weighing 15 t. 

For track gauge of 1520 mm: 

- collision at a speed of 36 km/h with a freight wagon of 

80 t; 

- a collision at a speed of 72 km/h at a level crossing 

with a vehicle weighing 10 t at a design train speed not 

exceeding 160 km/h; 

- collision at a speed of 110 km/h at a level crossing with 

a vehicle weighing 10 t at a design train speed 

exceeding 160 km/h. 

4. TESTS OF PASSENGER CARRIAGES UNDER 

COLLISION SCENARIOS 

The passenger carriages participate in collision 

scenarios in a reference train, which includes a locomotive 

and four passenger carriages of one and the same structure. 

A four-axle locomotive with an axle load of 19 t, 

having a rigid (non-deformable) body, equipped with a 

auto-coupler with a locking contour in compliance with 

GOST 21447 [15] and absorbers of T2 class with energy 

absorption from 100 kJ at a full stroke of 120 mm in 

compliance with GOST 32913 [16], equipped with crash 

elements in the front locomotive parts. 

The crash elements of this locomotive must provide 

an average value of its longitudinal acceleration equal to 

the absolute value of 50 m/s2 in emergency collision with 

an obstacle of the locomotive without wagons in a 

collision scenario 1. 

  
Fig.8. Reference train composition for testing passenger 

carriages. 

where: 1 - front unit of the train (locomotive), 2 – a 

passenger carriages under evaluation, ах is the amount of 

delay in the longitudinal direction of the leading train unit; 

ах = 5,0 g according to point 7.1 of GOST 32410-2013 or 

point 6.4 of EN 15227, V1/2 - half of the collision speed 

according to scenario 1. 

While testing a multiple unit, the composition 

shown in Fig. 9 is used. In the case of operation of fewer 

wagons, tests with the same minimum train composition 

are admitted. 

The minimum number of wagons in the train is 1 

wagon (e.g. a rail bus), but the abovewritten does not 

exclude such a case. 

 
Fig. 9. Testing of multiple unit rail stock. 

where: М1 is the mass of a multiple unit wagon; М2 is the 

average mass of an intermediate wagon. 

In order to clarify the state of force factors in the 

collision of two vehicles and to be able to specify the 

efficiency of the energy-absorbing elements, it is 

necessary to analyze relative movement of the two 

vehicles, which subsequently interact with their draw gear 

equipment. 

Using the Lagrange equation and taking into 

account the kinetic energy and the total system energy 

absorption, an equation is obtained, which determines the 

maximum value of impact force from collision between 

two vehicles [17]: 

k).EV.M.)i2((2F 0
2

0
1 −= −

   (1) 

where: F - force acting on the buffers; 

М  - reduced mass; M=(m1.m2)/( m1+m2), where m1,  m2 - 

masses of the first and second vehicles; Е - energy 

absorption of the buffers; k - stiffness of the wagon 

structure; i - coefficient obtained from experimental data 

and reflecting the inertial characteristic of the system 

under the conditions of impact, taking into account the 

influence of spring suspension,  the shocking wagons and 

track superstructure of the railway, the energy absorption 

of load, etc. 

Analyzing the formula given above and taking into 

account the high value of wagon structure stiffness; we 

can see the crucial importance of energy absorption of 

buffers to prevent impact forces of inadmissible values. 

5. OVERVIEW OF STRUCTURAL FEATURES OF 

“CRASH” ENERGY ABSORPTION DEVICES 

Thin-walled metal tubes are widely used to 

manufacture energy absorption devices. The absorption 

features of tubes are influenced by the type of metal, 

geometric parameters and given deformation mode. The 

following deformation modes can be distinguished for 

thin-walled metal tubes: 

- axial deformation. The deformation mode is 

characterized with load directed along the longitudinal 

axis of the tube that leads to a local plastic loss of 

stability of the tube walls with formation of annular 

folds; 

-  transverse deformation. The pressure load in this mode 

of deformation is perpendicularly directed to the tube 

longitudinal axis; 

-  deformation with inversion of walls. In this mode, 
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energy is absorbed when the tube is pressed into a 

punch with a special shapе, which leads to radial 

plastic deformation and inversion of tube walls; 

- deformation with expansion of walls. The deformation

mode is carried out by pressing the “sacrifice” tube

into a harder tube with a conical contact surface, while

the energy is being absorbed due to radial plastic

deformation and due to friction on the walls of tubes;

- deformation with tearing the walls of tubes. The

deformation mode is accompanied by the formation of

multiple longitudinal cracks along the deformed tube

and the accompanying division of its wall into strips.

Based on the analysis of references [18, 19], Table 

5 shows the energy absorption features of steel tubes 

depending on deformation modes. 

Table 5 – Energy absorption features for steel tubes 

depending on deformation modes  
Features 

of energy 

absorption 

Axial 

defor-

mation 

Transverse 

defor-

mation 

Inver-

sion of 

walls 

Widen-

ing 

walls 

Tearing 

walls 

CF 0,3 0,9 0,8 0,8 0,6 

SE, 

kJ/kg 
8  30 2  8 6  12 9  24 6  20 

Table 6 shows a comparison of deformation modes 

according to load patterns, deformation diagrams and 

forms of plastic deformation. 

Table 6 – Tube deformation modes 
Mode Deformation 

form 

Comment 

A
x

ia
l 

d
ef

o
rm

at
io

n
 Advantages: high energy 

absorption. 

Disadvantages: low coefficient of 

deformation force; unstable 

deformation force. 

T
ra

n
sv

er
se

 

d
ef

o
rm

at
io

n
 Advantages: high coefficient of 

deformation force; stable 

deformation force 

Disadvantages: low energy 

absorption. 

In
v

er
si

o
n

 o
f 

w
al

ls
 

Advantages: high coefficient of 

deformation force; stable 

deformation force. 

Disadvantages: complex 

structure.   

W
id

en
in

g
 

w
al

ls
 

Advantages: high coefficient of 

deformation force; stable 

deformation force. 

Disadvantages: complex 

structure.   

T
ea

ri
n

g
 

w
al

ls
 

Advantages: stable 

deformation force. 

Disadvantages: complex 

structure.   

Energy absorbing devices are most often made of 

thin-walled metal structures that absorb energy by analogy 

with the axial deformation of tubes. Such devices have 

high energy absorption and very simple design but there 

are also disadvantages expressed in big triggering force 

and unstable axial deformation force. 

In order to reduce the triggering force, it is 

necessary to reduce the local hardness of energy 

absorption device, e.g. by reducing the wall thickness in a 

certain area of device structure. Another method involves 

the development of an energy absorption device with 

inclination of its walls relative to the longitudinal axis (in 

the form of a truncated pyramid) [18] as shown in Fig. 10-

a. It is also possible to reduce the trigforce by introducing

special zones of stress concentration, particularly by

creating perforations in the energy absorption device

structure [19] as shown in Fig. 10-b.

Thick-walled tubes with belts in the form of wide 

cylinders on the outer surface possess good energy 

absorption features during axial deformation: as it is 

shown in Fig. 10-c, the thick sections provide stable 

destruction of the entire structure. As a result such 

transformation reduces the sensitivity to deviations in the 

angle of loading as well as to triggering force and 

stabilizes the axial deformation force. 

а) – design of sloping walls;  b) – creation of perforations;  c) – 

creation of belts;  (d) –  introduction of diaphragms; e) – 

introduction of auxiliary cells 

Fig.10 – Technical solutions for improving energy 

absorption features [18,19]. 

Another way to ensure a stable deformation force is 

to incorporate metal diaphragms into the energy 

absorption device as shown in Fig. 10-d [18,19]. 

It is possible to achieve an energy consumption increase of 

the energy absorption device with unchanged dimensions 

introducing auxiliary tube cellular energy capacity from 

11.21 to 35.00 kJ / kg. An example of such structures is 

shown in Fig.10-e. 

(a) honeycomb structures; b) metal tubes filled with aluminium

foam 

Fig. 11 – Energy absorber structural elements [18,19] 

Honeycomb structures made of aluminium are an 

array structure of hollow cells formed of thin vertical walls 

(Fig. 11-a). They have good absorption features thanks to 

their high strength combined with small weight. 

According to the study results, it was found that the 

absorption features of metal tubes filled with aluminium 

foam are influenced by the ratio between the wall 

thickness and the diameter of inscribed cell circle  and the 

angle of branching of cells (Fig. 11-b).   

Based on the review, a classification of technical 

solutions for improving the features of energy absorption 

devices operating in axial deformation mode has been 

developed and presented in Fig.12.    
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Fig. 12 – Technical solutions to improve the performance of energy absorbing devices. 

6. BUFFER STRUCTURES IN OPERATION OF BDZ 

HOLDING "PASSENGER TRANSPORT" 

The structures of buffers for passenger carriages in 

operation of BDZ holding "Passenger Transport" are 

buffers with metal-rubber absorbers and buffers with 

absorbers made of elastomeric or hydraulic capsules. 

 
1- plate with a bushing; 2- rubber-metal package; 3- outer 

cylinder; 4 – support; 5- supporting plate. 

Fig. 13 Buffer with a metal-rubber package [20]. 

 
1- plate with a bushing; 2- rubber-metal package; 3-outer 

cylinder; 4 – support with a metal-torsion plate; 5- supporting 

plate. 

     Fig. 14 Buffer with two metal-rubber packages [20]. 

 

At present the most widespread devices in the 

Bulgarian railways are draw gear ones based on rubber-

metal packages (Fig.13 and Fig.14). 

There are two types of buffers with rubber-metal 

packages used in operation. The older device is with a 

stroke of 105 mm and one rubber-metal package (Fig. 13). 

The latest buffer, which is with increased energy 

absorption and the same stroke of 105 mm, has two 

rubber-metal packages: the smaller package is behind the 

bigger one (Fig. 14). 

The elastic element in both types is a metal-rubber 

package made of metal plates and rubber discs, which are 

glued together by vulcanization. 

The smaller rubber-metal package of buffer with 

increased energy absorption is placed on the rear part of 

support plate and it serves to absorb smaller forces during 

the train movement (120  150 kN); with the increase of 

force acting on the buffer, the bigger rubber-metal package 

is also included in energy absorption. In this way the 

power characteristic of buffer with increased energy 

absorption becomes softer than the one of the buffer 

produced with one bigger rubber package. In its turn that 

helps the vehicle to run at a higher speed in rail track 

curved sections. 

These were the prerequisites that imposed the 

development of rubber-metal packages with high energy 

absorption at the Research Institute for Transport jointly 

with the Research Institute for Rubber and Plastics 

Industry. 

The tests for establishing a suitable rubber 

composition for the rubber elements of rubber-metal 

packages for buffers were carried out on the basis of the 

rubber requirements in compliance with the approved 

methodology for conducting type tests as well as on the 

specific operating conditions under which rubber works. 

Based on the abovementioned, the rubber for a 

metal package must have: 

- Good resistance to thermal aging, expressed in 

changes of the basic strength indicators after 7-day aging 

at 70° C within the range of up to 20% and hardness up to 

10 units. 

- Small residual deformation under pressure 

combined with high elasticity. 

- Preservation of its qualities and performance at 

low temperatures. 

Technical solutions 

Increase of energy 

absorption  

Reduction of triggering 

forces 

Providing stable 

deformation forces 

Implementation of 

auxiliary cells 

Reduce the wall thickness 

of a device for a specific 

section  

 

Implementation of 

diaphragm 

Implementation of 

honeycomb structure Creating perforation Implementation of 

honeycomb structure 

структура на пчелна пита 

 
Implementation of metal 

foam 

 

Creation of pre-tensioning 

Implementation of metal 

foam 

 Application of polymer 

composite materials 

Slope of device edges 

related to the longitudinal 

axis  

 

Creation of pre-tensioning 
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To meet these requirements to rubber, which serves 

as an elastic element in buffers with rubber-metal 

packages, a recipe has been developed and adopted. 

The use of elastomer SKD leads to a decrease of 

the abovementioned indicators but at the same time to a 

significant improvement of their elasticity and residual 

deformation under pressure. 

The application of elastomer SKD up to 10% in the 

of natural rubber composition leads to a decrease of their 

brittleness temperature by 5° C. The percentage changes of 

values of physicochemical parameters of vulcanizates in 

the mixtures under examination after thermal aging at 70° 

C for 72 h, 168 h are very small and within the 

requirements. The obtained negative values for the change 

of tensile strength in some vulcanizates are due to the 

increase of this indicator after aging, which is 

characteristic of synthetic rubber. Based on the 

abovementioned, it follows that all tested rubber 

compositions have very good resistance to thermal aging. 

The small change in the hardness of vulcanizates after 

thermal aging of most tested compositions up to 2 units 

will have a favourable effect on the characteristics of 

buffer in the process of operation.  

In general, the buffer with a rubber-metal package 

is tested in Research and Technology Institute of Railway 

Transport (НИТИЖТ) [2] - the first stage of the tests was 

intended to take down the static characteristics. The buffer 

was tested as a set, in the kind it would be mounted on the 

wagon for operation. The ambient temperature was 15° C. 

The buffer was loaded using a laboratory press at a 

speed not exceeding 0.05 m/s. The buffer was unloaded 

immediately after loading, continuously reporting about 

the deformation obtained. 

The maximum force of 1000 kN was obtained at a 

maximum deformation stroke of 105 mm. The pre- 

tensioning was ~ 20 kN. 

The total energy absorption of buffer Wе = 23500 J, 

which is significantly higher than the determined limit of 

12500 J, the irreversible energy absorption Wе = 12500 J, 

which represents 53%. 

There are also strength requirements to buffers, as 

they are subjected to axial loading with force F > 2500 kN 

and transverse force F2 > 200 kN (F2 is applied to the 

buffer casing). 

It was found that the buffer continues to function 

normally, with no residual deformations. Also, no residual 

deformations were found after loading the support plate 

with a force of 2500 kN. It should be noted that 

regulations allow residual deformations after loading, 

commensurable with the established deviations in 

dimensions during their production, which should not be 

greater than 0.2%. 

The buffer dynamic tests were performed on an 

crash test bench at different speeds. The maximum energy 

absorption of 30 kJ was obtained at a maximum force of 

1000 kN. 

Conclusion: Buffers with metal-rubber GUM-

METSL packages are a relatively reasonable compromise 

between cost and efficiency of draw gear. With maximum 

use of the bushing internal space and the correct choice of 

rubber mixture, it is possible to implement a buffer that 

meets the requirements of UIC Leaflet 526-1 and UIC 

Leaflet 528 [22]. 

Their main advantages are relatively low price and 

satisfactory reliability. In addition, these buffers have a 

number of disadvantages, the most important of which 

are: 

1. Accumulated and especially absorbed energy

have small values. According to these indicators, they are 

on the border of what is allowed by the UIC, which calls 

into question their efficiency and possibility to perform 

domestic and especially international transport. The metal-

rubber package qualities are extremely dependent on the 

composition of rubber mixture and manufacturing 

technology. Even small deviations from the established 

recipe or production technology lead to significant 

differences in the buffer strength features. This is the main 

reason why it cannot be claimed that the Bulgarian freight 

wagons are equipped with draw gear corresponding to 

Leaflet 526-1 and Leaflet 528. 

3. The buffers with rubber-metal packages (RMP)

have a relatively low durability, which is

incommensurable with the durability of the wagon body.

The main reason for this is aging of rubber due to

oxidation and variable temperatures during operation.

4. This type of elastic elements have a nonlinear

parabolically increasing characteristic. Therefore, at the 

end of stroke the force acting on the buffer is 

approximately equal to the maximum admissible for both 

the draw gear and wagon metal body. 

This leads to extremely unfavorable consequences 

related to the strength of front beam and other load-

bearing elements, the safety of cargo or comfort of 

passengers in passenger cars. 

The elastomeric buffers in Fig. 15 most often 

consist of metal part and a set of two energy absorption 

elements. 

1 - plate; 2 - large elastomeric capsule; 3 - outer cylinder; 4 – 

trigger; 5 - small elastomeric capsule; 6 - guide bushing. 

Figure 15 

1 - plate; 2 – rubber-metal package; 3 - ring; 4 – outer cylinder; 

5 – trigger; 6 – elastomeric capsule; 7 – support. 

 Figure 16 
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The latter is known in three versions: a small and 

large hydraulic capsule, metal-rubber package and large 

hydraulic capsule – Fig. 16, rubber package and large 

hydraulic capsule. 

In order to obtain the indicated features of energy 

absorption, metal foam is used. 

The small energy absorption element (i.e. a small 

hydraulic capsule, rubber package or Belleville spring) 

provides buffer pre-tensioning and works up to a stroke of 

25-30 mm from the complete deformation of the draw 

gear. The purpose of this solution is as follows: 

(a) According to statistics, 90-95% of crashes 

between wagons cause relative displacements in the 

buffers up to 25 mm. Therefore, in normal operation of 

railway vehicles, it is only the small energy absorption 

element that works in practice. 

(b) Regulations do not require a relatively gradual 

increase of force to a stroke of 25 mm for freight wagons 

and 30 mm for passenger carriages and abruptly after the 

specified values. 

In all three variants, the main energy absorption 

element is the large hydraulic capsule. It operates 

effectively at significant values of compressive force, 

providing dissipation of 70-90% of the accumulated 

energy under the shock load. The capsule is single-

chambered. It is filled with an elastomeric substance with 

high viscosity and significant compressibility. 

The conversion of the impact energy into heat is 

carried out at the expense of operating fluid throttling with 

relative displacement of the piston to the capsule body. 

There is a trend in railway car manufacturing to 

apply buffers of "C" category with "crash" devices for 

energy absorption. The buffer with "crash" technology acts 

as a device absorbing much of the impact energy in an 

irreversible process.  

7. SAMPLE SOLUTIONS FOR PASSENGER 

CARRIAGE BUFFERS WITH “CRASH” ENERGY 

ABSORPTION DEVICES  

Two proposals for a buffer of passenger carriages 

with a "crash" element have been developed: 

- with breakable inner and outer bushings; 

- with inner "crash" element on tube-in-tube principle.  

7.1 Buffer for a passenger carriage with a 

"crash" element – breakable inner and outer bushings 

The proposed design of a buffer with a "crash" 

element –  breakable inner and outer bushings (Fig. 18).  

 
1 – plate; 2 – rivets; 3 – outer bushing; 4 – inner bushing; 5 – 

absorption device. 

Figure 17. Scheme of a buffer for a passenger carriage 

with a "crash" element – breakable inner and outer 

bushings  

The structure of the buffer consists of a plate, inner 

and outer bushings building the casing  and an absorber, 

which can be built of various energy absorption elements. 

The proposed casing structure consists of a plate 

and inner and outer bushings, which are "crash" elements. 

Upon crash into the buffer, an elastic stroke is performed 

by the absorber contraction, the stroke being 105 or 110 

mm. 

 
Figure18. “Сrash” elements with exhausting the elastic 

stroke of 105 mm. 

When the elastic stroke is exhausted, the weakened 

sections of the two bushings coincide and are plastically 

deformed (Fig. 18). 

The proposed structure is a buffer with 7 DURAL 

packages and "crash" elements. 

Technical specifications for the proposed "crash" 

buffer (Fig. 18): Length: UIC classification: category 6 

(UIC 526-1); Reversible spring travel: 105 mm; Energy 

absorption reversible (dyn.): approx. 40 kJ; Typ. trigger 

force per buffer: 1500 kN; Typ. mean deformation force 

per buffer: 1112 kN; Maximum axial deformation: approx. 

200 mm; Total energy absorption capacity per vehicle end 

(dynamic): approx. 600 kJ; Weight per buffer: 127 kg 

7.2. Buffer for a passenger car with an inner 

"crash" element on tube-in-tube principle  

The proposed structure of a buffer with an inner 

"crash" element on tube-in-tube principle (Fig. 19). 

 
1 – plate; 2 – rivets; 3 – outer bushing; 4, 6 – absorption device; 

5 – inner bushing, 7 - “crash” element. 

Figure 19. Scheme of a buffer for a passenger 

carriage with an inner "crash" element on tube-in-tube 

principle. 

The full buffer length does not differ from the 

typical design. The incomparable advantage of this model 

is the possibility for block replacement of deformable 

elements in case of emergency collisions of rail stock with 

all obstacles. It is assumed that the buffer will work in 

three stages: Stage 1 - the operation of the first energy 

absorption element (element with stiffness k = 44.29 

N/mm and a stroke of 25 mm). 

Stage 1 ensures light crashes of wagons during 

shunting operations. 
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Stage 2 – is operation of a set of elastic elements. 

When the second stage of buffer and absorber operate 

together, maximum crash absorption is achieved and the 

smoothest auto-coupler is ensured as a result of shunting 

operation. In addition, as a result of train movement, the 

second stage of buffer makes it possible to minimize the 

negative dynamic accelerations acting on the wagon body. 

Stage 3 – is operation of the buffer in case of 

collision of railway stock themselves (of wagons with each 

other) or with any obstacle. As a result, the deformable 

element, which operates on the principle of a deformation 

tube, comes into action due to the plastic deformation of 

metal and maximum crash energy absorption is achieved. 

The body of proposed buffer with the elastic stroke 

exhausted is shown in Fig. 21. 

Figure21. Buffer with inner "crash" element on the tube-

in-tube principle of when the elastic stroke of 105 mm is 

exhausted. 

Technical specifications for the proposed "crash" 

buffer with 7 DUREL packages (Fig.19): Energy 

absorption reversible (dyn.): approx. 74.09 kJ; Total 

energy absorption capacity per vehicle end (dynamic): 

approx. 954 kJ; Weight per buffer: 130 kg. 

8. CONCLUSION

Based on the presented analysis, the following more 

important conclusions can be drawn: 

1. At present the buffers with rubber-metal

packages RMP have the greatest application in BDZ. 

2. From the analysis performed, the buffers with

elastomeric capsules can be preferably considered as well 

as their variants in set with RMP or Belleville spring. 

3. From the analysis made, considering the value of

irreversible absorption coefficient and the low value of 

buffer capsules, in this paper to build-in elastomeric 

elements of TecsPak or DUREL types in the buffer and 

draw gear absorber. 

4. It is necessary to construct a buffer with "crash"

elements. These "crash" elements should be destroyed in a 

crash between wagons with a shock speed above 12 km/h 

and force > 1.5 MN. 

5. Two structures for buffers with increased energy

absorption and "crash" elements are proposed. 
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This paper defines the load that appears collision of two wagons and longitudinal oscillations which are caused by 

these striking loads. Because of the complexity of the system, which has many degrees of freedom and not knowing the 

forces that affect the wagon in a short time, when forming a mathematic model, certain limitations have been introduced. 

Keywords: Longitudinal force, Longitudinal oscillations, Restitution coefficient

1. INTRODUCTION 

There are various attempts in literature [1,2,3,4] 

to define longitudinal force in the collision of wagons. 

However, with testing [5,6,7] there was conclusion that 

given equations do not measure influence of moving the 

load to the total amount of force in collision, the loss of 

energy in friction that happens under collision in the set of 

the wagon, influence on energy loss with the oscillations 

of the wagon etc.  

Beside this, with these equations the force that exists under 

stiff collision cannot be precisely determined- when 

buffers use their strokes. To be able to determine the 

influences already mentioned on the value of the force in 

buffers, a more complex model will be formed. 

2. ESTIMATING THE LONGITUDINAL FORCE IN 

THE COLLISION OF TWO TRAIN WAGONS 

Let us consider the collision of two wagons (Figure 

1) and the wagon with its mass m1 moves with the speed of 

v2 and hits wagon with mass m2 and speed v2. Velocities of 

the wagons before and after the collision have the same 

direction and therefore, can be written without vector 

marks. We will examine the movement of the entire 

system starting from the moment of collision. Movement 

of the wagons in the direction of collision is x1 and x2. 

Wagons have the weight of the mass m3 and m4, and, in the 

collision there is a relative shift of the mass in the wagon 

for x3, or x4. And we have elastic construction stiffness’ for 

the wagon and the load c3 and c4. Besides, dry friction 

forces and forces of viscous friction are opposed to the 

masses m3 and m4 and they are proportional to the first 

degree of the relative movement of the load. And the 

friction rolling force is opposed to movement of the first 

and second wagon. 

 

Figure 1. Collision of wagons where shift of load is possible[7]

Formulas for kinetic (Ek) i potential (Ep) energy of 

the system shown on the Figure 1: 

 

                𝐸𝑘 =
1

2
(𝑚1 + 𝑚3)𝑥̇1

2 +
1

2
(𝑚2 + 𝑚4)𝑥̇2

2 +
1

2
𝑚3𝑥̇3

2 +
1

2
𝑚4𝑥̇4

2 + 𝑚3𝑥̇1 𝑥̇3 + 𝑚4𝑥̇4 𝑥̇2                              (1) 

                                           

                                            𝐸𝑝 =
1

2
𝑐𝑠𝑥1

2 +
1

2
𝑐𝑠𝑥2

2 +
1

2
𝑐3𝑥3

2 +
1

2
𝑐4𝑥4

2 − 𝑐𝑠𝑥1𝑥2                                                           (2) 

Dissipation function Φr  

 

           𝛷𝑟 = (𝑚1 + 𝑚3)𝑔|𝑥̇1| + 𝜇2(𝑚2 + 𝑚4)𝑔|𝑥̇2| + 𝜇3𝑚3𝑔|𝑥̇3| + 𝜇4𝑚4𝑔|𝑥̇4| +
1

2
𝛽3𝑥̇3

2 +
1

2
𝛽4𝑥̇4

2                      (3)

Where these are: 

𝑐𝑠 - stiffness of the system during collision/impact, 

𝜇1, 𝜇2, 𝜇3 𝑖 𝜇4 - Coefficient of dry friction, 

𝛽3 𝑖 𝛽4 - dynamic viscosity that characterize medium 

resistance, 

g - force of gravity. 

As this system is under the conservative and 

dissipative forces, we have Lagrange’s equations of the 

second kind: 
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𝑑

𝑑𝑡

𝜕𝐸𝑘

𝜕𝑞̇𝑖
+

𝜕∅𝑟

𝜕𝑞̇𝑖
+

𝜕𝐸𝑝

𝜕𝑞̇𝑖
= 0  (4) 

When we change the equation for kinetic and 

potential energy from the previous equation, and the 

equation for dissipation function and include these spatial 

vectors we get: 

 𝑦1 = 𝑥1, 𝑦2 = 𝑥1, 𝑦3 = 𝑥2, 𝑦4 = 𝑥2, 𝑦5 = 𝑥3, 𝑦6 = 𝑥3, 𝑦7 = 𝑥4, 𝑦8 = 𝑥4  (5)

And we get the final differential equations of the 

collision of two train wagons: 

𝑥̈1 = 𝑎1(𝑦3 − 𝑦1) + 𝑎2𝑦5 + 𝑎9𝑦6 − 𝑎10 sin 𝑦2 + 𝑎13 sin 𝑦4

𝑥̈2 = 𝑎3(𝑦1 − 𝑦3) + 𝑎4𝑦7 + 𝑎5𝑦8 − 𝑎11 sin 𝑦4 + 𝑎14 sin 𝑦8

𝑥̈3 = 𝑎1(𝑦1 − 𝑦3) − (𝑎2 + 𝑎12)𝑦5 − (𝑎7 + 𝑎9)𝑦6 + 𝑎10 sin 𝑦2 − (𝑎13 + 𝑎15) sin 𝑦6

𝑥̈4 = 𝑎3(𝑦3 − 𝑦1) − (𝑎4 + 𝑎8)𝑦7 − (𝑎5 + 𝑎6)𝑦8 + 𝑎11 sin 𝑦4 − (𝑎14 + 𝑎16) sin 𝑦8  (6) 

Constants used in Formula 6 (𝑎1 … . 𝑎16) are

given in the Table 1. 

Table 1. Constants 𝑎1 … 𝑎16

𝑎1 𝑎2 𝑎3 𝑎4

𝑐𝑠/𝑚1 𝑐3/𝑚1 𝑐𝑠/𝑚2 𝑐4/𝑚2

𝑎5 𝑎6 𝑎7 𝑎8

𝛽4/𝑚2 𝛽4/𝑚4 𝛽3/𝑚3 𝑐4/𝑚4

𝑎9 𝑎10 𝑎11 𝑎12

𝛽3/𝑚1 𝜇1

𝑚1 + 𝑚3

𝑚1

𝑔 𝜇2

𝑚2 + 𝑚4

𝑚2

𝑔 𝑐3/𝑚3

𝑎13 𝑎14 𝑎15 𝑎16

𝜇3

𝑚3

𝑚1

𝑔 𝜇4

𝑚4

𝑚1

𝑔 𝜇3𝑔 𝜇4𝑔

This way defined system of differential equations 

takes into account shift of the load in the collision and it is 

good for solving it numerically. 

In solving this system, Runge-Kutta formula of 

order 4 was used.  

2.1.  LONGITUDINAL OSCILLATIONS IN THE 

COLLISION OF TWO WAGONS 

Train wagons in collisions act like elastic beams. 

In the moment of collision, the wagon with mass m2 is hit

by a load (locomotive or a second wagon) of the mass m1. 

Therefore, the scheme of the collision of the wagons that 

is shown on the Figure 1 (in the case of longitudinal 

oscillations) can be exchanged with the scheme on the 

Figure 2. 

𝑐𝐼𝐼 (
𝜕𝑢1

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
) ←   ∎ → 𝑐𝐼𝐼 (

𝜕𝑢1

𝜕𝑥
+

𝜕2𝑢2

𝜕𝑥2
𝑑𝑥) + 𝑐𝐼𝐼 (

𝜕𝑢

𝜕𝑥
+

𝜕2𝑢

𝜕𝑥2
𝑑𝑥)

Figure 2. Scheme of the collision of the wagons[7]

Using D’Alambert’s principle, the differential equation for 

the basic movement of the part dx will be like this: 

(
𝑑2𝑢0

𝑑𝑡2 +
𝜕2𝑢

𝜕𝑡2 𝑑𝑥) 𝜌𝑑𝑥 = 𝑐𝑠 (
𝑑2𝑢1

𝑑𝑥
+

𝜕2𝑢

𝜕𝑥2 𝑑𝑥) − 𝐹𝑤𝑑𝑥       (7) 

And these are: 

𝐹𝑤 - friction forces,

𝜌 =
𝑚2

𝑙
- mass of the longitude of the wagon,  (8)                                                                                     

u -  deformity of the wagon as an elastic beam,

𝑐𝑠 - the overall stiffness of the system in the collision.

If we take into consideration that part of the force 

is used for friction force, that the size of 
𝒅𝟐𝒖𝟎

𝒅𝒕𝟐 can be 

defined from considering the differential equation of the 

movement of the system of the mass and that there is no 

coercive force F, the equation 7 becomes: 

𝜕2𝑢

𝜕𝑡2 − 𝑐2 𝜕2𝑢

𝜕𝑥2 = 0           (9) 

where: 

𝑐 = √
𝑐𝑠

𝜌
- speed of elastic waves.  (10) 

Since the forces in buffers are equal to zero in any time at 

the free end of the beam, and since oscillations  are in 

harmonic law, we get: 

𝑢𝑖 = 𝐴𝑖𝑥 cos (
𝜔𝑖

𝑐
) 𝑥 ∙ (𝐴𝑖𝑡 cos 𝜔𝑖𝑡 + 𝐵𝑖𝑡 sin 𝜔𝑖𝑡)      (11) 

And these will be: 

𝐴𝑖𝑥 , 𝐴𝑖𝑡 , 𝐵𝑖𝑡  - constant of oscillation,

𝜔𝑖 - frequency of oscillation.

Using the equations from (8) and (10) you will get: 

𝑡𝑔
𝜔

𝑐
𝑙 = −𝑚1

𝜔2

𝜔

𝑐

𝑐2𝜌
 i 
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                          𝑡𝑔
𝜔

𝑐
𝑙 = −

𝑚

𝑚2

𝜔

𝑐
𝑙.                              (12) 

Finally it is: 

                                      𝑡𝑔𝜆 = −𝑘𝜆                              (13) 

Where this is: 

                                         𝜆 =
𝜔

𝑐
𝑙.                                 (14) 

Using this equation (13) the frequency of wagon 

oscillations in the collision can be determined. And the 

wagon is observed as an elastic beam with the load at only 

one end. 

3.  INFLUENCE OF THE ENERGY WAGON 

OSCILLATION TO THE LONGITUDINAL FORCE IN 

THE COLLISION  

Considering the fact that in the collision, the each 

force are weaker than the combined forces of the wagons, 

it can be deduced that this collision happens in the isolated 

system with the conservation laws (quantity of movement, 

energy etc.). 

During the collision, the centre of the masses of 

the connected wagons is moving with the constant speed 

𝑣𝑐𝑚, and based on the Conservation law of movement it is: 

           𝑚1𝑣1 + 𝑚2𝑣2 = (𝑚1 + 𝑚2)𝑣𝑐𝑚 = 𝑐𝑜𝑛𝑠𝑡.        (15) 

It can be concluded that the velocity of the 

mass 𝑣𝑐𝑚 during the collision is constant and equal:  

                                   𝑣𝑐𝑚 =
𝑚1𝑣1+𝑚2𝑣2

𝑚1+𝑚2
                        (16) 

The collision of two wagons can be divided into 

the period of compressing buffers to reaching the 

maximum stroke and the period when buffers use all of 

their strokes, and then we have a case of stiff collision of 

the wagon.  

In the period that lasts from the moment of 

touching the buffer to the maximum compression of 

springs (2Δl), the center of the wagon masses is moving 

with the constant velocity of 𝑣𝑐𝑚- which is defined in the 

previous equation. 

In general case, kinetic energy of the wagon 

movement, during the collision is: 

                                 

  
𝑚1𝑣1

2
+

𝑚2𝑣2

2
= ∫ 𝐹0(𝑥)𝑑𝑥 +

(𝑚1+𝑚2)𝑣𝑐𝑚
2

2

2Δ𝑙

𝑥=0
+ ∑ ∫ 𝑏𝑖𝑥̇𝑖𝑑𝑥𝑖 + 𝐸𝑎𝑠𝑐

𝑥𝑖

0
𝑛
𝑖=0                                 (17) 

 

On the right side of equasion: 

∫ 𝐹0(𝑥)𝑑𝑥
2∆𝑙

𝑥=0
 - the absorbed energy of springs of the 

buffers in both wagons, 
(𝑚1+𝑚2𝑣𝑐𝑚

2 )

2
 - kinethic energy of the system during 

collision, 

∑ ∫ 𝑏𝑖𝑥̇𝑖𝑑𝑥𝑖
𝑥𝑖

0
𝑛
𝑖=0  - thermal energy, or the work of all the  

fringe forces (thermal energy is a result of movement of 

wagons, shift of load, etc), 

𝐸𝑎𝑠𝑐  – oscillating energy of both wagons and the load. 

Here are:  

x = x1 − x2 = 0 ÷ 2∆l - stroke in compression of buffers  

of wagons ni case where buffers have the same stiffness, 

in general case, this would be: x = ∆l1 + ∆l2 

F0(x) – Force in the buffers, 

bi – of proportion that characterize medium resistance, 

xi, ẋi - move and speed of  masses. 

From the equation (17) it can be concluded that 

the overall kinetic energy of the system before the 

collision transforms into energy of the springs in the 

buffers, kinetic energy of the system after the impact 

(collision), the lost „energy” which is used for the 

overcoming of the friction (due to the shift of the wagon, 

shift of the load and the energy of the system oscillation. 

We can disregard the energy lost on the 

overcoming friction and mark the lost mechanical energy 

with 𝐸𝑖 - that is lost on the oscillation of the wagon that 

takes part in the collision. This energy is hard to define 

analytically, because it depends not just from the velocity 

and the mass of wagon and the load that take part in the 

collision, it depends on the other factors among which the 

most important is dynamic stiffness of the wagon. In the 

first period of the impact we will mark this lost energy 

with𝐸𝑖,1. 

Now the equation (17) can be written like this: 

    
𝑚1𝑣1

2
+

𝑚2𝑣2

2
= ∫ 𝐹0(𝑥)𝑑𝑥 +

(𝑚1+𝑚2)𝑣𝑐𝑚
2

2
+ 𝐸𝑖,1

2𝛥𝑙

𝑥=0
    (18) 

Taking (16) into consideration for the central 

mass velocity 𝑣𝑐𝑚 from the previous equation, the energy 

of the impact that corresponds to the work of wagon 

buffers:     

         ∫ 𝐹0(𝑥)𝑑𝑥 = (𝑣1 − 𝑣2)2 𝑚1𝑚2

2(𝑚1+𝑚2)
− 𝐸𝑖,1

2𝛥𝑙

𝑥=0
         (19) 

Let’s assume that in a general case, force in the 

buffers 𝐹0(𝑥) does not linear depend on the hod of the 

springs, and is given in relation: 

                                   𝐹0(𝑥) = 𝑐1𝑥𝑛 + 𝐹𝑠𝑡                     (20) 

Becaue: 

𝑐1 - equivalent stiffness, 

𝑥 = 0 ÷ 2𝛥𝑙 - stroke of the springs, 

n - pring coefficient characteristic, for the linear 

dependency n=1, 

𝐹𝑠𝑡 - Static force of pre stressing the spring. 

If: 

𝑐𝑜1 - stiffness of one spring of the first wagon, 

𝑐𝑜2 – stiffness of one spring of  the second wagon, 

𝑐1 - stiffness of parallel springs on the first wagon, 

𝑐2 – stiffness of parallel springs on the second wagon, then 

stiffness of parallel springs of the first and second wagon 

is: 

𝑐1 = 2𝑐𝑜1  

𝑐2 = 2𝑐𝑜2  

In general case, stiffness in the system during the first 

period of impact (C1) of two wagons equals: 

                            
1

𝑐1
=

1

𝑐1
+

1

𝑐2
+

1

𝑐𝑛𝑠1
+

1

𝑐𝑛𝑠2
                    (21) 

Where: 

 𝑐𝑛𝑠1 – stiffness of the base structure of first wagon, 

𝑐𝑛𝑠2 – stiffness of the base structure of second wagon. 

To be precize, during the first period of collision, stiffness 

of system consists of lineary connected stiffness of springs 

and stiffness of the base springs that are in collision. 

However, stiffness of base wagon structures is much 

bigger from the stiffness of spring buffers(𝑐𝑛𝑠 ≫ 𝑐1,2), and 

if we omit the last two equasions (18) it can be written: 
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𝑐1 ≅
𝑐1𝑐2

𝑐1+𝑐2
 (22) 

Let’s  also mention that stiffness of the spring 

changes depending on the speed of reaction to the load. If 

the spring, when statically tested, had a linear dependency 

between force and stroke, in dynamics it is possible that 

this characteristic is not linear any more.   

Assuming that force in the buffers  𝐹0(𝑥) does

not only linearly depend on the spring stroke replacing the 

spring static force and also replacing (20) equation into 

(19) equation and we get, after intergraljenje (pise da je to

na hrvatskom, nije mi poznato) integration, we get

mathematical expression for the maximum spring stroke:

𝐹0 = √𝑐1(𝑛 + 1)𝑛 [
(𝑣1−𝑣2)𝑚1𝑚2

2(𝑚1+𝑚2)
− 𝐸𝑖,1]

𝑛𝑛+1
,  (23) 

for |𝑣1 − 𝑣2| ≤ |𝑣0|
So, the previous expression for the force in the 

buffers to the velocity |𝑣0| under which the maximum

stroke of the buffer springs is made. 

From the equation (19), taking into consideration 

the force in the buffers (20), we get the expression for the 

speed in the moment of the spring max usage stroke: 

𝑣0 = √
2(𝑚1+𝑚2)

𝑚1𝑚2
[𝑐1

(2𝛥𝑙)𝑛+1

𝑛+1
+ 𝐸𝑖,1]     (24) 

4. COLLISION OF TWO WAGONS WHEN SPRING

STROKE IS OVERUSED 

In the end of the first period of collision, the force 

in the wagon buffers  𝐹0 reaches the result given by the

expression (23) for the stroke x=2Δl. In the end of the 

second period of collision, the force reaches its maximum- 

 𝐹𝑚𝑎𝑥.  The result of this force will be determined with

equalization of the surface of the diagram (Figure 3), that 

represents the work of forces on the certain path and the 

energy of the imapct. 

Figure 3. Work of forces in the wagon collision [7] 

     ∫ 𝐹(𝑥)𝑑𝑥
𝑥

0
=

𝐹02𝛥𝑙

2
+

𝐹0+𝐹𝑚𝑎𝑥

2
(𝑥 − 2𝛥𝑙) =

𝐹0
2

2𝑐1
+

𝐹𝑚𝑎𝑥
2 −𝐹0

2

2𝑐𝑛
  (25)

The work of these forces has to be equal to the 

energy of impact: 

    ∫ F(x)dx
x

0
= (𝑣1 − 𝑣2)2 𝑚1𝑚2

2(𝑚1+𝑚2)
− 𝐸𝑖     (26) 

Equalizing two previous math expressions, we 

get: 
𝐹0

2

2𝑐1
+

𝐹𝑚𝑎𝑥
2 −𝐹0

2

2𝑐𝑛
= (𝑣1 − 𝑣2)2 𝑚1𝑚2

2(𝑚1+𝑚2)
− 𝐸𝑖     (27)

Expression for max. force during collision: 

𝐹𝑚𝑎𝑥 = √𝐹0
2 (1 −

𝑐𝑛

𝑐1
) + 𝑐𝑛(𝑣1−𝑣2)2 𝑚1𝑚2

𝑚1+𝑚2
−2𝑐𝑛𝐸𝑖

 (28) 

If the collision is not entirely elastic, the part of 

kinetic energy that objects had on the beginning of the 

collision is wasted on deformation and the warming of the 

objects. We saw that wagon with the mass m1 moves with 

velocity of v1 ad collides with wagon which mass is m2 and 

speed is v2. 

The relation between the speed of an object under 

the steering collision in the end and the beginning of the 

object, Newton named The coefficient of restitution or 

coefficient of impact and is defined as in  [2,3] : 

𝑘𝑟 =
𝑣𝑖

′

𝑣𝑖
 (29) 

Where: 

𝑣𝑖
′ - velocity of  i  mass after the impact,

𝑣𝑖 - velocity of i mass before the impact.

In the previous expression kr represents 

coefficient of restitution or coefficient of the impact by 

which elastic traits of the objects are analyzed. The value 

of the restitution coefficient is defined experimentally for 

different materials. The loss of energy is equal to zero in 

the impact of perfect elastic objects, and then it is  kr =1. In 

the collision of ideally plastic objects it is kr =0.  

Using the expression for the velocity of the centre of 

masses, the equation (16), you get: 

𝑘𝑟 =
𝑚1(𝑣1−𝑣̇1)+𝑚2(𝑣2−𝑣̇1)

𝑚2(𝑣1−𝑣2)
, or

𝑘𝑟 =
𝑚1(𝑣̇2−𝑣1)+𝑚2(𝑣̇2−𝑣2)

𝑚2(𝑣1−𝑣2)
  (30) 

The previous expression can calculate restitution 

coefficient for the each impact under known initial and 

final speeds of the given objects, under the condition that 

there is no relative shift of the weight over the wagon 

construction during the collision. Experimental research 

shows that restitution coefficient depends on elastic traits 

and shapes of object that collide, and it is said in general 

that restitution coefficient is a function: 

𝑘𝑟

= 𝑓 {
elastic traits and shapes of objects, masses (𝑚𝑖) and

 velocity of object (𝑣𝑖) in collision
} 

Using equations (30), with the well-known value of the 

restitution coefficient it is possible to determine speed of 

the wagons after collision: 

𝑣1
′ = 𝑣1 − (1 + 𝑘𝑟)

𝑚2

𝑚1+𝑚2
(𝑣1 − 𝑣2),

 𝑣2
′ = 𝑣2 + (1 + 𝑘𝑟)

𝑚2

𝑚1+𝑚2
(𝑣1 − 𝑣2) (31)
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5. LOSS OF KINETIC ENERGY IN THE COLLISION 

In these examinations we will limit ourselves to 

the case of collision of two wagons, when there is no 

relative shift of the load to the construction of wagon. If 

we mark with Ek0 kinetic energy of two wagons before 

collision, with Ek kinetic energy after collision, and loss of 

kinetic energy is ΔEk=Ei=EOSC  under straight, non-elastic 

collision of two wagons, when there is no relative shift of 

the load, will be equal to: 

                                                         𝐸𝑖 = Δ𝐸𝑘 = 𝐸𝑘0 − 𝐸𝑘 =
1

2
[𝑚1(𝑣1

2 − 𝑣̇1
2) + 𝑚2(𝑣2

2 − 𝑣̇2
2)]                                         (32) 

Changing the expression for the velocity of 

wagon after collision (31) in the previous equation and 

arranging it, you will get that the loss of kinetic energy in 

the collision equals to:  

               𝐸𝑖 = (1 − 𝑘𝑟
2)

𝑚1𝑚2(𝑣1−𝑣2)2

2(𝑚1+𝑚2)
              (33) 

This expression represents the complete Karnot 

theorem which says that the loss of kinetic energy in 

straight central non-elastic collision of two objects is equal 

to kinetic energy the system would have if it was moving 

in lost speed[3]. 

In the first period of collision, the lost energy is marked 

with 𝐸𝑖,𝐼, and for it, we have coefficient of restitution 𝑘𝑟,𝐼. 

This coefficient changes with the increase of  collision 

speed. 

If we know the coefficient of restitution, it is easy to 

determine the value of the lost energy, and with its 

maximum force value created in the collision. This is 

important for the further dynamic estimate of wagon. 

Coefficient of restitution can be determined another way, 

using results that are given experimentally. 

Intensity of force on the buffers, in the collision, changes 

from zero to maximum in the very short period of time, 

and then, under a certain law, it comes back to zero. If the 

time interval of how much the collision lasts is τ, the 

impact impuls will be equal to: 

                         𝐼 = ∫ 𝐹⃗0𝑑𝑡
𝑡0+𝜏

𝑡0
                        (34) 

The impact impuls I, for the time interval τ→0 will be 

final number. 

The change in quantity of moving the bodies during 

collision is equal to impact impulse, and in case of 

collision of more than one object it can be written like this: 

 

∑ 𝑚𝑖𝑣⃗𝑖
′𝑛

𝑖=1 − ∑ 𝑚𝑖𝑣⃗𝑖
𝑛
𝑖=1 = ∑ 𝐼𝑖

𝑛
𝑖=1                 (35) 

here: 

∑ 𝑚𝑖𝑣⃗𝑖
′𝑛

𝑖=1  - quantity of moving of material system in the 

end of impact, 

∑ 𝑚𝑖𝑣⃗𝑖
𝑛
𝑖=1  - of material system in the beginning of 

impact, 

And we get: 

                                    𝐾⃗⃗ ⃗⃗ − 𝐾⃗⃗⃗′ = ∑ 𝐼𝑖
𝑛
𝑖=1                       (36) 

Using equasions (30) and Law of changing the quantity of 

material system in collision, coefficient of restitution can 

be defined in another way. If we have Ir  for force impulse 

for the unload period, and Io for the load of construction, 

we will have: 

  𝐼𝑟 = 𝑚1(𝑣⃗𝑐𝑚 − 𝑣⃗1
′ ) = 𝑚2(𝑣⃗2

′ − 𝑣⃗𝑐𝑚)          (37) 

and coefficient of restitution is equal to relation of two 

impulses: 

                                𝑘𝑟 =
𝐼𝑟

𝐼0
                              (38) 

On the Figure 4. you can see the change of force in buffers 

in the time of the collision. 

 
Figure 4. Change of force in buffers during time in the 

impact of wagon[7] 

Impulses Io and Ir are equal to the appropriate surfaces on 

the diagram (Figure 4). Experimental assessment diagram 

of impulse force in the function of time, as well as the 

appropriate surfaces in the exact testing of wagons, is done 

and it is given by professor Petrović [7] 

CONCLUSION 

 

The basis of dynamic research of collision of two 

wagons represents determining of longitudinal oscillations 

and the coefficient of restitution. 

In today’s experimental studies of wagons, which are 

defined by international regulations of UIC and the 

recommendations of ERRI, not enough attention was 

given to estimating the coefficient of restitution. Namely, 

in those regulations the way how to load and the type of 

load on the wagons (for the experiment) are defined up to 

a point, but they do not give the value of the restitution 

coefficient is allowed to be for a certain type of wagon.  

Coefficient of restitution is in the function of the 

speed of collision, outside of experiments become 

irregular. Of course, this would take vast research on all 

the types of wagons and systematizing of the given results. 
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Although certification to ISO 50001 standard can contribute to companies’ social responsibility visibility, the solely 
implementation of energy management system in accordance to this standard could be performed only for the benefits it 

provides. Energy management system requirements for an organization lead toward better understanding of its purpose, 

support setting targets and objectives, and the development of sustainable approach to the efficient use of energy, 

establishing and enhancing contribution of all organizational levels. This paper investigates how methodology developed 

and introduced under this standard contributes to the energy efficiency improvements in organization. The precondition is 

the commitment of the top level management in organization, that should enable organization to recognize risk and 

opportunities in its energy performance, support identification of measures and actions in energy management plans and 

contribute to the overall improvement of its organizational energy performance. If the expected results are effective and 

measurable, the plan-do-check-act framework proposed by ISO standards will provide continuous, effective, data-driven 

energy efficiency improvement. 

Keywords: Energy Management System, ISO 50001 standard, Energy efficiency 

1. INTRODUCTION

One of the preconditions for EU accession is the 

alignment of Serbian legislation with EU legislation. In the 

scope of organizational, legal and political reforms in 

different sectors in Serbia, energy sector is subject to very 
intense changes. The awareness of efficient and rational 

use of energy was increased during past decade, while the 

establishment of energy management systems was 

considered as crucial to the long-term, responsible 

behaviour toward the environment. To contribute this 

objective, the Law on energy efficiency and rational use of 

energy [1] provided the introduction and implementation 

of the energy management system in Serbia, defining main 

actors in this system, as well as their responsibilities and 

obligations, and scope of their activities and competences. 

The activities and regulatory, technical, organizational 

measures set by this Law contribute to the energy 
efficiency objectives which belong to the wider range of 

energy policy objectives. The establishment of the energy 

management system was also recognized by the Energy 

Sector Development Strategy of the Republic of Serbia 

until 2025, with projections until 2030 [2] as a strategic 

direction of actions, within the strategic priority of energy 

efficiency increasing in all consumption sectors. Also, 

within this strategic direction, the implementation of 

energy management system in public sector was conceived 

as the priority activity. 

In accordance with the Law on energy efficiency 
and rational use of energy, the subjects of the energy 

management system are: the Government of the Republic 

of Serbia, Ministry on charge for the energy issues, 

designated parties of the energy management system, 

energy managers and energy auditors.  

The introduction and implementation of the energy 

management system is obligatory for designated parties 

including: companies whose dominant economic activity 

is production, if they consume more energy than the 

quantity prescribed by the Government, companies whose 

dominant economic activity is trade and services, if they 

consume more energy than the quantity prescribed by the 

Government, bodies of local self-government and cities/ 

municipalities with populations exceeding 20,000 and 

bodies of the state governance, other bodies and 

organizations of the Republic of Serbia, bodies and 
organizations of the autonomous province and 

organization of the obligatory social insurance.  

The Law on energy efficiency and rational use of 

energy is a result of alignment procedure of Serbian 

legislation in the energy sector with EU directives. The 

energy audit as a measure of energy performance, and the 

establishment of energy management systems in EU 

legislation was primary prescribed in the Energy Services 

Directive [3]. However, under Energy Efficiency Directive 

[4] the obligatory nature of energy audits is stronger,

especially in a case of larger enterprises, where the

undertaking of energy audits is compulsory. This paper
highlights the importance of energy management systems

for energy savings, explores how it fits within the existing

strategic and regulatory framework in Serbia and

interrelates with EU legislation and guidelines. Finally,

this paper investigates how methodology developed and

introduced under ISO standard for energy management

system contributes to the energy efficiency improvements

in the organization, since this standard is also recognized

by Energy Efficiency Directive as a useful tool to

undertake energy audits and monitor energy performance.

2. EUROPEAN UNION AND ENERGY UNION –
PERSPECTIVES FOR THE FUTURE 

The EU set and regularly update comprehensive 

framework to manage its energy policy, taking into 

account its long-term perspectives and reflecting new 

circumstances in the energy sector. In this scope, each 

Member State is recognized by its own specificities: 

different energy mixes, economic wealth and capacity to 

F.1



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

A Lazarevic, I Marinovic Matovic 

act, having different contribution to the EU’s energy 

policy targets in the field of greenhouse gasses emission 

reductions, promotion of renewable energy and energy 

savings. Although the energy regulation was set to be 

common for all Member States at the European level, until 

2015, it could not be said that an integrated energy market 

produced the expected effects. European energy security 

strategy form 2014 [5] stated that EU imports 53% of its 

energy consumption, which makes it the largest energy 
importer in the world. The import dependency related 

almost 90% to crude oil, 66 % to natural gas, 42% to solid 

fuels and 40 % to nuclear fuel. 

When in 2015 concerns were raised about the 

existence of inconsistencies between national energy 

regulatory frameworks of individual Member States and 

energy rules set at the European level, EU wanted to reset 

its energy policy in the right direction – all ideas, thoughts 

and beliefs were focused on the establishment of Energy 

Union, as an effective way to support sustainable, law-

carbon and climate-friendly economy, designed to last. 

Therefore, the Energy Union was founded out of the EU 
effort to build the resilience to all energy supplies shocks 

and disruptions and to reduce dependences on particular 

suppliers, fuels and energy routes (avoiding supply-side 

approach). They also realized that the way of 

communicating energy priorities and possibilities to each 

energy consumer need to be changed in order to create 

flexibility to manage the energy demand, so that the 

consumers can have a control over their energy costs and 

the choice of the energy suppliers [6]. 

Energy Union relays on the Energy Security 
Strategy [5] and has five “closely related and mutually 

reinforcing dimensions”, that are designed to bring greater 

energy security, sustainability and competitiveness [6]: 

energy security, solidarity and trust; fully integrated 

energy market; energy efficiency contributing to 

moderation of demand; decarbonizing the economy and 

research innovation and competitiveness. Figure 1 

summarize the objectives and interconnections of these 

five dimensions. It could be observed that Energy Union 

mostly relays on the documentation and events that 

happened in 2014 and 2015. The most important event was 

Paris climate conference (COP21) in December 2015. 

EU s energy security

Cooperation 

between EU s 

countries
Diversifying 

Europe s energy 

sources

Decarburization of  EU 

economy
Solidarity Trust

Fully integrated 

internal energy 

market

EU s prosperity

Sustainability Competitativness

Reduction of 

dependencies on energy 

import

Improving energy 

efficiency

Promotion of renewable 

energy sources

Research and Innovation

Figure 1: Structured dimensions and objectives of the Energy Union 

In previous decades, EU also faced challenges 

related to the climate change and environmental 

protection, especially related to the energy demand and 

supply. Therefore, one of the EU priorities for next five 

years is to become the first climate-neutral continent, 

meaning that reach net zero greenhouse gas emissions by 

2050, while remaining and economic growth by efficient 

use of resources, restoring biodiversity, protecting eco-
systems and cut pollution. This objective was set in line 

with the objectives from the legally binding international 

treaty on climate change - Paris Agreement, taking into 

account its importance for setting a global framework to 

avoid dangerous climate change by limiting global 

warming below 2 ͦC [7]. Reaching climate neutrality 

implies serious transformations of the economy, 

encompassing its recoupling from resource use, 

adjustments of all relevant EU legislation and policies and 

significant public and private investments. The most 

important instrument to reach this optimistic target is 
European Climate Law [8], which established a framework 

for irreversible and gradual reduction of greenhouse 

gasses. This regulation is also consistent with the 

Regulation on the Governance of the Energy Union and it 

builds the monitoring and reporting process on the ones 

included in the Energy union regulation, reducing the 

administrative burden of the Member States. 

The response to the newest concerns related to the 

climate and environmental-related challenges (atmosphere 
warming, climate changes, many species under risk of 

being lost, oceans and forests pollution and destruction 

etc.) is the European Green Deal, which is a new growth 

strategy that should lead EU’s economy transformation 

toward sustainable future: fair and prosperous society, 

modern, resource-efficient and competitive economy, and 

economic growth decoupled from resource use [9].  
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3. ENERGY POLICY AND POLICY ON ENERGY

EFFICIENCY AND RATIONAL USE OF ENERGY IN 

SERBIA 

Serbia, together with other five Western Balkans 

countries, is in the process of accession to the EU, which 

implies the acceptance of EU’s values, requirements and 

standards, especially in terms of its legislation alignments 
with the EU legislation and to use its best practices, 

especially of the countries with transitional economies. 

The first Energy Law in Serbia was adopted by the 

Parliament of the Republic of Serbia in 2004. Currently 

actual Energy Law was adopted in 2014, and it already 

passed many changes so far. However, the objectives of 

the Serbian energy policy and method of its 

implementation, as prescribed by this law, did not change. 

Further on, the details of the national energy policy are 

implemented through three basic documents: Energy 

Sector Development Strategy of the Republic of Serbia 

until 2025, with projections until 2030 [2], Program for 
Realization of Energy Sector Development Strategy of the 

Republic of Serbia until 2025, with projections until 2030 

for the period from 2017 to 2023 [10] and Energy Balance 

(to be prepared and adopted each year) [11]. 

Energy law determined energy policy objectives, 

taking into account the potential impact of some energy 

policy options. Similarly, as with the EU’s energy 

priorities and objectives, the objectives of the Serbian 

energy policy could be grouped into three priority areas: 

security of supply, environmental protection and economic 

competitiveness. Figure 2 visualizes the energy policy 

objectives with respect to this grouping. The top objective 

is the promotion of environmental protection, while it is 
followed by the objective which relates to the reliable, safe 

and quality energy supply. Other energy policy objectives 

should contribute to this objective, and through this 

objective to the environmental protection. The graphical 

representations of the energy policy objectives should be 

considered only as a mosaic part, whose approach is in 

close interrelationship with other state policy areas. 

Comparing EU’s and Serbian documents related to the 

energy policy, it could be concluded that the economy is 

dominant subject in all issues related to the environmental 

protection and provision of security of energy supply, 

tailored to the EU’s energy consumers while the objectives 
of Serbian energy policy are more generic.  

Promoting environmental 

protection

Reliable, safe and quality supply of 

energy and energy sources

Creating conditions for the 

safe and reliable energy 

systems operation

Creating conditions for 

investments into the 

energy sector

Creating conditions for 

generating energy from

RES and CHP

Providing conditions for 

promoting EE (energy 

activities

and consumption)

Energy and energy sources  

customers protection

Electricity and natural gas market 

development and their connecting with 

the regional and internal market of the 

EU

Energy market competition based on the 

principles of non-discrimination, publicity 

and transparency

Connecting the Serbian 

energy system with other 

countries  energy systemsCreating conditions for use of new 

energy sources

Figure 2: Energy policy objectives 

Law on efficient energy and rational use of energy 

[1] was adopted early this year regulating the conditions

and manners of efficient energy-use in different

production and consumption sectors, efficient energy-use

policy and energy management system, term that was for

the first time introduced in the Serbian legislation in the

previous Law on efficiency energy-use [12]. Figure 3

visualizes how the creation of conditions for the rational

use of energy and improvement of energy efficiency, can

be supported by the energy policy objectives. Basically,
this should present how the rational use of energy and

implementation of the energy efficiency objectives relate

to the energy policy objectives. As it could be observed

red-marked objectives are the objectives of the Law on

efficient energy and rational use of energy and are very

general. This means that those objectives have been 

realized through the implementation of the lower level 

objectives, which are more specific. Compering to the 

previous figure seven additional objectives occur: Security 

of energy supply, achieving of energy savings, sustainable 

use of natural and other resources, reducing energy 

poverty, reducing the impact of energy sector  on 

environment and climate change, increasing economic 

competitiveness and improving conditions for economic 

development, each of them can be contributed by 
achieving one of the energy policy objectives. The 

representations at Figure 2 and 3 could be a base for 

identification of certain clear actions, targets and 

timeframes to meet these interlinked objectives. 
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Figure 3: Efficient energy-use policy objectives 

Law on efficient energy and rational use of energy 

was a result of alignment procedure of the Serbian 

legislation in the energy sector with EU rules and 

directives. Under the European Green Deal framework, 

new Energy Efficiency Directive is in preparation. 

However, the previous versions of this directive contained 

enough information about the energy management system, 

identifying energy audits as essential tool to achieve 

energy savings, by obtaining enough knowledge about the 

energy consumption of any subject under consideration, so 

that its energy saving opportunities could be quantified 

[4]. Each Member State was responsible to promote the 
availability of high quality and cost-effective energy audits 

to all final consumers, to determine minimum criteria for 

energy audit and to ensure compulsory and regular (every 

four years) audits for large enterprises fulfilling these 

minimum criteria. They were also obliged to ensure the 

development of programs to encourage energy audit in 

those organizations were it was not mandatory, such as 

small and medium enterprises, as well as to raise 

awareness among households about the benefits of energy 

audit, in order to enable as much as possible energy 

savings through energy management system [13]. 
Under the Energy Efficiency Directive, there is 

Annex VI which represent a basis for establishment of 

transparent and non-discriminatory minimum criteria for 

energy audits, including those carried out as part of energy 

management systems [14]. The requirements set into this 

Annex VI are “not more far reaching than the 

requirements of the relevant European or International 

Standards” [13]. Among others, standard EN ISO 50001 

was named as standard that can provide guidelines in 

developing national minimum criteria for energy audits on 

the basis of Annex VI. Also, the large enterprises are 

exempted from the obligation to carry out regular energy 
audits if they are implementing and have formalized 

energy and/or environmental management system certified 

by an independent accreditation body according to the 

relevant ISO standard. 

4. ENERGY MANAGEMENT SYSTEM IN ISO

STANDARDS 

Many International Organization for 
Standardization (ISO) standards are aimed to support 

organizations in managing various performances, defined 

as measurable values. Among others, there is 

environmental performance, asset performance, quality 

performance and finally energy performance that is subject 

of this study.  

The standard EN ISO 50001:2018 Energy 

Management System – Requirements with Guideline for 

Use, has been developed and prepared by ISO Technical 

Committees, and it superseded the standard EN ISO 

50001:2011. In Serbia, Institute for Standardization of 

Serbia (ISS) is in charge of the standardization process at 

national level. Therefore, in our country, this international 
standard was adopted as SRPS EN ISO 50001:2018, 

without any modification comparing to the original one. 

This Standard specifies the energy management system 

requirements for any organization, regardless of its type, 

size, complexity, or products or services it provides. What 

is more important, this standard is applicable to any 

organization, regardless type and quantity of energy 

consumed. The most important issue related to the 

implementation of standard EN ISO 50001:2018 is the 

commitment of all actors and levels of the organization, 

especially in supporting energy performance 
improvements. The commitment of top management is 

certainly essential, since it establishes energy policy, and 

delegate the responsibilities and authorities for relevant 

roles to the members that are assigned to the energy 

management team. 

The structure of this standard is mostly the same as 

other standards related to the different management 

systems: environmental, quality, information security, 

business continuity etc. (context of the organization, 

leadership, planning, support, operation, performance 

evaluation and improvement). Also, like in other 

management systems this standard follows the “Plan-Do-
Check-Act” process for continual improvement, which 

makes incorporation of energy management into existing 

systems easier. Therefore, this standard can be applied 

independently or as an integrated management system.  

According to EN ISO 50001:2018, energy 

management system represents useful management tool 

that helps organizations to better manage its energy 

consumption, improving the productivity. Energy 

Efficiency Directive also defines energy management 
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system as a set of interrelated or interacting elements of a 

plan which sets an energy efficiency objective and a 

strategy to achieve that objective. Standard EN ISO 

50001:2018 provides a framework to manage and improve 

their energy performance, providing guidelines for 

establishing, implementing, maintaining and improving an 

energy management system. Similarly, as at the state and 

local level, the introduction and implementation of the 

energy management system in any entity and organization 
begins with energy policy determination, defining its 

objectives and directions to achieve these objectives, 

establishing a system for monitoring energy performance, 

and implementing procedures for a continuous 

improvement of the energy performance [15,16] 

As with other ISO standards, EN ISO 50001:2018 

standard does not consist of a specific energy performance 

measures related to energy consumption and energy 

performance. It sets final energy objectives and targets and 

enables organization to achieve them but does not provide 

the exact set of actions and measures on how to reach 

those energy objectives and targets. Each organization that 
is willing to certifies to EN ISO 50001:2018 applies its 

own manner to establish, implement, maintain and 

continually improve an energy management system. 

However, standard proposes a management model that 

contributes to the development and implementation of the 

energy policy in order to achieve the defined energy 

objectives and targets, taking into account legal 

requirements and information resulting from the analysis 

and energy consumption data [17]. It also requires a 

systematic, data-driven and facts-based process, focused 

on continually improving energy performance, an concept 
related to the energy efficiency, energy use and energy 

consumption [15].  

5. CONCLUSION

The establishment of energy management system 

has many benefits for the organization in terms of 

optimizing its energy consumption, costs reduction and 

diminishing or mitigating negative impact on the 

environment. It can also improve the image of one 
organization and contribute to increase its corporate 

responsibility.  

The importance of energy management system is 

well recognized and wide accepted as useful tool 

(instrument) that can significantly contribute to the energy 

savings and environmental protection. This can be 

confirmed also by the status that ISO and other standards 

have in Energy Efficiency Directive and other EU’s 

Directives related to the energy savings.  

In the context of standard application and usage for 

the development of national minimum criteria for energy 
audits, as prescribed by Annex VI of Energy Efficiency 

Directive, it could be said that standard EN ISO 

50001:2018 represents useful guidance for the definition 

of the scope and level of detail of an energy audit. Also 

this standard may provide useful guidance for the planning 

the audit, proposing the content of the audit report, ways to 

collect data, specific checklists to evaluate actual energy 

performance, typical energy and financial saving 

opportunities etc.  

Although the energy management system does not 

have to be established for the certification purposes, the 

application of the management model and energy 

management methodology set by EN ISO 50001:2018 has 

multiple benefits for the organization and its energy 

performance. It leads organization to save money by using 

energy as efficient as possible, while protecting the 

environment and reducing greenhouse gases by improving 

energy performance and providing energy savings. This is 

the reason why the application of this standard 

methodology itself, significantly contributes to the 
organization energy performance regardless of weather the 

organization is certified to EN ISO 50001:2018. If the 

organization decide to certify to EN ISO 50001:2018, it 

needs to carefully consider the business benefits of this 

process and the total cost of the energy management 

system establishment and maintenance.  

Another ISO standards can be useful for the energy 

management system operation lifetime: EN ISO 

50002:2014 Energy audits — Requirements with guidance 

for use, defines minimum set of requirements leading to 

the identification of opportunities for energy performance 

improvements. Practical guidelines for the implementation 
of the energy management system requirements are 

prescribed by EN ISO 50004:2020 Energy Management 

System - Guidance for the implementation, maintenance 

and improvement of an ISO 50001 energy management 

system.  
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Following the analysis of noise maps for road, rail and industrial traffic on Lden and Ln as well as the 

corresponding conflict maps, action plans were prepared to prevent and reduce noise in the mentioned areas of the urban 

environment. They set out the measures to be taken, the completion dates and the number of people benefiting from the 

noise reduction. Measures to reduce urban noise have also been established for the long-term strategy. These were 

performed with an application to the Timișoara city. Subsequently, the administrative bodies of the municipality proceeded 

to implement the measures provided in the action plans. The paper refers to some considerations on their implementation 

highlighting the resulting effects. 
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1. INTRODUCTION

The main sources of noise in the urban environment 

are the means of transport participating in the naval, air, 

rail, road traffic and industrial activities. The noise 

generated by these sources affect the life and health of 

members of the urban community. In this sense, research 

on noise and vibration pollution produced by road traffic 

has been carried out in Timisoara since 1996 [5]. On the 

other hand, the European Parliament and the Council of 

the European Union, of which Romania is a member, are 

concerned with ensuring a high level of health and 

environmental protection for the inhabitants of all Union 

countries, and Directive 2002/49/EC was adopted on 25 

June 2002 [6], its main task being to create a common 

basis for all European Union states for the urban 

management of environmental noise. 

Some important aspects are provided, among 

which: 

a) Monitoring environmental issues by involving

the competent authorities of the member states in the 

creation of strategic noise maps for roads, railways, 

airports, industrial areas and important agglomerations 

using harmonized noise indicators Lden and Ln. These 

maps will be used to assess the number of people affected 

by noise throughout the European Union 

b) Informing and consulting the public on exposure

to noise, its effects and the measures that can be taken to 

combat it. 

c) Development of noise management action plans

to prevent and reduce environmental noise in order to 

protect human health and conserve quiet areas 

d) Ensuring the effective participation of the

authorities in the whole process of planning activities. In 

this regard, all Member States of the European Union have 

been concerned with the development by 30 June 2007 of 

strategic noise maps for all urban areas with more than 

250000 inhabitants and for all major areas with more than 

6 million vehicles in traffic per year, major railways with 

over 60000 trains in traffic per year and major airports 

located on their territory. 

On the basis of the noise maps drawn up by 18 July 

2008, the competent bodies drew up the action plans on 

noise prevention and reduction in the city of Timișoara, for 

which the acoustic map was drawn up [10]. According to 

Directive 2002/49/EC, the strategic noise map and action 

plans on the prevention and reduction of ambient noise for 

those agglomerations must be reviewed every 5 years. For 

the city of Timișoara, the strategic noise and conflict map 

were updated in 2013 [14]. Following the analysis of these 

acoustic maps, the authors of this paper have drawn up 

action plans on preventing and reducing environmental 

noise in Timisoara. 

The action plans have been drawn up on the basis 

of the requirements of Directive 2002/49/EC [6]. In this 

sense, we will illustrate the reflection of these 

requirements in the action plans prepared for the city of 

Timișoara, presenting considerations on their 

implementation and highlighting the resulting effects. 

2. INFORMATION OBTAINED BY NOISE MAPPING

The authority responsible for the implementation of 

noise mapping and action plans for the prevention and 

reduction of ambient noise in the city of Timișoara is the 

City Hall. Timișoara is the residence of Timiș County, the 

largest city in western Romania, a very important 

economic, historical, social and cultural centre covering an 

area of 130 square km and having on January 1, 2020 a 

population of 306466 inhabitants. Also, Timisoara is a 

strong economic and industrial pole of the country, being 

crossed by the main national and European roads and 

railways, with an international airport. The strategic noise 

map and the action plans for the prevention and reduction 

of noise in urban areas, specifically in the city of 

Timișoara, were prepared taking into account all 

legislative regulations contained in the following 

normative acts: H.G. 321/2005 republished on 

environmental noise assessment and management; O.M. 
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no. 1830/2007 on the approval of the guide on the 

development, analysis and evaluation of strategic noise 

maps; O.M. 152/558/1119/532/2008 for the approval of 

the guide on the adoption of limit values and their 

application when drawing up action plans for the Lden and 

Ln indicators for road, rail and air traffic noise and noise 

of industrial activities. 

The indicators Lden and Ln are used to characterize 

the permissible limit values of ambient noise. The Lden 

indicator is defined by 
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where Ld is the long-term noise existing on a 12-hour day 

during a year between 07.00-19.00, Le is the long-term 

noise level measured in a four-hour evening during a year 

between 19.00- 23.00, Ln is the long-term noise level for 

an 8-hour night between 23.00 and 7.00. 

Based on the order of the Minister of Environment 

and Sustainable Development number 152/13.02.2008, the 

maximum allowed values for the indicators Lden and Ln 

target values to be reached are those presented in table 1. 

Table 1: Admissible limits for noise indicators 

Lden [dB(A)] Ln [dB(A)] 

Source 

of noise 

Target Max. 

value 

Source 

of noise 

Target Max. 

value 

Roads 65 70 Roads 50 60 

Railways 65 70 Railways 50 60 

Airports 65 70 Airports 50 60 

Industry 60 65 Industry 50 55 

For the elaboration of the action plans were used 

the data highlighted by the strategic noise maps and 

conflict maps prepared in 2013 regarding the noise 

produced by road traffic, rail traffic (train, tram), air traffic 

and industrial activities, all in Lden and Ln regime. [14]. 

The analysis of these data showed that there were a 

number of 24294 people exposed to noise above the 

allowable limit of 65 dB for the Lz indicator, respectively 

45562 people exposed to a level of over 50 dB for the Ln 

indicator due to road traffic, five people exposed to noise 

level above the limit of 65 dB for the Lden indicator and 

535 persons exposed at the level of over 50 dB for the Ln 

indicator due to rail traffic (tram), as well as 10 people 

exposed to the noise level above the limit of 60 dB for the 

Lden indicator, respectively 99 people exposed to noise 

level over 50 dB for the Ln indicator due to industrial 

activities.  

It also turned out that there are no people exposed 

to a noise level above the 65 dB limit for Lden and over 50 

dB for Ln due to rail traffic (tram) and air traffic. At the 

same time, the arteries of road traffic with the most 

pronounced impact on the exposure of the population to 

noise were identified. Thus, on 24 of them, the Lden noise 

level exceeded 70 dB, on 29 it reached 70-75 dB, and on 

19 it reached values of 65-70 dB. From the presented data 

results that the noise pollution in Timișoara city was in a 

relatively good situation. This is also due to the fact that 

the local administration has been concerned with reducing 

noise in the city since 1996, when based on research 

contracts he collaborated with the research team in the 

department of mechanics and vibrations at the Faculty of 

Mechanics of the Polytechnic University of Timișoara (a 

group that includes the authors of the paper) in the issue of 

identifying noise sources on the territory of the city and 

reducing its level. In this sense, since 2006 the research 

team has prepared by measurements the first noise map of 

Timișoara, this having priority character in Romania.  

According to Directive 2002/49/EC [6], action 

plans must be drawn up with the participation of the public 

and the public should be informed on their 

implementation. For this, in the first phase the public 

opinion was consulted through a questionnaire that was 

filled in individually by various persons residing in the 

city of Timisoara, including questions related to the 

position of housing in relation to the traffic artery, if 

disturbed by street noise, whether the noise affected his 

health and in what way, as well as proposals to reduce the 

noise produced by means of transport and other sources. 

From the synthesis of the answers, one obtained the 

following: 

- 72.4% of dwellings are located in the front area and

27.6% in screened buildings

- while traveling in the city, 34.5% of Timisoara residents

are disturbed, 24.1% in homes, 34.5% in the city and

housing and 6.9% are disturbed

- the noise affected the health of 17.2% of those surveyed,

causing them a state of stress and headache.

The respondents made proposals to reduce the 

noise produced by means of transport and other sources in 

the urban environment. Among these: 

- public transport should be made free of charge, to

discourage individual transport

- construction of city bypasses

- elimination of heavy vehicles from urban traffic

- reducing traffic intensity

- construction of noise-proof panels and manufacture of

absorbent asphalt

- creation of green areas consisting of ornamental trees

- the purchase of new, quiet means of public transport

These proposals, together with the data resulting 

from the elaboration of the strategic noise and conflict 

maps were used for the elaboration of the action plans, 

which for the information of the inhabitants were posted 

on the official website of the Timișoara City Hall ensuring 

the conditions to appear also observations of public 

opinion. 

It should be mentioned that prior to drawing up the 

action plans, the local administration of Timișoara being 

concerned with reducing noise in the city since 1996, 

implemented some reduction measures such as: restoring 

the infrastructure and superstructure of the tramway on a 

large part of it, largely improving the road traffic in the 

city and modernizing the intersections, equipping the 

public transport base with quieter means of transport, 

limiting the speed on certain traffic arteries and using 

speed bumps, limiting the access of large vehicles in the 

central area, restricting the access of certain vehicles in 

some areas of the city, introducing one-way on some of 

the traffic arteries, streamlining traffic, making green 

protective curtains, making an antiphonal screen on one of 

the traffic arteries, investigating the absorbent effects of 

rubber asphalt in order to implement as a solution to 

reduce traffic noise, the construction of the bypass in the 

north-eastern part of the city, the encouragement and 
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support of the tenants for the use of thermal and sound 

insulation system, etc. 

Following the values presented above, it results that 

although these measures have been implemented, there are 

still areas in the city where the permissible noise level 

limits mentioned in table 1 are exceeded. In this sense, it 

was necessary to identify and investigate the causes of this 

condition and to establish measures to normalize them. 

3. NOISE GENERATING SOURCES IN URBAN

AREAS

The state of noise pollution of the urban 

environment is due to the noise generated by urban, 

railway, air traffic and industrial activities. Each of them 

highlights specific sources.  

At the means of road transport, the propulsion 

engine, the transmission system, the braking system, the 

running and the air resistance to advance generate noise. 

The resulting noise level depends on the composition and 

intensity of the traffic, the speed of the vehicles, their 

operating condition, as well as the nature and condition of 

the road.  

For rail vehicles, the causes of noise are bumps, 

curves and road elasticity, play at the ends of the rails, 

jerking and braking, variations in speed, etc. In aircraft, 

the main sources of noise are internal combustion engines, 

propeller jet engines, turbo engines.  

Noise and vibration in the means of shipping are 

generated by main and auxiliary engines, generators and 

electric motors, propellers, cooling pumps, oil, fuel, 

turbochargers, current converters, fans, wave blows, etc.  

In the case of industrial activities, noises are 

produced by collision phenomena in the case of body 

interaction, friction on contact surfaces, aerodynamic 

turbulence, forced oscillations of solid bodies, the action 

of variable electromagnetic forces, vibration of membrane-

shaped parts and pulsating pressure in hydrostatic 

operating installations during mechanical, electromagnetic, 

aerodynamic and hydrostatic processes. 

The noise generated by these sources bothers a 

large part of the population. It is enough to have a noise 

with the equivalent level of 75 dB per day to disturb 80% 

of the population [4]. In addition, it causes damage to the 

human auditory organ and various organs and apparatus of 

the body. Noise is very harmful to the human nervous 

system producing psychophysiological changes, for blood 

circulation, produces sleep disorders, negatively affects the 

visual function and endocrine glands producing 

biochemical disorders.  

Due to the noise, hearing fatigue, sound trauma and 

general fatigue of the body occur. Noise also has a 

negative influence on physical and intellectual work that 

requires a focus of attention, reduces work productivity 

and speech intelligibility [1], [2]. In order to prevent these 

harmful effects of noise, the characteristic noise indicators 

Lden and Ln must not exceed in the urban environment the 

values presented in Table 1. If values exceeding these 

permissible limits are obtained, then noise reduction 

methods must be established and implemented. 

4. NOISE REDUCTION METHODS

In establishing the specific methods in this case, we 

start from the fact that measures can be taken to reduce 

noise directly at the source or on the transmission route. 

have a quiet operation, proper technical condition and 

correct handling. Taking into account that the noise is 

influenced by the number and nature of the sources, 

restrictions are indicated for the intensity and composition 

of the traffic as well as the reduction of the maximum 

speed limit of the vehicles. Some elements of detail that 

highlight how these parameters influence the level of noise 

generated by the means of transport participating in road 

traffic can be traced in [4].  

To reduce running noise, one can use the 

replacement of ordinary asphalt with rubberized asphalt. 

This helps to reduce noise by 1 to 6 dB depending on the 

speed of the vehicles. A more pronounced reduction is 

made for sounds whose frequencies are in the bands with a 

centre frequency of 1 Hz and 2 Hz in the case of higher 

vehicle speeds [15]. As a significant contribution to the 

generation of a high-level noise in the urban environment 

has the means of transport in transit, it is necessary to 

eliminate their presence by building bypasses for the city. 

The noise produced by trams can be actively 

reduced by ensuring their proper technical and functional 

condition as well as by creating paths according to 

advanced technologies, installing between the runway and 

sleepers an effective insulating layer and planting grass in 

the space between the lines. The noise level produced by 

the trams is also influenced by the way the driving 

manoeuvres are performed, which must be as appropriate 

as possible.  

With regard to the reduction directly to the source 

of the noise produced by the means of railway transport, 

this can be achieved by ensuring the use of means with 

good technical condition running on roads in perfect 

condition, they must be checked permanently and the 

defects remedied.  

The reduction of the noise produced by the 

industrial activities directly at the source implies the 

realization within each industrial unit of the diminution of 

the noise produced by the main machine parts, by the 

aggregates of the machine tools and industrial equipment 

and by the technological processes. Inside the industrial 

halls, the soundproofing of the workplaces, the rational 

location of the noise sources, their casing and shielding, as 

well as the acoustic arrangement of the interior of the halls 

must be performed. At the same time, a rational location of 

the industrial rooms inside the industrial units and of them 

within the urban complexes must be made. 

To reduce the noise produced by cars, trams, trains, 

planes at airports and passive industrial activities in the 

urban environment, acoustic screens and protection areas 

(green areas) can be created between residential 

neighbourhoods and roads, airports and industrial units, as 

well as increasing the distances between them. Some 

elements of correlation between the geometric 

characteristics of acoustic screens, their positioning as well 

as the source and receiver and the attenuation achieved can 

be traced in [1], [2], [3], [4]. The methods presented in this 
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section can be used to choose solutions for drawing up 

action plans. 

5. ACTION PLANS

Although measures were taken in the city of 

Timișoara to reduce the noise produced by road traffic 

before the adoption of the European Directive 

2002/49/EC, the noise problem was still not solved. An 

important achievement is the construction of the bypass in 

the north-eastern part of the city. However, this must be 

continued with the construction of the bypass in the south-

eastern part. In this way, the vehicles in transit would be 

eliminated from the urban traffic. At the same time, the 

development of urban traffic in Timișoara is greatly 

influenced by the street configuration of the city which is 

of radial ring type, better structured at north of the Bega 

canal and less outlined in the south, to which is added the 

fact that the city is crossed from east to west by the 

railway line. Outside the central area there is an 

insufficient number of crossings, which does not allow the 

closure of the ring links between the areas on either side of 

the two obstacles. This makes the existing bridges over the 

Bega, the underpass viaducts and the corrective traffic 

arteries very crowded. In fact, the Bega canal and the 

railway are the two important obstacles that affect the 

continuity of the road network due to the insufficient 

number of bridges and passages. This is proved by the 

values recorded by the indicators Lden and Ln on the 24 

traffic arteries on which the first indicator exceeded 75 dB. 

The configuration of the road network in Timișoara 

city presents some deficiencies in its structuring, the 

absence of collector arteries with four traffic lanes, as well 

as the inadequate capacity of some intersections and 

stationary traffic. The development of traffic in Timișoara 

can be done by building bypasses that would take over 

transit traffic, the development of public transport, parking 

networks, ensuring quiet means of transport, extending 

sidewalks in the central area, etc. The measures proposed 

to reduce the noise on the traffic arteries on which the 

limit values of the indicators Lden and Ln were exceeded 

were established in accordance with the traffic study for 

the city of Timișoara [13]. It contains the analysis of the 

current traffic, the elaboration of the proposals to improve 

the traffic and the plan of organization of the traffic. The 

traffic organization plan is identified by the road network 

plan, zoning, the graph associated with the major traffic 

network, traffic regulations, traffic light intersections, 

routes of transport lines, general orientation signalling, 

signalled routes for freight traffic and passengers and the 

classification of streets into categories. 

This plan was improved in accordance with the 

traffic forecast and with the inclusion of the changes 

brought by the traffic regulations adopted by the Timișoara 

City Hall. In order to reduce the ambient noise, the 

strategic noise and conflict maps of the city of Timișoara 

corresponding to the indicators Lden and Ln were studied. 

After analysing these maps and taking into account the 

noise reduction methods in the urban environment 

presented above, 6 action plans for reducing road traffic 

noise, an action plan for reducing noise from rail traffic 

and an action plan to reduce noise generated by industrial 

activities were drawn up. They provided for: 

a) modernization of 4 intersections of traffic

arteries 

b) location of acoustic screens between road traffic

arteries and residentil areas on 14 traffic arteries 

c) construction of the bypass in the southern part of

the city 

d) opening of traffic ring 4 from the traffic

organization plan in Timișoara city 

e) replacement of ordinary asphalt with rubberized

asphalt on six traffic arteries 

f) creation of green protection areas between the

traffic arteries and the blocks of flats on 60 traffic arteries 

g) implementation of the building envelope

program and installation of soundproof doors and 

windows 

h) Location of acoustic screens between the train

track and the blocks of flats in the area of three streets 

i) reduction of the noise level inside the industrial

premises and on the transmission route from the arteries to 

the inhabited areas 

Based on the estimates, it resulted that following 

the application of the elaborated action plans, 14459 

people benefit from the reduction of the noise level in the 

regime of Lden and in the regime of Ln 18892 persons. 

The action plans also contained the delimitation of the 

quiet areas of the city as well as the actions that the 

authorities intend to undertake in the next five years. 

6. ESTABLISHING A LONG-TERM STRATEGY

The action plans foreseen for a period of 5 years 

from the date of elaboration had to be complemented with 

the long-term strategy which includes the long-term vision 

of noise reduction. However, this requires good planning. 

Based on the noise maps prepared, the urban plans can be 

adjusted so as to ensure that no new buildings are built in 

areas with a high noise impact and no new industrial 

noise-generating units are located near residential or quiet 

areas. Also, the planning of activities for noise prevention 

and conservation of quiet areas is feasible to be drawn up 

in the long-term strategy point according to the 

development strategy "Vision Timisoara 2030 - support 

for the development of a sustainable concept for the 

infrastructure of Timisoara", developed by Timișoara City 

Hall in collaboration with the Polytechnic University of 

Timișoara and the Fraunhofer Stuttgart Institute 

considered that environmental aspects should be integrated 

into other areas as much as possible. 

The Vision 2030 concept must ensure in the city of 

Timișoara and in its peri-urban area an integrated transport 

system with additional services and increased comfort. 

The conditions of solid connections with the surrounding 

areas will be created, respectively the premises of a 

sustainable economic and social development will be 

generated. Regarding the objectives of the projects 

provided in the long-term strategy, the noise reduction 

measures can be highlighted as follows: construction of a 

closed bypass of Timișoara, closure of road rings, 

construction of uneven traffic jams, construction of 5 

bridges over the Bega canal, the development of the 

network for non-motorized transport, the application of a 

layer of rubber asphalt on a significant number of traffic 
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arteries in the penetration areas and inside the city of 

Timișoara, the installation of acoustic screens between 

traffic arteries and residential neighbourhoods, schools, 

hospitals, kindergartens, universities, further rehabilitation 

of traffic arteries, traffic flow obtained by traffic lights, 

one-way streets, new arteries, car and pedestrian 

walkways, establishment and increase of the density of 

alignment plantations, conservation and expansion of 

public green spaces and preserving the green character of 

existing areas individual targets, elimination of the surface 

railway transport line between Timișoara Nord and 

Timișoara Est stations, replacement of surface transport by 

underground by building metro lines with connections 

between important areas of the city, refurbishment and 

economic conversion for existing industrial areas, 

increasing competitiveness based on the promotion of 

new, creative and ecological industries, the realization of 

massive tree plantations in residential areas and residential 

neighbourhoods, the completion of the program of thermal 

rehabilitation and sound insulation of buildings by 

enveloping and installation of windows and soundproof 

doors, North Station arrangement, elimination of 

stationary traffic by creating underground and above-

ground parking lots, redevelopment of the Bega canal, 

rehabilitation of tramway lines, replacement of new means 

of transport with the purchase of 100 trams and 100 

electric buses, complex rehabilitation and modernization 

of all neighbourhoods at the level of roads, sidewalks, 

parking lots, bike lanes, green spaces, play trains, sports 

venues, construction of a new tram line between Gara de 

Nord and Children's Hospital, transformation of the 

Metropolitan Cathedral area into a pedestrian space by 

underpass, construction of new car passages and widening 

of existing ones, refurbishment of the traffic ring 1 and the 

construction of Traffic Rings 2, 3 and 4, the construction 

of two above-ground parking lots, the construction of a 

park of 5000 square meters, etc. Completion deadlines 

have been set for these objectives. At the same time, the 

local public authorities had to take care of preserving the 

quiet areas on the territory of the city by applying and 

extending the appropriate measures. It was estimated that 

by implementing the long-term strategy, 8349 people will 

benefit from the reduction of the noise level Ln and 15288 

people will benefit from the reduction of the noise level 

Lden. 

7. CONSIDERATIONS REGARDING THE

IMPLEMENTATION OF ACTION PLANS

After drawing up the action plans and the long-term 

strategy, the key issue was their implementation. In this 

sense, in order to reduce the noise produced by road 

traffic, four important intersections of traffic arteries 

located in the central area of Timisoara were rearranged, 

the South East belt of the city with a length of 27 km will 

be completed by the end of 2022, the usual asphalt was 

also replaced on a significant number of traffic arteries, the 

program of enveloping buildings and the installation of 

sound-absorbing doors and windows was continued, as 

well as the creation of green protection areas between 

traffic arteries and apartment blocks. In order to streamline 

the road traffic between the southern and northern part of 

Timișoara, over the Bega canal and the railway, crossing 

passages and bridges were widened. In order to reduce the 

noise level produced by the means of transport, the 

pedestrian traffic was arranged, the use of bicycles and 

scooters by restoring the sidewalks on the side of the 

streets and especially the bicycle tracks. The creation of a 

green protection zone between the railway and the 

neighbouring inhabited areas contributes to their 

protection against the noise generated by the railway 

traffic. Regarding the noise generated by industrial 

activities to reduce the acoustic effects on people in 

inhabited buildings, it was ensured that the industrial units 

were not located near them, had an environmental permit, 

and green protection areas were planted between industrial 

and inhabited units. 

In order to obtain a new quiet area, it started to 

implement noise reduction measures in the respective area: 

modernization of the neighbouring street, imposing speed 

restrictions, complementing the existing living degree with 

a curtain of vegetation in several steps. Given the 

condition and improper operation of a large number of 

trams and noise-generating buses, it was proceeded to 

purchase 100 new trams and 100 new electric buses to be 

received. In order to eliminate the stationary traffic, 

underground car parks have been built and two above-

ground car parks are to be built. The Bega canal was 

redeveloped in order to capitalize on its naval potential, 

which will contribute to the decongestion of road and rail 

traffic and thus to the reduction of noise levels in urban 

areas. For a large number of streets, the one-way street 

was introduced, which allowed, in addition to a good 

organization of road traffic also obtaining parking spaces. 

The implementation of these measures contributes to 

reducing the level of urban noise, their efficiency will be 

highlighted by new measurements and experimental 

determinations in the near future. 
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The paper investigates the possibility of applying biologically inspired algorithms for determining the optimal 

values of the coefficients in known empirical models for acoustic impedance. To solve this problem, a gray wolf algorithm 
was used, for cases of infinite and deterministic search space. Using the gray wolf algorithm, new values of the coefficients 

in the empirical model for the impedance of foam materials were determined. The new model provides satisfactory 

predictions of the sound absorption coefficient of open-cell polyurethane foams, compared to the experimental results 

obtained in an impedance tube. Known empirical models for impedance in which the constants are determined by the 

method of linear regression, give slightly better predictions of the coefficient of sound absorption of polyurethane foams 

compared to the new model in which the constants are determined using the gray wolf algorithm. The presented method of 

determining the coefficients of empirical models for impedance provides a basis for the application of other biologically 

oriented algorithms, as well as for their hybridization. 

Keywords: Gray wolf algorithm, Empirical models for impedance, Sound absorption coefficient, Polyurethane 

foams

1. INTRODUCTION 

Noise can affect human health, directly to the sense 

of hearing, but also to other organs, causing various 

symptoms and diseases. Due to the rapid industrialization 

and the fact that the standard of living in modern times is 

based on mechanization that directly affects noise 

pollution, noise is a hazard to human health. In order to 
improve the quality of life and protect the working and 

living environment, especially in densely populated areas, 

protection from noise and the strrugle against its harmful 

effects is one of the main solutions.  

The application of absorption materials is very 

useful in noise control, because they reduce noise by 

expanding the wavefront of sound energy and converting it 

into heat. Absorption materials are characterized by a 

sound absorption coefficient that defines the ability of a 

material to absorb and transform part of the energy of 

sound into another form of energy [1]. The sound 

absorption coefficient of porous materials depends on 
several parameters, and some of them are: sound 

frequency, porosity of the material, thickness of the 

material layer, resistance to air flow. The absorption 

coefficient is a useful concept when using geometrical 

acoustic theory, especially to evaluate the decline and 

growth of sound energy in a room [2]. When sound is 

consider as a wave, it is necessary to use the concept of 

acoustic impedance. The values of the absorption 

coefficient are usually in range from 0-1. 

Empirical acoustic models in combination with 

measurement results are used to determine the dependence 
of absorption coefficients as a function of frequency and 

material thickness. To determine the coefficients in the 

empirical model for impedance, numerical methods can be 

used, such as the method of least squares or methods of 

statistical data processing, respectively regression analysis. 

In this paper, the application of a biologically 

inspired algorithm is presented, namely the gray wolf 

algorithm for determining the coefficients in the empirical 

model for acoustic impedance. The model for determining 

the characteristic acoustic impedance was performed on 

the basis of known dependences defined by Delany and 

Bazley [3]. The regression constants in this empirical 

model were determined in a new way, using a biologically 

inspired gray wolf algorithm. The accuracy of the new 

model was determined by comparing the predicted and 

experimental values for one type of polyurethane foam 
with open cells. 

2. EMPIRICAL MODELS FOR DETERMINATION OF 

CHARACTERISTIC ACOUSTIC IMPEDANCE 

Empirical models are commonly used to evaluate 

the acoustic properties of porous materials. Empirical 

models are used to estimate acoustic properties, namely 

complex propagation constants and characteristic 

impedances, using physical parameters or material 
properties.  

The best known and one of the first empirical 

model is a Delany-Bazley model [4], for the determination 

of the acoustic impedance and the propagation coefficient 

of the fibrous absorption material. In this model, air flow 

resistivity is used as the only input parameter. The model 

is based on on numerous impedance tube measurements 

and is good for determining the group of acoustic 

properties at frequencies higher than 250 Hz, but not at 

low frequencies [5].  

Qunli [6] later verified the Delany-Bazley model, 
using a large amount of experimental data for plastic 

foams, which cover a wider range of longitudinal airflow 

resistance values. Following the Delany-Bazley model 

Dunn & Davern [7] calculated new values of regression 

constants for polyurethane foams. 

Voronina [8] model is a simple model based on the 

porosity of the material. This model uses the average pore 

diameter, frequency and porosity of the material to define 

the acoustic characteristics of the material. 
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Empirical models are very useful because they use 

only one input parameter, flow resistivity, which is easily 

measurable. However, they are only suitable for one type 

of material and the certain frequency ranges. 

2.1. MODEL FOR CHARACTERISTIC ACOUSTIC 
IMPENDANCE 

In this paper, in order to prove the validity of the 

application of a biologically inspired algorithm to 

determine the characteristic acoustic impedance, the model 

defined by Delany-Bazley was used [3]. 

The dependencies in this model are given in the 

equations (1) – (4), [9]. 
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Where are: 

CRZ and CIZ – real and imaginary part of

characteristic acoustic impedance, CZ , 

 and   – real and imaginary parts of the

propagation constant, , 
 – airflow resistivity,

f – frequency,

0 – air density and

0c – sound speed in air. 

The sound absorption coefficient at normal 

incidence, n , for a firmly supported layer of material  of 

thickness d, can be obtained using well - know expressions 

(5) and (6), with knowledge of the characteristic acoustic

impedance and propagation constants Γ.

dZZS C  coth  (5) 
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The values of the sound absorption coefficient, 

which will be used to check the proposed algorithm, are 

given in the Table 1 [4]. These values were obtained by 

measuring in an impedance tube by using the transfer 

function method between two microphones, described in 

the SRPS EN ISO 10534-2 standard [10]. This method is 

based on the decomposition of a standing wave which is 

formed in a tube by recording signals from two 

microphones and calculating their transfer function. The 

reflection coefficient is calculated from the transfer 

function and then the absorption coefficient is calculated. 
This method results in obtaining the value of the 

absorption coefficient at normal incidence, in the 

frequency range defined by the physical dimensions of the 

tube and the distance between the microphones. 

3. MODEL

Since the middle of the XX, and especially with the 

beginning of the XXI century, methods have appeared that 
effectively solve complex optimization problems. The 

main characteristic of these methods is that they are 

inspired by phenomena in nature. For that reason, they are 

called biologically inspired methods. Among the best 

known, most popular, methods are: genetic algorithms 

(Genetic Algorithm - GA, John Holland, 1962), 

differential evolution (Differential Evolution - DE, R. 

Storn and K. Price 1996), particle swarm optimization 

(Particle Swarm Optmization - PSO, J. Kennedy and R. 

Eberhart in 1995), ant colony optimization (ACO M. 

Dorigo in the late 1990s), cuckoo search (CS – Xin-She 

Yang and Suash Deb, 2007), firefly algorithm (FA - Xin-
She Yang, 2008), bat algorithm (Bat Algorithm – BA - 

Xin-She Yang, 2010), krill herd hlgorithm – (KHA – Amir 

H Gandomi and Amir H Alavi, 2012), gray wolf algorithm 

(Gray Wolf Optimizer, Seyedali Mirjalili, Seyed 

Mohammad Mirjalili, Andrew Lewis, 2014). 

Table 1: Absorption coefficient values for foam HR 

3744 [4] 

The advantage of these algorithms is that they can 

be applied to a large number of optimization problems, as 

well as their adaptability to the optimization problem. 

Also, these methods do not require experience in 

determining the initial values of variables, because it is 

possible to set a wide range for the initial values of 

variables. It is important to note here that the function 

optimized by these methods does not have to be 

differentiable and continuous, and that there is no limit to 
the number of variables to be optimized. However, 

perhaps the most important advantage of these methods is 

that they are all algorithmically designed and, as such, can 

be improved by simple modifications, thus achieving 

greater efficiency in finding the optimal solution. 

3.1. GREY WOLF ALGORITHM 

The Gray Wolf algorithm (The Gray Wolf 

Optimizer - GWO) was proposed by [11] Seyedali 
Mirjalili, Seyed Mohammad Mirjalil, Andrew Lewis and 

is based on the behavior of gray wolves during the search, 

pursuit of prey and the hunt itself. Gray wolves are social 

animals, living in packs, respecting a strict, social, 

hierarchy. The pack leaders are the dominant male (alpha 

Material thickness (cm) 
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male) and the dominant female (alpha female), which are 

called by the one name alpha, α. Alphas make the most 

important decisions for the pack. The second in the 

hierarchy of gray wolves are the so-called beta, β. The beta 

individual assists the alpha in organizing the pack when 

making decisions. Beta can be either male or female and 

they are the best candidates to inherit alpha. The lowest in 

the pack hierarchy are omegas, w and they are subordinate 

to everyone in the pack. There are also so-called deltas in 
the pack, δ, which carry out the orders of alpha and beta, 

and are superior to omegas. This category includes 

sentinels, hunters and caretakers. 

In addition to the characteristics of social 

organization and strict hierarchy in the pack, another very 

important characteristic of gray wolves is organized 

behavior during hunting. The main phases of gray wolf 

hunting [11] are: 

- tracking and approaching, 

- pursuing, encircling, and harassing the prey until 

it stops moving, 

- attack. 
Precisely these two mentioned characteristics of 

gray wolves, hierarchical organization and hunting 

technique are mathematically modeled in order to desing 

an optimization algorithm [11]. 

Considering the hierarchy of gray wolves, when 

optimizing, the best solution will be alpha (α), while the 

second and third best solution will be beta (β) or delta (δ). 

Candidates for other good solutions will, of course, be 

omega (). 
As mentioned above, grey wolves encircle prey 

during the hunt. The mathematical model of this behavior 

is given by equations (7) to (10), [11]. 

 

   tXtXCD P                                 (7) 

    DAtXtX P 1                             (8) 

araA  12                                             (9) 

  22 rC                                                   (10) 

Where are: 

D  – alpha position in the iterative process, 
 t  – current iteration, 

PX  – a vector indicates the position of the prey 

in the iteration t, 

X – a vector indicates the position of the grey 
wolf in the iteration t, 

CA, – coefficient vectors, which are calculated 

by equations (3) и (4), 

a  – vector of elements that are linearly decreased 

from 2 to 0 and 

21, rr   –random vectors whose components take 

(random) values in the interval [0, 1]. 

The advantage of gray wolves, in hunting, is that 

they can recognize "easy" prey. As mentioned, the alpha is 

the one leading the hunt. The beta and delta might also 

participate in hunting. It is innate for wolves to find prey, 

but the very application of possible solutions to the search 

for space is difficult because, usually, the position of the 

optimal or best solution is not known. Therefore, in the 

proposed algorithm [11], it is assumed that alpha, beta and 

delta have better knowledge about the potential location of 

prey - their positions give the best solution. For this 

reason, the first three best solutions (alpha; D , beta; D  

and delta; D search agents) obtained, in an iterative 

process, oblige the other search agents (including the 

omegas) to update their positions according to them, 

Figure 1, [11]. This process in the algorithm is defined by 

equations (11), (12) and (13). 

 

XXCD   1 , XXCD   2 ,  

XXCD   3                                         (11) 

  DAXX  11 ,   DAXX  22 ,  

  DAXX  33                                        (12) 

 
3

1 321 XXX
tX


                                (13) 

 
 

Figure 1: Illustration of updating search agent positions in 

the GWO algorithm 

Respecting the proposed mathematical models, 

which mimic a pack of gray wolves in hunting, the 

following approximations were made, [11], in order to 

form a theoretical algorithm for gray wolves: 

- Pack hierarchy assists GWO to save the best 

solutions obtained during iterative process 

- The prey encirclement mechanism, defines a 

circle-shaped neighborhood around the solutions which 

can extend to a larger radius as a hyper-sphere. 

- The random parameters A and C assist other 
candidates, varying the radius of the hypersphere, in 

finding the best solutions. 

- The proposed hunting method allows candidate to 

locate the probable position of the prey. 

- Exploration and exploitation are guaranteed by 
the adaptive values of  а and А. 

- The adaptive values of parameters а and А allow 

GWO algorithm  a smooth transition between exploration 

and exploitation. 

- With decreasing А, one half of the iterations 
refers to exploration, and the other half are dedicated to 

exploitation. 
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- The GWO has only two main parameters that

need to be adjusted (а and С). 

Based on all given mathematical models and the 

stated approximations, the proposed GWO algorithm is 

given in the form of pseudo code in A -1, [11]. 

А.1 Pseudo code of the gray wolf algorithm GWO 

4. 5. RESULTS AND DISCUSSION 

The application of optimization algorithms, ie 
algorithms that seek the best solutions, implies setting 

certain boundaries of the search space, Figure 2. These 

boundaries, in fact, represent the boundary conditions that 

must be met during the iterative process of searching the 

space for a possible solution. 

Figure 2: Search space constrained by boundary 

conditions ( iGUX ) for each of the variables whose values 

are sought 

In the case of determining the sound absorption 

coefficient equation for a particular type of material, the 

objective function should calculate the coefficients, 

C1…C8 from equation (6), which will give the closest 

results to the results obtained by measurement, [4], given 

in Table 1: Т(i), (8).   

    0 iTin (14) 

The only limitation in this problem is that the value 

αn must be in the range from 0 to 1, [2], (9). 

 10  n                                               (15) 

The values of the coefficients can have values from 

–∞ to +∞, that is: –∞  ≤ Ci ≤ +∞  , i=1,…,8. In other 

words, in this problem, it is not possible, explicitly, to 

define the boundaries within which to look for 

coefficients, that is, the search space is infinite, Figure 3. 

Figure 3: Infinite search space 

No matter how experienced the researcher is in 

defining boundary value problems, it cannot avoid 

entering the space of the local minimum. This danger may 

lead the researcher to come up with a “best” solution at 

some point, when in fact a local minimum has been found. 

In the GWO algorithm, which was applied in this 

case, the following algorithm parameters were applied: 

- Number of search agents: 50

- The maximum number of iterations 1000,

t=1,..,1000

The algorithm is implemented in the MatLab 
software package. 

The application of the GWO algorithm went in two 

directions: 

P1. Defining fixed search boundaries 

The boundaries are set in the form of: 

a) l =[        ]; – lower

boundaries values

h = [                ];– upper

boundaries values

b) l = [–l1 –l2 –l3 –l4 –l5 –l6 –l7 –l8]; – lower

boundaries values

h = [ h1    h2    h3   h4   h5   h6   h7   h8]; –  upper
boundaries values

where – li и hi are random chosen values 

P2. Reducing the scope of the limits search 

In this case, a certain modification of the 

original algorithm was performed by modifying 

the search space for possible solutions based on 

the variables that gave the best solution, 

equations (10) and (11). 

l(i) = THeBestPos(i)*(-1) – rz;  (16) 

h(i) =THeBestPos(i) + rz;  (17) 

where rz – a random number that is randomly 
selected depending on the best solution given in 

the vector  TheBestPos. 

The following paper provides comparative results 

for different search space boundaries. 

4.1. Infinite search space P1.a 

In the case of infinite search space (P1.a), the 

results were obtained, shown below, and illustrated in 

Figure 4 and Table 2, respectively: 
Search time = 704.1551 sec 
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C1 = 3.4172;  C2 = -0.7412;    

C3 = 0.77532; C4 = 0.6189; 

C5 = 0.25774; C6 = 3124.0577;  

C7 = 14.4902; C8 = 0.92315; 

Best value: 6.0679 

Mean value: 6.1925 

Worst value: 54.4117 

SD: 1.8996 – standard deviation 

 

 

 
Figure 4:  Graphical representation of the sound 

absorption coefficient αn=F(f,δ), at infinite search space 

 

Table 2: Obtained values of αn, for at infinite search space 

 

From Table T-2, it can be seen that each value of 

αn, in the range from 0 to 1. However, the error is quite 

large,  = 6.0679, as is the search time (704.1551 sec). 

4.2. Randomly selected search space, P1.b. 
Obtained results for arbitrarily selected search 

space:: li 
 = -20; hi = 20, i = 1,..., 8, which are illustrated in 

Figure 5 and shown in Table 3, are: 
Search time = 611.1237 sec 

C1 = 1.0154;  C2 = -0.0039128;  

C3 = 0.89559; C4 = -0.040922 ; 

C5 = 0.54164; C6 = 0.19802;     

C7 = 0.15113; C8 = 0.3144; 

Best value: 0.1043 

Mean value: 0.47815 

Worst value: 30.5376 

SD: 2.153 

 

 

 
Figure 5: Graphical representation of the sound 

absorption coefficient αn=F(f,δ), in a determined search 

space 

Table 3: Obtained values of αn, for determined search 

space 

As in the previous example, each value of αn is in 

the range from 0 to 1, Table 3. Error,  = 0.1043; is 
significantly less than the error obtained in infinite search 

space, and the search time is shorter (611.1237 sec). 

Material thickness 

Material thickness 
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4.3. Reducing the scope of the limits search P2 
In the case of an infinite search space, and when it 

narrows in each iteration, equations (10) and (11), in 

relation to the values of the obtained variables, which at 

that time give the best solution, the results illustrated in 

Figure 6 and Table 4 are obtained: 

Search time = 628.5198sec 

C1 = 0.44309; C2 = 0.00512;  

C3 = 0.15295; C4 = -0.02567; 

C5 = 0.22699; C6 = 0.23031;  

C7 = 0.30494; C8 =  0.26245; 

Best value: 0.0862138277 

Mean value: 0.6912305913 

Worst value: 30.5388861113 

SD: 2.4624322978 

Figure 6: Graphical representation of the sound 

absorption coefficient αn=F(f,δ), when narrowing the 

search space 

Table 4 shows that there is any value of αn in the 

range from 0 to 1. This can get even less error than in the 

previous case:  = 0.0862138277. Search time: 

628.5198sec, is approximately the same.  
Figure 7 shows the course of the iterative process in 

determining the coefficients 8,...,1, iCi . From the 

diagram it can be seen that the convergence is very good, 

because already after some 30 steps comes to approaching 

the best values. 

Table 4: Obtained values of αn, in infinite search space, 

but in narrowing search space 

Figure 7: The course of the iterative process in 

determining the coefficients Ci, i = 1,…, 8, by narrowing 
the search space 

The result obtained by this procedure is slightly 

worse than the results obtained using the empirical Dunn-

Davern model, which is known in the literature as the most 

commonly used model for foam materials, and especially 

for polyurethane foams, for which it was formed. Using 

the Dunn-Davern model, absolute error values of 4.7% and 

relative error of 14.21% were obtained [9] in relation to 

the experimental values of the sound absorption 

coefficient for polyurethane foam (HR 3744). 
This indicates the fact that it is necessary to 

investigate modifications of the proposed algorithm or a 

combination with other biological algorithms - 

hybridization, in order to obtain better solutions. 

Table 5: Coefficients in empirical models 

This indicates that it is necessary to investigate 

modifications of the proposed algorithm or a combination 

with other biological algorithms - hybridization, in order 

to obtain better solutions. 

5. CONCLUSION

The paper presents the possibility of using 

biologically inspired algorithms for determining the 
coefficients in empirical models for acoustic impedance, 

which are usually determined using regression analysis 

and the least squares method. The gray wolf algorithm was 

applied for cases of infinite and determined search space. 

As with other biologically inspired algorithms, local 

minimum spaces need to be avoided. Using a 

Material thicknesses 
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modifications, the infinite space is corrected and 

narrowed, whereby an optimal solution is obtained with 

good convergence of results. The results of the research 

showed that biologically inspired algorithms are a suitable 

tool for determining constants in empirical models for 

determining acoustic impedance. A further direction of 

research in order to increase the accuracy of empirical 

models for impedance whose coefficients are determined 

using biologically inspired algorithms is to hybridize the 
gray wolf algorithm with some other biologically inspired 

algorithms. 
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As a consequence of the accelerated development of science and technology, noise pollution is one of the biggest 

problems of modern society. The most common method for reducing noise pollution is the use of sound - absorbing 

materials, sound insulation materials, and noise damping materials. This paper aims to provide a review of composite 

materials that have been shown to be good sound absorbers. Which include composites made of synthetic, natural and 

recycled materials. The advantages and disadvantages of synthetic fibres and natural fibres were also studied. The 

influence of individual components, such as porosity, density, thickness, in composite materials on the sound absorption 

characteristic is also shown. 

Keywords: composite materials, noise control, sound absorption, recycled materials

1. INTRODUCTION

In recent decades, we have witnessed a scientific 

and technical revolution. Due to this revolution, there are 

various factors that have a strong influence on everyday 

human life. As a result, environmental pollution is one of 

the biggest problems of modern society. Noise pollution 

poses a real threat to the health and welfare of people. 

Under pollution, noise means any unwanted sound. 

Noise, although it has the same physical characteristics as 

sound, differs from sound in that it causes different 

psychophysiological effects and harmful effects on human 

health. The effect of noise can be an auditory effect, 

limited to the hearing organ and extra charge effect, an 

effect on other organs and functions of the human body 

[1]. The sound volume of 120 to 150 dB causes severe 

disturbances, but even 70 dB sound can cause side effects. 

Frequent noise exposure affects stress and emotional 

stability. Noise also affects the living world, sound is 

important in the communication of animal species and has 

a significant place in the balance of ecosystems. 

Environmental pollution with noise is a common 

problem in urban areas, and is caused by a wide range of 

noise sources, from vehicles in traffic, through restaurants, 

concert halls, all the way to factory plants and means of 

work. The biggest noise comes from machines and traffic, 

especially cars, trucks, planes. Construction, mining, 

agricultural machines and machines in factories create 

noise. Noise cannot be eliminated, but it can be reduced by 

traffic regulation, insulated walls, application of personal 

protective equipment, etc.  Due to the extreme harmfulness 

of exposure to excessive noise, it is necessary to control 

noise and apply appropriate protection measures. Noise 

control can be performed at the noise source (active noise 

control), on the transmission routes and at the place of 

reception (passive noise control). From the population of 

sound propagation, there are materials that transmit, 

absorb or reflect sound. This is important when choosing 

materials for the construction of plants, machines, devices.  

The use of sound-absorbing materials is one of the 

effective noise control technologies. Sound-absorbing 

materials absorb most of the sound energy while reflecting 

a very small part of the sound energy. They are used in 

various locations: near noise sources, on various 

transmission routes, and sometimes near receivers. There 

is a wide range of sound-absorbing materials; which 

provide absorption properties that depend on frequency, 

composition, thickness and surface area. However, 

materials that have a high value of the sound absorption 

coefficient are usually porous. Composite materials are an 

important part of noise protection solutions due to the 

properties that make them suitable for use in passive noise 

control devices. The properties of composite materials can 

be controlled and optimized based on the application of 

interest by adding reinforcing materials. In the rapidly 

growing technological world, composite materials are a 

unique promising material. 

2. SOUND ABSORBING MATERIALS

Sound-absorbing materials are materials that reduce 

the acoustic energy of a sound wave as the wave passes 

through the material. Sound absorptive materials typically 

have a soft, porous structure, offer only low resistance to a 

sound wave, and reduce the acoustic energy of a sound 

wave as the wave passes through it by the phenomenon of 

absorption.  To be an efficient sound absorber, a material 

usually will convert acoustic energy to some other form of 

energy, usually heat. The main reasons for the acoustic 

energy losses when sound passes through the sound - 

absorbing materials are due to mentum losses, frictional 

losses, and temperature fluctuations.  According to the 

mode of sound absorbers, they can be divided into porous, 

resonator and panel absorbers. 

A porous absorbent material is a solid that contains 

cavities, channels, or interstices, so that sound waves can 

enter through them. According to the macroscopic 

configurations, sound absorbing materials can be classified 

into two types, the first type is called ‘closed pores’ and 

the second type is called ‘open pores’. Closed pores are 

substantially less efficient than open pores in absorbing 

sound energy, but they have an effect on some 

macroscopic properties of the material such as its bulk 

density, mechanical strength and thermal conductivity. 

Open pores have a continuous channel of communication 

with the external surface of the body, and they have a great 

influence on the absorption of the sound [2]. Porous sound 

- absorbing materials can also be classified based on their

microscopic configurations as cellular, fibrous, or
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granular. In these materials, absorption occurs by causing 

the sound waves to activate the motion of the fibres, 

membranes and the air in the spaces surrounding the fibres 

or voids. Frictional energy losses generate heat, which is 

dissipated, thereby reducing the acoustic energy [2]. It is 

known that there are several parameters that may influence 

the sound losses, such as thickness, density, porosity or 

flow resistance, coefficient of elasticity. 

Absorption materials are characterized by a sound 

absorption coefficient that defines the ability of a material 

to absorb and transform part of the energy of sound into 

another form [1]. The absorption coefficient is a useful 

concept when using geometrical acoustic theory, 

especially to evaluate the decay and growth of sound 

energy in a room. However, when sound is considered as a 

wave motion, it is necessary to use the concept of acoustic 

impedance. 

3. COMPOSITES THAT ARE GOOD SOUND

ABSORBERS 

The application of composite materials in noise 

control is of great importance, because the properties of 

composite materials can be controlled and optimized based 

on the application of interest by adding reinforcement. 

Each composite material absorbs sound at a certain 

frequency which is characteristic of the properties of that 

material [3]. Natural, synthetic and recycled materials can 

be used as sound absorbers. Hemp, bamboo, coconut, 

cotton, kenaf, rice, wheat fibres are examples of natural 

sound absorbers. Synthetic materials such as ceramics, 

mineral fibres glass wool are used in noise control as 

absorption materials. Composite material technology 

provides the possibility of using hazardous waste materials 

in useful materials that can be used in noise control.  

Composite absorption materials are a good solution 

to the noise problem. Therefore, these composites play a 

crucial role in the automotive and aerospace industries, 

medicine and other areas where noise pollution 

significantly affects human health.  With the different 

types of composite materials currently available, it is 

possible to cover a wide frequency range [3]. 

3.1. Synthetic composite materials 

Synthetic composite materials have proven to be 

effective sound absorbers.  Availability of materials of 

known properties, low production cost make synthetic 

materials suitable for passive noise control. The most 

commonly used sound absorbers and insulation materials 

are glass wool, polyurethane foam, mineral wool and their 

composites, but although they have good sound insulation 

properties, they have disadvantages such as risks to health 

and pollution of the workplace and environment [4]. The 

sound absorption characteristics of glass fibre materials, in 

the norm, are excellent, but increasing density may 

improve barrier characteristics, but will also decrease 

absorption. The acoustic properties of many composites 

are tested, such as composites based on aluminium, 

cement, ceramics.  

Different types of aluminium composites are used 

in noise control. Aluminium foam, the material of the 

future, has modified properties obtained by combining the 

properties of the metal and the cell structure [5]. Such 

modified properties cannot be achieved by any of the 

conventional properties of aluminum. Aluminium foam is 

a metal with a cellular structure that contains more than 

70% of pores. The pores can be closed (closed cell foam) 

or interconnected (open cell foam). Aluminium foams, 

especially those with interconnected pores, absorb sound 

very efficiently, incoming sound is mixed between the 

pores inside the foam, the pore surfaces vibrate, resulting 

in the transformation of sound energy into heat. Fero 

Simancik et al. [5] examined the absorption properties of 

aluminium foam of different densities in relation to the 

absorption properties of PU foam and fiberglass mats. 

Lower density aluminium foam showed better sound 

absorption in the frequency range below 1000 MHz, while 

higher density aluminium foam showed better 

performance in the 4000-5000 MHz range. Low-density 

aluminium foam has a better effect in sound absorption. 

The advantages of using aluminium foam are reflected in 

the fact that it is not flammable, does not erode under air 

currents and vibrations and can be easily cleaned if it is 

contaminated with dust, it is also more environmentally 

friendly compared to glass wool, polyurethane foam. 

Figure 1: Sound absorption coefficient of aluminium foam 

at various thickness of the air gap between the sample and 

the solid background (A = 40 mm, B = 20 mm, C = 0 mm), 

compared with bulk aluminium (D) and glass fibre mat (F) 

[5] 

Porous ceramics have a wide range of applications, 

including the fabrication of filters, membranes, sensors, 

supports, biomedical and building materials. 

Microstructures such as porosity and pore size distribution 

are very important factors for many potential applications 

of porous ceramics. The development of porous ceramics 

as external building materials will provide ceramic tiles 

not only with the production of light constructions but also 

with other functions such as insulation, workability and 

sound absorption. In the field of acoustic absorption, 

porous ceramic-absorbent structures can have other 

important properties in addition to sound absorption, such 

as resistance to high temperature, resistance to chemicals. 

Zhang et al., examined the acoustic properties of porous 

ceramics obtained by gel casting production. In this 

process, a precipitate of ceramic powder and N2 bubbles, 

formed from a separate canister containing a surfactant 

before the precipitate forms is mixed in a spiral mixer [6]. 

They compared the sound absorption of porous ceramics 

obtained by the new method and the conventional method 

with a dense ceramic tile. The results showed that porous 

ceramics obtained by the new method have the highest 

degree of absorption, while purchased dense ceramics 
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have a low coefficient of absorption. Porous ceramics 

obtained by the new and conventional method showed 

good sound absorption, in the frequency range between 

5000-6000 Hz, where porous ceramics obtained by the 

new method have an absorption coefficient of 0.7, while 

conventional porous ceramics have an absorption 

coefficient of 0.5. Porous ceramics produced by the new 

method show a higher total porosity, which results in the 

expected increase in the sound absorption coefficient [6]. 

Giese et al. [7] obtained porous ceramics by freeze 

gelation process, they also used expanded perlite as a 

melting phase to form pores. Expanded perlite is a great 

example of inorganic glass fillers that create pores and at 

the same time act as a reinforcing material. Compared to 

traditional dense ceramics, porous ceramics showed a high 

absorption coefficient. Porous ceramics showed better 

acoustic performance in the range of 400-800 Hz, with an 

absorption coefficient greater than 0.6. Porous ceramics 

have good acoustic performance due to low resistance to 

airflow [7]. Because airflow resistance can be adjusted 

over a wide range, the material is useful for many 

applications. 

Figure 2: Sound absorption as a function of frequency for 

the porous ceramics fabricated by the new method (A) and 

the conventional method (B), and the dense ceramic tile 

bought from the market (C) [6] 

Aerogel is one of the lightest known hard materials. 

It is a silicate solid that contains 99.8% air. Aerogels are 

also known as frozen smoke and for them, it is claimed to 

be the best thermal insulators ever made, as they are 40 

times better than conventional fibreglass insulation 

materials [8]. Several raw materials have been used to 

produce aerogels, but silica aerogels are the most common. 

Recent research has focused on the use of aerogels in 

granular form as sound-absorbing materials. Donga et al. 

[9] investigated the acoustic properties of composite

aerogel with different concentrations of silicon dioxide

and polydimethylsiloxane, which reduce the rigidity of the

material. Such composite aerogels have pore sizes between

5-20 nm, and experimental results have shown that these

materials show better sound absorption properties than

commercial fibreglass. Silicon aerogel composites with

40% polydimethylsiloxane showed a high absorption

coefficient in the range of 800-1000 Hz. Unfortunately,

aerogel production is still expensive, but it is very likely

that advances in materials science will reduce the cost of

aerogel production, which could lead to their widespread

use in the construction and automotive industries in the

near future.

Figure 3: Adsorption coefficient as a function of the 

acoustic frequency. Silica/PDMS ormolus (with varying 

concentrations of PDMS) are compared with 

commercially available acoustic insulators [9] 

Although the production of metal foams, ceramics 

and aerogels can contribute to greenhouse gas emissions, 

these materials simultaneously have high structural 

strength and reduced structural weight, and their use in the 

aerospace industry has the potential to reduce fuel 

consumption and save energy. Although harmful to human 

health and the environment, the advantages of using 

synthetic materials over natural fibres are reflected in 

better mechanical properties and the fact that synthetic 

fibres have a low resistance to moisture absorption [4]. 

3.2. Natural composite materials 

Natural fibre composites are increasingly used in 

the construction and automotive industries. The wide 

application of natural materials is reflected in their 

minimal impact on human health and the environment. 

Although it is often emphasized that the mechanical 

properties of natural materials are inferior to synthetic 

materials, composites based on natural fibres compensate 

for these shortcomings in other aspects. Natural fibre 

composites are renewable, non-abrasive, cheaper, more 

numerous and do not present a great risk to human health 

and are safer during handling and processing [4]. The 

acoustic properties of different types of natural fibres such 

as: cotton, kenaf, hemp, flax, bamboo, rice, coconut, etc. 

are examined.  

Kenaf is the name of the hibiscus plant related to 

fibres of jute and cotton and shows similar characteristics. 

Stems produce two types of fibres, coarser in the "bast", 

and finer in the "core".Bast fibres (about 35%) are suitable 

for making paper, textiles and rope; the core (about 65%) 

is usually used as biomass or can be reduced to particles 

and bonded into panels similar to particleboard. 

D’Alessandro and Pispola [10] examined the acoustic 

properties of a kenaf sample. Kenaf samples show an 

average absorption coefficient of 0.85 in the range 500-

5000 Hz and 0.65 in the range 100 - 5000 Hz. Although 

their performance appears to be slightly lower than that of 

traditional fibre absorbers, these materials can be 

considered a valid alternative to traditional mineral wool 

covers for thermoacoustic applications, given their low 

environmental and human impact [10]. The sound and 

F.23



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

T. Miodragović, O. Erić Cekić, B. Radičević, V. Grković

mechanical properties of kenaf can be improved using 

composite technology. This acoustic material provides the 

possibility to be used as a sound absorber covering a wide 

frequency range when incorporated into other composites 

[4]. 

Figure 4: Third-octave band sound absorption coefficient 

of kenaf in comparison with traditional fibrous absorber 

[10] 

Hemp is a significant source of fibre for both the 

textile and many other industries. Hemp is used to making 

ropes, bags, paper, such as filter, cigarette, painting paper, 

etc. Hemp fibres are also used to treat wastewater and soil. 

Lukić et al. [11] examined the acoustic properties of hemp 

composites with different polypropylene content. The 

composite was formed by alternating layers of hemp and 

polypropylene, where the amount of polypropylene ranged 

from 10 to 40% of the total mass. The best result was 

achieved for a composite with 20% polypropylene, where 

the absorption coefficient of 82% was measured in the 

frequency range of 2000-4000 Hz. Composites with a 

higher polypropylene content should be used to attenuate 

lower frequencies [11]. Markiewicz et al. [12] also 

examined the acoustic properties of hemp and 

polypropylene composites. By measuring in an impedance 

tube, they concluded that pure polypropylene composites 

without the presence of hemp show very poor sound 

absorption in the frequency range from 0 to 7000 Hz. 

Hemp composites showed good absorption properties in 

the frequency range of 3000 to 6000 Hz, while in the 

region below 3000 Hz there is no improvement compared 

to pure polypropylene composites [12]. The produced 

composites have good acoustic properties thanks to their 

porous structure.  Hemp-based composites show good 

absorption properties at frequencies higher than 1500 Hz, 

which is why they have found application in the 

automotive industry. 

Apart from the production of conventional textile 

products, flax is also used for the production of technical 

textiles. Flax fibre is used in automotive industry, paper 

industry, production of protective textiles, construction 

industry and in the production of composites. Namely, flax 

fibre has all the desirable properties required for the 

manufacture of composite materials: relatively high heat 

resistance and hardness, low tendency to deformation, low 

density. Yang and Yan [13] examined the acoustic 

properties of flax and its epoxy composites and compared 

the results with synthetic fibres. At frequencies above 

1000 Hz the absorption coefficient of flax is 0.8 while the 

values for glass and carbon fibres are generally lower than 

the values of natural fibres. Flax fibres have superior 

sound absorption properties than synthetic fibres such as 

glass and carbon fibres due to their unique porous and 

multiple structures [13]. Flax fibre reinforced composites 

also had better sound absorption behaviour than synthetic 

fibre reinforced composites, especially at high frequencies, 

which could be very useful for aerospace applications. Lee 

et al. [14] compared the sound absorption behaviour of 

flax/epoxy composites compared to glass/epoxy 

composites. Sound absorption is small at frequencies 

below 500 Hz, while absorption gradually increases at 

higher frequencies and is relatively constant at frequencies 

from 3150 to 6300 Hz, with an absorption coefficient of 

0.3 [14]. The absorption values of the flax/epoxy 

composite compared to the results of Yang and Yan [13], 

where the woven flax fibers had a high absorption 

coefficient, are low. Due to the production process of 

composite samples, the density increases, which results in 

a decrease in the free space between the flax fibres, while 

the sound absorption performance of epoxy is generally 

poor. The results show that flax/epoxy composites have 

good acoustic properties and that there are ways to 

improve their acoustic properties, for example by adding 

additives such as calcium carbonate, which would increase 

the stiffness of the composites and provide better 

absorption of sound waves [14]. 

Figure 5: Frequency dependences of sound absorption 

coefficient for the different samples [12] 

Figure 6: Sound absorption coefficients of samples at 

different frequencies [14] 

In addition to various applications in everyday life, 

coconut fibre has proven to be one of the strongest 

lingocellulosic material in sound absorption [4]. With the 

help of composite technology, coconut fibers can be 

processed into efficient sound absorbers for various 

industrial applications. Researchers examined the effects 

of porous layer backing and perforated plates on the sound 

absorption coefficient using coconut fibres [15]. Coconut 
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fibre thickness of 20 mm without porous substrate has a 

maximum value of noise absorption coefficient in the 

frequency range 3680-3860 Hz. The porous layer backing 

can improve the noise absorption coefficient at low and 

high frequencies. A 20 mm thick coconut fiber layer with 

a porous layer backing shows the maximum noise 

absorption values in the frequency range with an 

absorption coefficient of 0.97. Coconut fibre with a 

perforated plate gives a higher value for lower frequencies 

in the range of 600-2400 Hz. The absorption coefficient of 

noise coconut fibres was increased with the backing with a 

woven cotton cloth. This is because the substrate of the 

porous layer has a higher flow resistance than coconut 

fibres, so that sound can be significantly dissipated as it 

travels through the material [15]. Mahzan et al. [16] used 

coconut fiber composites for reinforcement, recycled 

rubber as secondary material and polyurethane as a 

bonding material for acoustic panels. The sample with the 

maximum porosity value showed an absorption coefficient 

of 0.9 in the frequency range close to 1500 Hz [16]. The 

acoustic absorption of this composite is improved as a 

result of the increase in porosity when coconut fibres are 

used as a reinforcing element in this composite. All these 

results lead to the need for further development of coconut 

fibre materials for industrial applications in a wide range 

of frequencies. 

Figure 7: The noise absorption coefficient of coconut coir 

fiber without/with porous layer [15] 

Natural fibres have great potential to be used as a 

sound-absorbing material. Due to the increasing pollution 

of the environment, there is increasing use of 

environmentally friendly, natural materials. Therefore, 

manufacturers of sound-absorbing materials tend to 

change their main components of products containing 

asbestos-based materials with natural fibres. These new 

fibres are much safer and pose fewer problems for human 

health and the environment. With the development of the 

industry, there are questions related to global warming 

caused by the emission of greenhouse gases into the 

atmosphere. The materials industry and the manufacturing 

industry can have a lot of influence on the change of 

course in the market of acoustic materials. Therefore, 

research on acoustic materials is important and should be 

increased, especially those based on renewable resources 

that can lead to sustainable alternatives to conventional 

materials for future and current applications. These 

achievements include the use of natural fibres, recycled 

polymers and bio-based polymers, porous metals, new 

composites and smart materials. 

3.3. Recycled composite materials 

Continuous increase in pollution and considering 

environmental protection tends to the need to develop 

alternative materials for sound attenuation. In order to 

protect the environment and mitigate noise from industry 

and urban transport, many new noise control materials 

have been developed as alternatives to traditional (glass or 

stone wool); these materials can be made from recycled 

materials such as rubber, plastics, agricultural waste, 

recycled textile fibres, etc.  

In the case of industrial waste in the last few years, 

the disposal of used car tires has become one of the main 

environmental problems. The amount of waste tires is 

increasing due to the high demand for tires and their short 

service life. Therefore, it is necessary to improve or 

develop a certain procedure for the application of recycled 

waste tires. Nowadays, many ways of waste rubber 

management have been proposed and it is classified into 

three groups, ie. energy reuse, recycling, remondelling and 

recovery. In countries where the problem of used tires is 

solved in a safe way, part of the used tires is processed 

into semi-finished and finished products and used as an 

energy source. The use of recycled rubber to produce 

sound absorbers or resilient substrates can solve two 

environmental problems, noise and environmental 

pollution. Hong et al. examined the acoustic properties of 

a recycled rubber composite material. The composite 

absorber has a layer upon layer structure with the rubber 

particles as the bottom layer, on the top of which is a 

single or multiple layers of polymer porous foam or 

perforated panel [17]. It was found that the layer of 

recycled rubber particles has a higher sound absorption 

coefficient than porous materials that absorb the sound of 

the same thickness in the low-frequency range. In the 

rubber particle layer, two main mechanisms affect the 

reduction of sound energy: viscous losses due to friction 

between air and particles, and the friction between 

particles. It should be understood that the functional area 

of sound absorption shifts to the high-frequency side as the 

layer of PU foam becomes thicker and the sound 

absorption at higher frequencies is relatively small [17]. 

Radičević and Ristanović [18] presented the initial results 

of research on the absorption properties of materials made 

on the basis of recycled rubber granules. Samples of red 

and black rubber, different thicknesses and different 

granule structures were examined. The red rubber material 

has a higher absorption coefficient in the frequency range 

below 1000 Hz, while the maximum absorption coefficient 

of 0.9 has a black rubber at a frequency of 1000 Hz. Based 

on the measurement of the absorption coefficient of 

recycled rubber materials, it has been determined that 

these materials have a high level of absorption in the 

medium frequency range [18]. As such, they have a wide 
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range of applications, thus solving environmental pollution 

with rubber waste by converting rubber waste products 

into sound absorbers to reduce noise. 

Figure 8: The absorption spectra for double-layer 

structures of rubber particles with porous foam materials 

[17] 

Foams are widely used as sound-absorbing 

materials in noise control engineering. These sound-

absorbing materials are used to control noise and vibration 

in many mechanical systems, including industrial 

machinery, household appliances, vehicles and buildings. 

Foam is a solid substance that contains cavities, channels 

or interstices so that sound waves can enter through them. 

One of the residues of production processes in the textile 

industry is polyurethane foam, so the recycling of these 

residues prevents the foam from going to a landfill, which 

is a serious environmental risk. Recycled polyurethane 

foam is often used in the production of carpet mats, 

cushion inserts for footwear, furniture, packaging 

materials, thermal insulation boards and automotive parts. 

Rey et al [19] modelled the acoustic behaviuor of recycled 

polyurethane foam from two different points of view. 

First, the airflow resistivity was used as a simple 

parameter to describe the properties of the recycled foam 

material, on the other hand, the porosity and the average 

pore diameter of the recycled foam were considered as two 

simple parameters [19].  Both models provide good 

predictions of sound absorption of recycled foam. It is 

noted that these recycled materials have good sound 

absorption properties and could be a viable alternative to 

conventional materials for current and future applications. 

Among various agricultural wastes, rice straw can 

be a very interesting material to be used as a filler in 

biodegradable polymers due to its high thermal stability 

compared to other agricultural wastes. Rice straw is used 

for thermal insulation, like fuel, for the production of 

toothpaste, etc. Rice husk is used as a reinforcement in a 

composite to improve the sound absorption property of a 

particular composite [4]. Wang and co-workers 

incorporated rice husk as a reinforcement in the 

polyurethane composite. Rice husk improved the physical, 

mechanical and acoustic properties of the material [20]. 

This environmentally friendly composite has proven to be 

an excellent sound absorber in the frequency range below 

500 Hz compared to pure polyurethane foam. Thus, the 

presence of rice husk in this composite shifts its sound 

frequency response range above 1200 Hz to the lower 

frequency range. Due to these properties, it finds 

application in the automotive industry, packaging industry 

and even in the aircraft industry. 

Figure 9: Results of sound absorption coefficient for the 

different samples of recycled polyurethane foam as a 

function of frequency [19] 

Figure 10: The sound absorption coefficient of various 

foams [20] 

Wood fibre waste such as wood chips is mainly 

used in the thermoplastic industry. Waste wood is obtained 

for species of a certain purity and is usually based on 

certain particle size distributions. The use of composite 

materials based on textile residues and wood chips to 

reduce noise has two main advantages, low production 

costs and low specific weight. Stanciu et al [21] evaluated 

the acoustic properties of composite structures based on 

sawdust and textile waste linked by common ecological 

bonds. Different samples were tested, the differences 
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between samples consist of the quantities of raw materials 

or the type of binders, which conduct more or less to the 

compaction of the particles.  The composition of the 

binder has a great influence on the acoustic properties of 

the sample, ie on the absorption coefficient, the impedance 

ratio and the reflection coefficient. The absorption 

coefficient is also affected by the density of the material, 

increasing the density of the material leads to a decrease in 

the absorption coefficient [21]. As some of the samples 

had constant absorption, with high values of absorption 

coefficients, at different frequencies, it can be concluded 

that these composites can find application for sound panels 

for highways, airports and railways. 

Figure 11: The effect of type of binders on sound 

absorption coefficient [21] 

4. CONCLUSION

The use of composites has developed rapidly in 

recent years primarily due to the problem of the lack of 

frequently used sound-absorbing material. This review 

indicates the importance of research and development 

undertaken in the field of composite materials that have 

proven to be good sound absorbers. The three general 

classifications of this group of materials include 

composites made from synthetic, natural, and recycled 

materials.  

Materials obtained from synthetic fibre are 

commonly used for thermal and sound insulation, because 

of their good performances and low cost. It seems that 

environmentally friendly, degradable, recycled and green 

produced noise absorbers will play an important role in the 

noise absorbers market in the future.  

Composites made of natural materials are cost-

effective, renewable material, low density, 

environmentally friendly and reduces CO2 emissions. 

Natural fibre materials have internal porosity which is 

suitable for sound absorption, as it provides more airflow 

resistivity. The performance of natural material in the 

acoustic field can change by varying its composition, 

porosity, thickness and other properties.  

The research indicated that recycled materials hold 

promise for use as a raw material for sound-absorbing, 

being low cost, thanks to the use of wastes derived from 

other production cycles, lightweight and biodegradability. 

Recycled materials are becoming an interesting alternative 

to synthetic materials due to their good acoustic behaviour 

similar to the traditional porous material. As more research 

is conducted, and production increases and material-

making technology advances, we anticipate that the 

number of new noise-absorbing materials will increase in 

the coming years. In this regard, composite materials are 

particularly suitable because of their ease of manufacture 

and properties comparable to other materials used for 

sound absorption 

Due to the different application of the absorbent 

material, researchers should consider the environmental 

constraints and acoustic characteristics of the sound-

absorbing material. Therefore, when choosing sound-

absorbing materials, effective noise absorption factors 

such as fibre size (in fibrous absorbents), air resistance, 

porosity, placement or position of sound absorbers, 

compression, thickness and density of absorbents should 

be taken into account. 
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The important technological improvements have been made for reducing particulate matter (PM) emissions from 

exhaust sources, but no actions are currently in place to reduce the non-exhaust part of emissions such as those from brake 

wear, road wear, tyre wear and road dust resuspension. In the future these emissions will become increasingly important in 

relative terms. However, as exhaust emissions are set to steadily decline, in 2030, total non-exhaust emissions will be an 
estimated 1.6 times greater than total exhaust emissions. Non-exhaust emissions are more difficult to quantify than exhaust 

emissions owing to the strong influence of not only the type of vehicle and traffic conditions, but also the material 

properties and meteorological factors. Most studies indicate that emission factors for PM from brake wear are significantly 

larger from heavy-duty vehicles (HDVs) than from light-duty vehicles (LDVs). This would be due to the larger number or 

size of brakes on heavy-duty vehicles and the fact that the larger vehicle weight releases more kinetic energy in the process 

of slowing the vehicle down. HDVs contributed five to ten times more resuspended road dust than LDVs. One of the 

objectives of this paper is to overcome significant gaps still exist in our understanding of the participation of HDVs in total 

non-exhaust emissions. 

Keywords: Heavy-Duty Vehicles, Non-Exhaust Emission, Particle Matter, Road Traffic

1. INTRODUCTION

Whilst exhaust emissions of PM are becoming 

heavily regulated, non-exhaust sources of PM emissions 

remain largely uncontrolled. Manufacturers have strict 

emission standards to adhere to and the majority of diesel 

vehicles on roads are now equipped with a particulate 

traps. Therefore attention is now focussing on emission 

sources such as non-exhaust emissions (NEE), which have 
been found to contribute significantly to particulate 

concentrations. Non-exhaust emissions are generated 

through the resuspension of road dust or road surface wear 

as the vehicle travels over the road surface, corrosion of 

vehicle components or during the mechanical friction 

processes associated with driving, such as brake, clutch or 

tyre wear (Table 1) [1]. Grigorators and Martini [2] noted 

that as exhaust emissions controls become stricter, relative 

contributions of non-exhaust sources to traffic related 

emissions will become more significant.  

Table 1: Mechanisms for non-exhaust particle emission 

Emission type Mechanism Includes 

Direct Abrasion and wear 
and tear 
Corrosion 

Tyre, brake, clutch, 
road surface 
Vehicle, street 
furniture 

Indirect Resuspension (due 
to tyre shear, wind 

and vehicle 
turbulence) 

Key reasons for needing to understand non-exhaust 

emissions include their inherent toxicity including their 

tendency to act as carriers of heavy metals and 

carcinogenic components [4] and their contribution to 

exceedances of air quality guidelines and standards [5]. 

Many studies have aimed to distinguish between the 
different non-exhaust particulate emissions by identifying 

particular chemical components. While the constituents of 

brake material may vary among manufacturers, iron, 

copper, antimony, and barium have been associated with 

the particulate matter released from brake operation. Road 

surfaces are generally composed of either concrete or 

aggregate with a bituminous binder and abrasion of such a 

surface is likely to result in particulate matter of mineral 

origin. Tire wear is likely to result in predominantly 

carbonaceous particles, although small quantities of 

metals, in particular zinc which is used as a vulcanization 

activator, may be present. Material resuspended from the 

road surface may include all types of vehicle abrasion 

debris, in addition to material from non-road sources 
which has been deposited on the road surface. This may 

include mineral dust from the local environment, typically 

including silicon, aluminium, calcium, and iron 

particularly in arid locations [6].  

Most countries follow the methodology for 

estimating emissions from tyre and brake wear and road 

surface wear given in the 2016 version of the EMEP/EEA 

Air Pollutant Emissions Inventory Guidebook [7]. This 

provides a fairly simple approach which combines PM 

emission factors in milligrams emitted per kilometre 

(mg/km) for passenger cars, light goods vehicles, heavy-

duty vehicles (HDVs and buses) and two-wheelers, with 
vehicle kilometres travelled per year. The method and 

emission factors in the Guidebook [7] have not been 

updated for nearly 15 years and are based on the 

information available at the time, mostly on wear rates, 

and a number of assumptions. 

Some countries have used emission factors based 

on their own literature search (e.g. the Netherlands) or 

have used evidence from country-specific information and 

research. These are generally based on the total mass loss 

of tyre or brake material resulting from the wear process 

and estimates on the amount that remain airborne in the 
PM10 and PM2.5 range. The Scandinavian countries have 

been particularly active in this area and, for example, have 

taken account of the effect of studded tyres resulting in 

higher emissions from road wear. 
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The UK’s National Atmospheric Emissions 

Inventory (NAEI) for tyre and brake wear and road 

abrasion uses the Tier 2 inventory method and emission 

factors in the EMEP/EEA Emissions Inventory Guidebook 

[7]. This approach provides mg/km emission factors for 

Total Suspended Particulates (TSP) for passenger cars, 

LDVs, HDVs and two-wheeled vehicles, together with 

PM10 and PM2.5 mass fractions to combine with the TSP 

factors. The TSP factors for tyre and brake wear are used 
with an average speed correction factor which implies 

higher emission factors at lower speeds, on the basis of 

greater braking and cornering per km at lower speeds. For 

heavy-duty vehicles, a further correction factor is applied 

to take account of the load carried by the truck and in the 

case of tyre wear on the number of wheel axles. No such 

speed and load correction factors are provided for road 

surface wear emissions [8]. 

Nearly one-third of the traffic-related source 

contributions were associated with non-exhaust emissions 

from brake and tyre wear and road dust resuspension in the 

urban environment. Elevated levels of non-exhaust sources 
were correlated with the number of heavy-duty vehicles, 

rather than total traffic volume. 

There are 6.6 million trucks on the EU’s roads. 

With more than 1.1 million trucks, Poland has the largest 

truck fleet, followed closely by Germany (946,541) and 

Italy (904,308). 

Table 2: Medium and heavy commercial vehicles [10] 
2014 2015 2016 2017 2018 

European 

Union 

6,103,698 6,214,936 6,337,504 6,472,374 6,621,641 

Norway 89,746 88,659 86,757 86,154 85,661 

Switzerland 60,602 60,076 58,507 60,438 61,989 

EFTA 150,348 148,735 145,264 146,592 147,650 

Russia 3,738,145 3,690,032 3,703,635 3,733,711 3,759,152 

Turkey 814,459 850,051 876,152 898,817 908,821 

EUROPE 10,806,650 10,903,754 11,062,555 11,251,494 11,437,264 

The EU motor vehicle fleet is getting older year-on-

year. Passenger cars are now on average 11.1 years old, 

vans 11 years and heavy commercial vehicles 12 years. 
Trucks are on average 12.4 years old in the European 

Union. Among the EU’s five major markets, Spain has the 

oldest truck fleet (14.4 years), followed closely by Italy 

(14.0 years). 

Figure 1: Average age of the EU fleet by vehicle type[10] 

Emissions of heavy metals vary with the fleet 

composition, with higher emissions reported for some of 

the elements for heavy-duty vehicles (HDVs) so the aim of 

this paper is to highlight the share of this category in non-

exhaust emission. 

2. NON-EXHAUST EMISSION

Different non-exhaust particle sources contribute to 

both fine and coarse particles as well as ultrafine particles. 
Figure 2 presents an overview of the processes (flows) and 

deposits of road dust particles as a system diagram. It also 

summarizes factors affecting the processes and flows. 

Figure 2: Material flows of road dust particles, with the 

main factors affecting the source strengths [11] 

Particulate matter is present in a range of sizes in 

the atmosphere. Combustion processes generally result in 

smaller particles, which over time will agglomerate into 
the accumulation mode. Abrasive processes result in 

particles with aerodynamic diameters larger than the 

accumulation mode which are lost from the atmosphere 

largely by sedimentation. Size distribution of the particles 

measured by Harrison et al. [6] at the Marylebone Road 

site in London is show in Figure 3. The red line shows 

brake wear, the purple line shows tyre wear, and the green 

line shows resuspension. 

Figure 3: Size distribution of the particles measured at the 

Marylebone Road site in London [6]  

However, emissions of trace metal markers are 

reported to vary with the fleet composition, with higher 

emissions reported for some of the elements for heavy-

duty vehicles (HDVs). In addition, the profile of trace 

metal concentrations in non-exhaust particulate matter is 

unique for every region and varies based on parameters 

such as traffic volume and pattern, vehicle fleet 
characteristics, driving and traffic patterns and climate and 

geology of the. Another important aspect is the variability 
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of tyre and brake composition depending on the 

manufacturer which makes it very difficult to ascertain 

fleet-wide composition other than from environmental 

measurements. Several factors are reported to affect non-

exhaust emissions including increase in vehicle speed 

reported a non-linear relationship between traffic volume 

and non-exhaust emissions. Metal emissions due to road 

dust show a low correlation to metal emissions due to 

abrasion/brake wear and combustion. One of the major 
problems in analysis of non-exhaust PM using field data 

has been the difficulty in distinguishing between wear and 

tear emissions and road dust since the chemical 

composition is often very similar [12]. This may, in any 

case, not be a clear distinction as wear emissions may 

deposit to the road surface, only to be resuspended 

subsequently [3]. 

The factors in Table 3 are averages for different 

road types and can be seen to be greater on urban roads, 

followed by rural roads and then motorways. This reflects 

the greater amount of braking done on urban roads, 

although this may be partially offset by the fact that the 
intensity of braking when it does occur would be higher on 

motorways where the vehicles are slowing down from 

greater velocities [9]. 

Table 3: Emission factors for PM10 from tyre and brake 

wear for road transport vehicles as used in the UK’s 

National Atmospheric Emissions Inventory [7,9] 

mg PM10/km Tyre Brake 

Cars Urban 8.7 11.7 

Rural 6.8 5.5 

Motorway 5.8 1.4 

LDVs Urban 13.8 18.2 

Rural 10.7 8.6 

Motorway 9.2 2.1 

Rigid HDVs Urban 20.7 51.0 

Rural 17.4 27.1 

Motorway 14.0 8.4 

Artic HDVs Urban 47.1 51.0 

Rural 38.2 27.1 

Motorway 31.5 8.4 

Buses Urban 21.2 53.6 

Rural 17.4 27.1 

Motorway 14.0 8.4 

Motorcycles Urban 3.7 5.8 

Rural 2.9 2.8 

Motorway 2.5 0.7 

Table 4 shows the average PM10 emission factors 

for road abrasion taken from the Guidebook [7] for all 

road types and speeds. 

Table 4: Emission factors for PM10 from road abrasion 
[8] 

mg PM10/km Road abrasion 

Cars 7.5 
LDVs 7.5 
HDVs 38.0 
Buses 38.0 
Motorcycles 3.0 

There are two general approaches for determining 

emission factors (EFs) from non-exhaust sources: 
i. Direct measurements from the sources, either 

under real world test conditions or in the laboratory. 

ii. Receptor modelling where ambient pollutant 

concentration data are sub-divided according to its 

different sources and EFs are derived using mass-balance 

techniques. 

Both methods have advantages and limitations. In 

particular, the first method provides emission factors of a 

relatively small number of vehicles, but for very well 

controlled conditions. However, tyre, brake and road 

surface wear are difficult to simulate in controlled tests. 
Speed, acceleration/deceleration, tyre material, 

temperature and parameters such a road surface 

construction and curvature are all important 

considerations. Sampling problems have also been noted. 

Further, resuspension fluxes are difficult to measure 

directly because the space around a vehicle does not form 

a “closed” system with obvious air inlets and outlets. 

Receptor modelling method requires knowledge of source 

composition and assumes that the sources specified are 

responsible of the species measure at the receptor. Beyond 

that source apportionment and quantification of airborne 

PM measured in the vicinity of roads is a rather complex 
task, road traffic contribution can be small compared with 

the background concentrations. Measurements in tunnels 

tend to overestimate pollutant concentrations due to 

limited dispersion and dilution, not to mention that 

influences of meteorology are reduced. 

Non-exhaust EFs included in the database 

corresponds to tyre, brake, road wear and resuspension 

component is given for Heavy-Duty Vehicles in Table 5 

and 6. 

Table 5: EC (Elemental Carbon) Non-exhaust Emission 
Factors for Euro 7 diesel Heavy-Duty Vehicles [11] 
Vehicle Urban Rural Highway 

HDV Rigid=7.5t 0.008 0.005 0.003 

HDV Rigid 7.5-12t 0.008 0.005 0.003 

HDV Rigid 12-14t 0.008 0.005 0.003 

HDV Rigid 14-20t 0.008 0.005 0.003 

HDV Rigid 20-26t 0.009 0.006 0.004 

HDV Rigid 26-28t 0.009 0.006 0.004 

HDV Rigid 28-32t 0.009 0.006 0.004 

HDV Rigid 32t 0.009 0.006 0.004 

Articulated 20-28t 0.010 0.007 0.004 

Articulated 28-34t 0.010 0.007 0.004 

Articulated 34-40t 0.011 0.007 0.005 

Table 6: OM (Organic Matter) Non-exhaust Emission 

Factors for Euro 7 diesel Heavy-Duty Vehicles [11] 
Vehicle Urban Rural Highway 

HDV Rigid=7.5t 0.018 0.012 0.007 

HDV Rigid 7.5-12t 0.018 0.012 0.007 

HDV Rigid 12-14t 0.018 0.012 0.007 

HDV Rigid 14-20t 0.018 0.012 0.007 

HDV Rigid 20-26t 0.021 0.014 0.009 

HDV Rigid 26-28t 0.021 0.014 0.009 

HDV Rigid 28-32t 0.021 0.014 0.009 

HDV Rigid 32t 0.021 0.014 0.009 

Articulated 20-28t 0.023 0.016 0.010 

Articulated 28-34t 0.023 0.016 0.010 

Articulated 34-40t 0.023 0.016 0.010 

2.1. Tyre Wear 

The surface of a tyre when in contact with the road 

is steadily abraded by contact with the road surface. This 
leads to release of large quantities of small rubber particles 

which cover a wide range of sizes. The larger particles will 

typically remain on the road surface until washed off in 

drainage water. However, the size range extends into sizes 
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below 10 micrometres diameter and hence contributes to 

PM10 (and to PM2.5). The smaller abraded particles are 

liable to become airborne contributing to non-exhaust 

particles in the atmosphere [8]. 

It is estimated that an average passenger vehicle 

tyre lasts for 40,000-50,000 km before it is worn out, with 

approximately 10-30% of its tread rubber emitted into the 

environment. The wear factor (defined as the total amount 

of material lost per kilometre) varies enormously 
depending on several parameters such as: a) tyre 

characteristics with the most important being size 

(radius/width/depth), tread depth, construction, pressure 

and temperature, contact patch area, chemical 

composition, accumulated mileage and set-up; b) vehicle 

characteristics such as weight, distribution of load, 

location of driving wheels, engine power, electronic 

braking systems, suspension type and state of 

maintenance; c) road surface characteristics with the most 

important being material (bitumen/concrete), texture 

pattern and wavelength, porosity, condition, wetness and 

surface dressing; d) vehicle operation such as speed, linear 
acceleration, radial acceleration, frequency and extend of 

braking and cornering [14]. For instance, heavy-duty 

vehicles have been reported to emit approximately ten 

times higher tyre wear particles compared to light duty 

vehicles and passenger cars, while concrete pavements 

have been shown to produce lower wear emissions to 

PM10 compared to other types of pavements [15]. 

Tyre wear factors are substantially higher for 

HDVs than for LDVs. The wear factor per vkm will be 

dependent on the vehicle configuration, such as the 

number of axles and the load, and so a wide range of 
values is to be expected [13]. 

2.2. Brake Wear 

There are two main brake system configurations in 

current use: disc brakes, in which flat brake pads are 

forced against a rotating metal disc, and drum brakes, in 

which curved pads are forced against the inner surface of a 

rotating cylinder. The frictional process causes abrasion 

both of the brake pad and of the surface of the disc or 
drum leading to the release of particles, a substantial 

fraction of which become airborne [8]. Drum brakes tend 

to be a more enclosed system than disc brakes, which 

means that a greater proportion of the particles released do 

not get emitted to the atmosphere, instead, becoming 

trapped within the drum brake system. For this reason, 

emissions to the atmosphere from drum brakes tend to be 

lower than from disc brakes. Historically, drum brakes 

have tended to be more widely used in heavy-duty 

vehicles (HDVs), relative to light duty vehicles (LDVs), 

although HDVs are using disc brakes more now [7].  
The effect on wear rate of the relative position of 

brakes on a vehicle is even more important than it is for 

tyres. With heavy trucks, the braking energy is more 

evenly distributed between the axles because of lower 

deceleration rates and the heavy load at the back of the 

vehicle. Wear rates also depend on brake actuation 

mechanism (pneumatic, electric), and hence it is more 

difficult to estimate lifetime of linings. It is expected that 

for trucks and coaches, the lifetime of brake linings is of 

the order of 60 000 km [13]. 

Abu-Allaban et al. [18] employed chemical mass 

balance receptor modelling and SEM techniques in order 

to determine brake wear EFs of light and heavy-duty 

vehicles at roadside locations in the U.S.A. They found 

PM10 EFs of 0-80 mg/km per vehicle for LDVs and 0-610 

mg/km per vehicle for HDVs. The corresponding PM2.5 

EFs were 0-5 and 0-15 mg/km per vehicle. In general, high 

brake wear EFs were observed at freeway exit sites, while 

brake wear emissions in highways and tunnels were 
negligible. 

There is very little literature on direct heavy-duty 

brake emissions measurements. To decelerate, heavy-duty 

vehicles employ technologies such as disc and drum as 

well as other braking methods including downshifting and 

engine (or “jake”) braking. Due to the difficulty of 

differentiating a small brake emissions signal from the 

much larger signal coming from tailpipe, tire wear and 

road dust combined, there is much uncertainty in these 

measurements-yet another reason why adjusted laboratory 

measurements were favoured above [16]. 

Figure 4: Interpolated Brake PM2.5 Emission Rate by 

Regulatory Class Weight. Passenger Cars and 

Combination Heavy-duty Trucks Define the Slope [16] 

Figure 5 presents the PM2.5 emissions from brake 

wear in the UK split by vehicle type and road type. The 

emissions at this level of detail are derived by combining 

the vehicle and road type specific emission factors with 

vehicle kilometre data available for different vehicle and 

road types, as provided for the UK inventory by the UK 
Department for Transport (DfT). These data come from 

DfT’s traffic census and traffic forecasts available at this 

level of detail. Note that the points of the lines are offset 

slightly to avoid overlapping (e.g. as occurs for Heavy-

Duty Vehicles and Passenger cars on Motorways). It is 

clearly apparent from this figure how emissions from 

brake wear are more dominant on urban roads than on 

motorways and how emissions from passenger cars 

dominate over other vehicle types on urban roads. The 

dominance of passenger cars is less on rural roads and on 

motorways, passenger cars and heavy-duty vehicles make 
a similar small contribution [9]. 
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Figure 5: PM2.5 emissions from brake wear in the UK split 

by vehicle type (coloured legend lines) and road type [9] 

Most studies indicate that emission factors for PM 

from brake wear are significantly larger from HDVs than 

from LDVs [12] and [7]. This would be due to the larger 
number or size of brakes on heavy-duty vehicles and the 

fact that the larger vehicle weight releases more kinetic 

energy in the process of slowing the vehicle down. Garg et 

al. [19] also found a positive relationship between the 

weight of vehicles considered and the associated brake 

wear emission factors. Table 3 shows the emission factors 

for tyre wear and brake wear of road vehicles as used in 

the UK’s National Atmospheric Emissions Inventory, 

submitted in 2017 [9]. These emission factors were 

developed based on a method Table in the EMEP/EEA 

Emissions Inventory Guidebook [7], a Guidebook for 
national emissions inventory compilation. This shows, 

amongst other things, that the brake wear emission factors 

for HDVs are around 5 times higher than those from 

passenger cars [9]. 

Figure 6 shows the average fractional size 

distribution of the LDV and HDV emission factors. The 

similar distribution for most of the considered elements 

suggests that these elements origin from the same source, 

i.e., from individual brake wear particles. Brake wear 

particles from light duty vehicles were distributed in the 

entire size range larger than 1 μm, while the contribution 

from the submicrometer mode was very low.  

 
Figure 6: Fractional size contribution for LDV and HDV 

EFs determined for brake wear related trace elements 

[12] 

In contrast, more than 75% of the brake wear 

emissions from heavy-duty vehicles were found in the 

coarse mode (2.5-10 μm). An explanation of these 

different size distributions remains difficult, but is likely 

due to the different design and operating conditions of 

LDV and HDV brake systems [12]. 

Total brake wear for light-duty vehicles appears to 

be around 10 to 20 mg/vkm, and around 50 to 80 mg/vkm 

for heavy goods vehicles. Typically 50% of brake wear 
debris from LDVs escapes the vehicle and enters the 

atmosphere, and more than 80% of airborne brake wear 

particles can be classified as PM10. A substantial amount 

of the PM10 can also be present as PM2.5. There is 

considerable uncertainty regarding the amount of material 

which is lost from the brake linings, and the amount which 

is lost from the disc or drum [14]. 

2.3. Road surface wear  
The friction between the tyre surface and the road 

surface which leads to tyre abrasion is also liable to abrade 

the road surface, especially where this is already 

fragmenting. Hence, road surface wear particles are also 

released to the atmosphere. Some studies have suggested 

that road wear particles are internally mixed with tyre 

rubber in the particles generated through this abrasion 

process [8]. 
With the increasing demands on road surfaces due 

to heavy traffic loads and extreme weather conditions, a 

range of modifiers are incorporated into the bituminous 
binder or asphalt mix. All serve to enhance the properties 

of the road surface material such that it is fit for its 

application and to consolidate the bonding between the 

binder and the mineral aggregate components. Various 

fillers and fibres may be added to reinforce binder-

aggregate bonding. Glass, coal fly ash, and rubber tyres 

have been used as fillers, the latter becoming increasingly 

popular owing to problems relating to the disposal of used 

tyres. In order to harden the binder, sulphur may be added. 

An array of polymers, epoxy resins, and metal complexes 

have also been utilised as modifiers. Concrete road 

materials are a mixture of mineral aggregate, sand, and 
cement. There is little information in the literature on the 

precise chemical composition of the bulk road surface 

materials or PM generated by the wear of the road surface 

material, presumably due to the complexity of its 

composition and the range of different surface materials in 

use. Consequently, there exists no definitive molecular 

marker for road surface wear [20]. 

Some authors reported wear factors for LDVs and 

HDVs of 7.9 and 38 mg/vkm respectively, although these 

values also included tyre and brake wear. For New 

Zealand, Kennedy et al. [21] calculated a wear factor of 
0.44 g/vkm for a road surface containing 50 % bitumen. In 

a situation where the bitumen comprises only 10 % of the 

worn surface, this figure would be reduced to 0.09 g/vkm. 

However, in areas where there is extensive use of studded 

tyres during the winter, the wear of the road surface, and 

the resulting PM concentrations due to resuspension, are 

considerably higher. Indeed, the wear when non-studded 

tyres are used is insignificant compared to when studded 

tyres are used. Winter maintenance procedures in cold 

climates, such as traction sanding (the dispersion of sand 

aggregate on the road surface) and the use of studded 
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tyres, have been associated with high airborne particle 

concentrations through a formation process known as the 

“sandpaper effect”. The wear of the road surface increases 

with moisture level, and is 2 to 6 times larger for a wet 

road than for a dry one. It also increases after salting of the 

road, since the surface remains wet for longer periods. 

Vehicle speed, tyre pressure and air temperature also 

affect road wear. As the temperature decreases the tyres 

become less elastic, with the result that the road surface 
wear rates increase [13]. 

2.4. Resuspension 

Dusts from a number of sources accumulate on 

road surfaces. These originate from dry and wet deposition 

of airborne particles, especially coarser particles such as 

those deriving from soil. Additionally, abrasion products 

from the vehicle may deposit on the road contributing to 

the road surface dusts. Some of this material is in the 
PM10 size range when depositing to the road surface and 

the action of tyres on surface dusts may also cause some 

grinding leading to the creation of smaller particles from 

the coarser dusts. Studies of road surface dusts have shown 

a substantial fraction to be within the PM2.5 and PM10 size 

ranges. Such particles are rather easily suspended from the 

road surface, both by shear forces at the tyre-road interface 

and by atmospheric turbulence in the wake of the vehicle. 

There is also evidence that elevated wind speeds 

contribute to the resuspension of surface dusts [8]. 

Heavy-duty vehicles (HDVs) are expected to 
contribute significantly more to road wear than light duty 

vehicles (LDV). In the literature the enhancement of road 

wear by HDV can be from 5 to 100 [14], though in many 

studies it is often difficult to distinguish between 

suspended and direct road wear. All LDV wear rates (v=li) 

have been enhanced by a factor of 5 to specify HDV wear 

rates (v=he). It is also worth noting that the percentage of 

studded tyres on HDV is often quite low, or none at all, 

and so the studded tyre contribution from HDV’s may not 

be significant [17]. 

Figure 7: UK emissions of PM10 from road transport in 

2016 by vehicle type [8] 

3. FUTURE TRENDS IN NON-EXHAUST EMISSIONS

OF PARTICULATE MATTER 

The magnitude of non-exhaust emissions of PM as 

currently estimated has important implications for future 

PM emissions and air quality, because although current 

policies on exhaust emissions suggest that emissions of 

PM per vehicle, both light- and heavy-duty, will decrease 

significantly, as legislation and policy currently stand this 

is not necessarily the case for non-exhaust emissions. 

Three important issues determine the level and importance 

of non-exhaust emissions in future years, namely (i) the 

effect of future vehicle technology, in particular the effect 

of electric and hybrid vehicles on non-exhaust emissions, 

(ii) future trends in vehicle activity and (iii) the effect of

any future legislation which could affect the level and

chemical composition of non-exhaust emissions [8].

Using the Guidebook emission factors and vehicle 

activity data, the NAEI reports the trends in UK tyre wear, 
brake wear and road abrasion emissions of PM10 and PM2.5 

shown in Figure 8 and Figure 9. For comparison, 

emissions from vehicle exhausts are also shown. The 

emissions shown from 2000-2016 are from the latest 

version of the reported UK inventory representing actual 

vehicle activities, while emissions from 2017-2030 are 

projections in emissions based on DfT’s traffic growth 

assumptions and in the case of exhaust emissions reflect 

the turnover in the vehicle fleet with the penetration of 

new vehicles meeting tighter Euro standards for PM 

emissions. Figures show how as vehicle exhaust emissions 

have declined, the non-exhaust emissions have been 
slowly increasing with increasing traffic levels and are 

becoming a much larger share of overall PM10 and PM2.5 

traffic emissions. The proportion of total NEE from brake 

wear, tyre wear, road surface wear has increased from 

39% of total UK road transport emissions of PM10 in 2000 

to 73% in 2016; for PM2.5 the proportion of NEE has 

increased from 26% in 2000 to 60% in 2016. 

Without any NEE abatement this trend is predicted 

to continue so that by 2030, the non-exhaust sources will 

contribute to 94% of total UK road transport emissions of 

PM10 and 90% of PM2.5 [8]. 

Figure 8: UK emissions of PM10 from road transport [8] 

Figure 9: UK emissions of PM2.5 from road transport [8] 
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4. CONSLUSIONS 

Non-exhaust emissions from mobile sources make 

significant contributions to total PM emissions in the 

world today. The importance of this source will grow in 

the future since effective control programs are in place to 

reduce exhaust emission from transport.  

In case of urban street canyon, the percentage of 
HDVs is lower than on the highway (10 compare to 15%). 

Compared to light duty vehicles, the absolute emission 

factors for heavy-duty vehicles were 15 times higher for 

total PM10 and 10 times higher for brake wear and the 

exhaust emissions. In contrast to light duty vehicles, the 

road dust resuspension capability of an individual heavy-

duty vehicle was estimated to be substantial. More than 

half of the PM10 emissions of an individual heavy-duty 

vehicle were attributed to road dust resuspension and 

minor contributions of road wear and tire wear.    

The average PM10 emission factor for highway was 

caused by exhaust emissions (40%) and very low 
contributions from brake wear emissions (3%). The 
remaining percentage of the traffic emissions were not 

directly identified, but probably represented contributions 

from road dust resuspension (and minor contributions 

from tire wear and road wear). 

Significant gaps still exist in our understanding of 

traffic emissions, particularly:  

1. Characterization and quantification of different 

non-exhaust sources.  

2. Impacts of non-exhaust emissions upon human 

health: While there are many studies reporting links 

between exposure to air pollution and adverse health 

impacts, detailed information on the components that 
contribute to toxicity is missing.  

3. Aerosol chemistry in high traffic environments, 

and the evolution of particles emitted from vehicles. 

Further, most of the reported analyses have been carried 

out in the USA or Europe, and there is a lack of reliable 

information on traffic emissions in areas with high 

population density in Africa, Asia and South America. The 

field offers much scope for future research, including the 

development of enhanced methods for quantification of 

non-exhaust contributions to airborne concentrations. 
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Constant satisfaction of human needs, which are rapidly increasing, led by science and technologies, has created a 
vast amount of different waste types. Inventions of new, artificial based materials caused the presence of the dangerous 
waste type – hazardous waste. One type of hazardous waste is lubricants and especially, used motor oil. Uncontrolled and 
inadequate disposal of used oil is equally hazardous for humans and the whole living world. This state is unfortunately 
widely spread in undeveloped countries, where negative effects are severe. Given the danger that inadequate disposal of 
used motor oil may cause on the environment, proper standards and regulations have been developed to define the proper 
system for managing and controlling the used motor oil disposal and storage. The Republic of Serbia as a developing 
country has in recent years adopted World’s and European’s standards and regulations to deal with problems as such. 
This paper introduces the standards and regulations that have been implemented. 

Keywords: Standards, regulations and legislations; used motor oil; hazardous waste.

1. INTRODUCTION 
The daily increase in human needs, the unhindered 

satisfaction of which has been made possible by science 
and technologies that are in constant and intensive 
development, has led to the production of significant 
quantities of different types of waste. Initially, the 
characteristics of all types of waste were unknown, and on 
the other hand, the discovery of a large number of new, 
artificial materials lead to the emergence of a special type 
of waste - hazardous waste. 

One of the most hazardous wastes with inadequate 
disposal represents a great danger for people, as well as for 
the entire living world, i.e. lubricants. Even if humans 
began to use lubricants before the new era, the danger 
which they oppose to humans was increased only after the 
spread of oil use, and especially in the second half of the 
20th century when synthetic lubricant uses were developed 
(such as motor oil). Lubricating oil finds several 
applications in a technologically advanced economy. 
Particularly, according to the estimates of Europalub, the 
Association in charge to harmonize and publish European 
lubricants statistics, 49% is used in the automotive sector, 
37% is used by industry, while the remaining 14% is 
represented by base oils used as raw materials [1]. 

Management of used motor oils is a growing 
concern, particularly in industrial and urban areas. The 
generation of waste oils is closely linked with an increase 
in the population of automobiles and industries. When 
additives and foreign substances, such as metal powder, 
chips, and other particles, are mixed with lubricating oil, 
aging, degrading, and failure will likely occur, leading to 
mechanical fault and degraded performance [2, 3]. In such 
cases, the oil is replaced to improve the performance. The 
used, spent, or waste oils should be collected and recycled 
not only to prevent environmental pollution but also to 
preserve natural resources [3]. 

Given the above-mentioned, it was necessary to 
observe the whole problem of used motor oils, to get to 
know its characteristics, its behaviour in nature because in 

undeveloped countries it is still uncontrollably disposed of 
with no regard to consequences. Developed industrial 
countries, which have first encountered the problem of the 
used motor oil, due to the rapid industrialization, first 
initialled detailed researches that created rules and 
principles that in form of legally defined standards 
regulate the functioning of management systems. For the 
adequate functioning of each phase and the behaviour of 
participants in this complex system, it was necessary to 
apply the approval of legislative, institutional, and 
planning frameworks, as well as mechanisms for their 
implementation, which reduces the potential risks of 
negative effects. 

However, developing countries, including the 
Republic of Serbia, have only recently become involved in 
the solution to the problem of uncontrolled waste disposal 
in nature. In order to indulge in European and world 
trends, the state is artificially imposed to implement 
drastic changes that aimed at establishing a sustainable and 
functional system of management of used motor oil. At 
that moment, it is necessary to make great efforts in order 
to raise the environmental awareness of the widest circle 
of the population. 

2. LAW REGULATIONS IN MANAGEMENT OF 
USED MOTOR OIL 

Lubricating oils are certainly necessary for 
everyday life and enable the operation of many complex 
and less complex systems.  

Modern or conventional lubricants in most cases 
consist of base oil, which usually makes up 90% of a 
certain lubricant, and the remaining 10% are additives.  

When looking at the base oil, it can be said that it is 
a component that together with additives serves for the 
production of various lubricants.  

By origin, the base oil can be [4]: 
 Mineral - consist of mineral base oil and 

additives. The largest amount (approximately 
95%) of modern lubricants is represented by 
mineral oils obtained by oil refining. 
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 Synthetic - produced as a replacement for mineral
lubricants.  The basic feature of synthetic
lubricating oils is that the required and desired
lubricating properties can be determined in
advance by the composition of raw materials as
well as the conditions under which the synthesis
is performed, i.e. the combination of all raw
materials.

 Natural - based on plants and animals’ fat.
Today, experts in the field of lubrication have come

to several practical findings on reducing wear and saving 
energy to run individual assemblies, and scientists and 
researchers are trying to answer questions about how to 
improve lubrication in the broader sense of the field. Such 
a practice is positive for everyone because the experts try 
to apply the available knowledge of researchers as soon as 
possible and in full in everyday practice. 

However, in recent years, much has been said about 
the topic of lubricants. Especially after their use, they 
become waste oils and at the same time a type of 
hazardous waste.  

According to the Regulation on the conditions, 
manner, and procedure of waste oil management, waste 
oils are defined as:  

“Waste oils are all mineral or synthetic oils or 
lubricants that are unusable for the purpose for which they 
were originally intended, such as hydraulic oils, motor 
oils, turbine oils or other lubricants, marine oils, oils or 
fluids for insulation or heat transfer, other mineral or 
synthetic oils, as well as oil residues from tanks, oil-water 
mixtures, and emulsions, under the law governing waste 
management” [4,5]. 

In order to minimize the negative impacts or 
possible consequences that waste oils can lead to, it was 
necessary to regulate by law certain rules of conduct for all 
persons who use lubricating oils, whether they are 
producers or direct users.  

Today, this segment is regulated by numerous 
regulations, which are defined for producers and users, and 
also define the rights, obligations, responsibilities at the 
international and national level. International regulations 
were created before national ones, so they also served as a 
model for the adoption of national regulations. 

2.1. Law Regulations and Practises in European Union 
The history of the European Union's environmental 

policy begins with the waste policy in general after the 
major incidents have occurred during the seventies and 
eighties of the last century. Because those incidents were 
caused by industrial plants (It is noticeable that industrial 
plants have always had a significant impact on 
environmental pollution.) it is easy to conclude why the 
laws of the European Union were first aimed at hazardous 
waste management. 

The beginnings of European Union legislation on 
hazardous waste management began in 1975, when the 
Waste Framework Directive was adopted, which aimed to 
reduce pollution, improve the natural and urban 
environment, and take the necessary measures to raise 
awareness of environmental problems. 

These activities influenced the undertaking of more 
active measures in the preparation and adoption of certain 
regulations in the field of environment. Member states 

began to take measures at the national level by controlling 
and managing hazardous waste, so in 1975 the Directive 
on Hazardous Waste was adopted, and later the Regulation 
on Waste Disposal. It can be said that the above three legal 
provisions have established the foundations of the 
regulatory structure related to hazardous waste. It is clear 
that these three documents which define waste and other 
key concepts, ensuring that waste is managed without 
harmful consequences for the environment or human 
health. 

However, the first directives adopted in the 
European Union did not specify the parameters of 
emissions of harmful effects on the environment that are 
considered acceptable. Most of these imperfections have 
been remedied by the adoption of the Landfill and 
Disposal Directive in 2001, as well as the 2000 Waste 
Incineration Directive [5]. In addition to the previous 
regulations, numerous other directives regulating waste 
streams have been introduced, and one of them is the 
regulation related to waste motor oils. 

As presented on the Figure 1 one of the first 
regulations of European Union legislation governing waste 
management, which regulated waste streams, was the 1975 
Waste Oils Directive. Thus, the mid-1970s were 
considered the beginning of the introduction of waste oil 
management into the practice of European legislation 
(Council Directive 75/439 / EEC). The mentioned 
directive regulated the uncontrolled disposal of waste oils 
until then, but at the same time, it was focused only on 
waste lubricating oils. The basic requirement set before the 
Member States was to give priority to the regeneration of 
waste oils over other disposal methods, as regeneration is 
considered the most energy-efficient option. Otherwise, 
Member States should have burned waste oils, but under 
acceptable conditions that would not harm the 
environment. The directive also prohibits the dumping of 
used oils into surface and groundwater and sewage, as well 
as on land. Due to the limitations that were noticed, the 
directive was amended three times [5]. 

It underwent the first amendments to the 1975 
directives after twelve years when a new amended 
directive (87/101 / EEC) was adopted in 1987. The first 
changes were mainly focused on the level of permitted 
concentrations of harmful products that occur during the 
incineration of waste oils. On that occasion, the permitted 
concentrations of harmful products were reduced 
compared to those defined by the 1975 Directive, Member 
States were invited to strive to remain below the permitted 
harmful concentrations, and the Commission was invited 
to consider all the facts and to entry into force of the said 
directive comes out with new proposals, in order to 
minimize the harmful impact of waste oil incineration. The 
other two changes that occurred with the adoption of the 
directives in 1991 and 2000 concerned the standardization 
and rationalization of reports on the implementation of 
certain directives relating to the environment (91/692 / 
EEC), as well as waste incineration and adverse effects 
that occur during the process (2000/76 / EC). The last 
changes regarding the management of waste oils in the 
European Union were made in 2008 when Directive 
2008/98 of the European Parliament concerning waste, in 
general, came into the act and repeals certain directives 
that regulated this area in the years before [5]. 
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Figure 1. Review of European Union regulations regarding the waste management[5]

2.2. Law Regulations and Practises in the Republic of 
Serbia 

Legislation and practice of the Republic of Serbia 
in terms of environmental protection and waste 
management has always had some delays concerning laws 
and their implementation within the European Union. The 
period of the seventies and eighties of the last century was 
marked as a period of the awakening of environmental 
awareness among the inhabitants throughout Europe. In 
the same period, there was an intensive and turbulent 
industrial development in Serbia, but also a complete 
absence of environmental awareness. The generated waste 
in that period was mostly disposed of in the factory circle 
of industrial plants because it was considered that the same 
waste could be used as secondary raw material in some 
industrial processes. Therefore, there was no tendency to 
define or enable the development of some other treatment 
option or adequate final waste disposal. 

When observing and comparing the period of the 
1990s, it can be concluded that Europe is in constant and 
increasing progress in terms of environmental protection 
and waste disposal by adopting new regulations, while the 
same cannot be said for Serbia. Due to the problems and 
wars that shook Serbia during the 1990s, the country 
began to weaken economically, industrial production was 
less and less dominant, and in such conditions, it was 
impossible to correct the existing state of relations towards 
waste disposal. The whole decade was marked by the 
absence of an adequate legislative, institutional, and 

planning framework, so the entire environment protection 
was to a greater or lesser extent based on the decisions and 
conscience of the individuals. 

After 2000, when the political and economic 
situation in Serbia stabilized to some extent, serious work 
began on regulating waste management, and thus 
regulating the flow of used oil. The creation of 
environmental protection policy and legal regulation in 
this field becomes an important topic for the Republic of 
Serbia at the moment of the beginning of harmonization of 
Serbian legislation with the legislation of the European 
Union, as part of the obligation to join the European 
Union. Starting from the Stabilization and Association 
Process, which began in 2000, to officially gaining 
European Union candidate status, Serbia has taken serious 
steps towards transforming its legal system. In order to 
meet all the requirements and thus enable the closure of 
Chapter 27, which focuses on the environmental protection 
sector, serious transformations of the state system had to 
be made in order to reach the level characteristic of 
developed countries. The biggest step was made in 2009 
when the National Assembly of the Republic of Serbia 
adopted sixteen laws, which make up the so-called "green 
package". The set of the mentioned laws primarily 
regulated the area of hazardous waste management and the 
already existing Law on Environmental Protection was 
improved. 

One of the sixteen laws from the set of so-called 
"green package" of laws adopted in 2009 is the Law on 
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Waste Management ("Official Gazette of RS" No. 36/09-
115, 88/10-170, 14/16-17 and 95/18-267) [6]. Like the 
Law on Environmental Protection and the Law on Waste 
Management, it has undergone several changes, the last of 
which was adopted in 2016. The Law on Waste 
Management is the basic document based on which several 
bylaws have been adopted that are crucial for defining and 
regulating procedures with waste oils [6]. 

According to the Law on Waste Management, the 
Waste Management Strategy for the period 2010-2019 
(Official Gazette of the RS No. 29/10-13 of 2 May 2010) 
was also issued. One of the points in the Waste 
Management Strategy for the period 2010-2019. is also an 
analysis of the existing situation, within which the used 
motor oil management was analysed [7]. 

The Decree on products that after use become 
special waste streams, the form of daily records on the 
quantity and type of manufactured and imported products 
and the annual report, the manner and deadlines for 
submitting the annual report, fee bonds, calculation 
criteria, amount and method of calculation and payment of 
fees from the regulations adopted in 2010 based on the 
Law on Waste Management ("Official Gazette of RS" No. 
54/10, 86/11, 15/12, 41/13, 03/14, 81/15, 31/15, 44/16, 
43/17, 45/18, 67/18, 95/18) [8]. The third article of the 
mentioned regulation defines six products that, after use, 
become special waste streams, and one of those products is 
all waste oils and lubricants that are not suitable for the 
original purpose. The significance of this decree is also in 
the fact that it defines the obligations of taxpayers, i.e. 
producers and importers of products that after use become 
special waste streams, reports that are obliged to submit to 
the Environmental Protection Agency, fees, and penalties 
if do not abide by the law. Thus, it is possible to form 
records and monitor statistics on the quantities of products 
that become special waste streams, so now the state has 
somewhat realistic data, which was not the case before 
2010 [8]. 

Another regulation that was adopted in 2010, and 
which also resulted from the Law on Waste Management, 
is the Rulebook on conditions, manner, and procedure of 
waste oil management ("Official Gazette of RS" No. 
71/10-40 of 4 October 2010) [9]. If we look at the 
regulations of the European Union, it cannot be 
overlooked that the management and treatment of waste 
oils were regulated in 1975, which concerning the 
regulations of the Republic of Serbia represents a 
difference of 35 years of delay. The mentioned rulebook is 
the most important normative document that defines the 
management of waste oils on the territory of the Republic 
of Serbia. A total of sixteen articles of this rulebook define 
what waste oils are, what are the obligations of producers, 
owners, and collectors of waste oils, as well as persons 
who transport them. The ordinance also regulates the 
storage of waste oils and the treatment of waste oils, i.e. 
regeneration, thermal treatment, and disposal of products 
resulting from thermal treatment. It is important to 
emphasize that the rulebook forecast keeping daily records 
on the quantities generated, handing over waste oils to the 
collector, the person performing storage, or the person 
performing waste oil treatment, but only for quantities of 
waste oils that amount to more than 500 litres per year [9]. 

3. USED MOTOR OIL MANAGEMENT AND
DISPOSAL IN SERBIA 

The Waste Management Strategy for the period 
from 2010 to 2019 presents the activities that should be 
obligated to when it comes to used motor oils. First of all, 
used motor oils must not be discharged to land, surface 
and groundwater and sewage. Also, it is forbidden to mix 
used motor oils during collection and storage with 
substances other than waste oils or mixing them with 
hazardous waste. 

The presented Strategy states that used motor oil 
treatment processes for reuse, such as regeneration and 
refraining, have priority overuse for energy purposes or 
other appropriate treatment procedures. Also, it is stated 
that the treatment of used motor oils can be performed 
only in the treatment plant in a way that does not endanger 
the environment and human health. 

Another fact whose application is projected for the 
period from 2010 to 2019, and is already applied in the 
Europe, is the introduction of the payment of a fee whose 
payers are producers and importers of fresh-unused oil, 
and which after use becomes waste. According to 
projections, the money from the fees would be used for the 
collection and treatment of all waste oils. 

Also, the person who collects stores and treats 
waste oils must have a permit, keep the records of used 
motor oils and the quantities which have been collected, 
stored or treated, as well as the final disposal of the residue 
after treatment. That information needs to be submitted to 
the Agency for environmental protection. 

By adopting the Rule book on conditions, manner 
and procedure of waste oil management (Figure 2), 
persons who collect, store and treat waste oils are obliged 
to do so in the exact manner provided by the rule book 
[10]. Given to that it is obligatory to [5]: 

 Have adequate space,
 Handle used motor oil in the prescribed manner,
 Keep proper documentation on the amount that

has been collected, stored or treated, as well as on
the final disposal of residues after treatment and
submit the data to the Ministry.

The obligation of the manufacturer/ owner of used 
motor oils must ensure the collection and temporary 
storage of used motor oils generated by his activity. The 
owner of waste oils is obliged to hand over the used motor 
oils to an authorized collector and to provide him with 
conditions for its uninterrupted collection. Also, the owner 
can directly hand over the collected waste oil to the 
transfer station or collection centre, which is located at the 
waste management plant. 

The authorized waste oil collector must have a 
warehouse, i.e. transfer station, for the temporary storage 
of the collected waste oils. Used motor oil treatment is not 
allowed in the warehouse or transfer station. The used 
motor oil must be stored at that place in the accordance 
with the regulations governing the treatment of waste 
materials and environmental impact assessments. The 
authorized waste oil collector is obliged to take over the 
waste oils from the owner of the waste oils free of charge 
and to hand over the waste oils to the authorized treatment 
operator and/or the authorized person for waste oil 
disposal. 
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Figure 2. Sustainable used motor oil management system [10] 

Table 1. Imported oils that become special waste streams after use [10] 

Years Total amount (l) Total amount (t) SUM 2011-2019 (t) Potential fee amount for special 
waste streams (RSD) 

2011 23968490.49 14617.28 36188.92 434267057.29 
2012 19527292.53 16502.64 34077.20 408926439.32 
2013 19092040.74 18320.48 35503.32 426039799.99 
2014 17029009.90 20767.05 36093.16 433117906.92 
2015 21495817.06 20768.33 40114.57 481374784.25 
2016 21926658.80 16971.30 36705.29 440463515.04 
2017 20492853.70 17699.10 36142.67 433712019.96 
2018 21093163.30 19097.90 38081.75 456980963.64 
2019 * 38706.20 38706.20 464474400.00 

Table 2. Used motor oil management on the territory of the Republic of Serbia [10] 

Years Disposed waste (t) Treated waste (t) Exported waste (t) SUM 2011-2019 (t) 

2011 / 5304.00 5.00 5309.00 
2012 / 3411.00 1304.00 4715.00 
2013 / 8245.00 79.00 8324.00 
2014 / 10136.00 0.00 10136.00 
2015 / 3042.00 245.00 3287.00 
2016 / 4343.00 116.00 4459.00 
2017 / 5967.00 41.00 6008.00 
2018 / 5042.00 186.00 5228.00 
2019 / 2348.00 44.00 2392.00 

 

The authorized recycler must have a regulated 
warehouse, i.e. a collection centre for storage of collected 
used motor oils, as well as waste (hazardous and non-
hazardous) generated by processing of used motor oils, by 
regulations governing waste management and 
environmental impact assessment. The authorized recycler 

is obliged to ensure that the amount of collected used 
motor oils corresponds to the amount of regular 
procession. The authorized recycler is obliged to take over 
the collected waste oil from the authorized collector. 

Based on the data presented in the reports of the 
Environmental Protection Agency from 2019 [10], and 
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showed in Table 1, about 55,000 tons of finished 
lubricants are placed on the Serbian market annually, 
which, according to the current legislation, are subject to 
payment of fees for products that become potential fee 
amount for special waste streams after use. Bearing in 
mind that between 50% and 60% of used motor oils can be 
collected from the quantity placed on the market means 
that the amount of used motor oil generated is between 
26,000 and 33,000 tons per year [10]. 

This amount will grow in line with the projected 
growth of industrial production (approx. 4% per year). 

According to the Environmental Protection 
Agency, in 2019, and presented in Table 2, 2348.00 tons 
of waste mineral and synthetic oils were treated in 
treatment plants (combustion and preparation for 
combustion) and 44.00 tons were exported, which 
represents a total of about 6.18% of the total quantities 
placed on the market [10]. 

It is alarming that in 2019, fewer used motor oils 
were collected in Serbia than in any other year in the 
period 2011-2019! 

4. CONCLUSIONS
Unlike other types of waste, used motor oils also 

have hazardous properties (both physical and chemical), 
and consequently, negative consequences in the case of 
inadequate disposal can have a larger impact on the entire 
environment. Because of the characteristics of used motor 
oils, in order to reduce the probability of an accident and 
the magnitude of the consequences, it is necessary to 
manage the entire cycle through which lubricating oils 
pass from production to end of use when they become 
waste oils. As in the case of other waste types, the used 
motor oil management system is an organized approach of 
guidance and control from the moment of its generation, 
collection, storage, treatment to final disposal or disposal. 
One of the key guidelines that can properly manage the 
risk of this type of waste is the responsibility of all entities 
of the system or the responsibility of society as a whole. 

However, complete protection against lubricating 
oils that become used motor oils at the end of their life 
cycle does not actually exist. This would only be possible 
if they were not produced and used. Therefore, everyone, 
from manufacturers to end-users, must have maximum 
responsibility when using lubricating oil. Only in this way, 
the application of appropriate measures and procedures 
can reduce the risk of harmful effects to a minimum, and 
thus protect the health of living beings, as well as the 
preservation of material goods and natural resources, i.e. 
the environment. 

The practice of developing countries, including the 
Republic of Serbia, when it comes to waste management 
in general in previous years, was assessed as poor. It was 
pointed out through serious problems that require a special 
approach when comes to solving them, so it became clear 
that big changes are necessary if Serbia wants to get closer 
to European trends. Building a new legislative system that 
is fully in line with European Union standards is one of the 
steps that have been taken. On the other hand, an 
institutional framework has been established that should 
enable the implementation of all prescribed provisions and 
planning bases that set short-term and long-term goals. 
However, one gets the impression that adequate education 

of responsible persons and the public has not been 
performed, but also that constant and complete control is 
not performed, which is why the implementation of the 
established principles is not fully realized. 

Although the legislation is today adjusted to the 
regulations of the European Union, another problem 
should be singled out, and that is the lack of an appropriate 
network of waste oil management plants, i.e. the absence 
of plants for self-collection and some types of used motor 
oil treatment. 

As a result, finding the best possible location of 
such a facility applied in the regional center of Southern 
and Eastern Serbia – the city of Niš regarding the multi-
criteria decision-making (MCDM) methodology would be 
the future step in our research. 
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The general tendency in district heating (DH) is the lowering of grid temperatures. To achieve this, heat pumps (HPs) 

are necessary technology that has an important role in very low (below 60 ⁰C) and ultra-low (below 45 ⁰C) DH supply 

temperatures. A significant variation in outdoor temperatures during the heating season in the climate of Serbia makes the 

implementation of HPs in the high-temperature DH systems possible. The goal of the paper is to analyze the implementation 

of HPs that extract heat from the shallow groundwater to satisfy a part of heat requirements in a boiler room of a DH system. 

This is a superheated water system with a nominal capacity of 37.728 MW and a nominal temperature regime 130/75⁰C that 

belongs to the PUC Toplana in Kraljevo. The city is placed at an alluvial plane rich with shallow groundwater with 

temperatures in the range of 12 to 18⁰C. The analysis is carried with two operating modes: (i) present, with an everyday 

stoppage between 9 PM and 5 AM, and (ii) continuous operation with limited overnight heating. Not to endanger the inflow, 

the maximal extraction of the heat from groundwater of 755 kW was assumed. The present operating mode would have 

seasonal COP 3.87 and negative economic indicators, whereas the continuous operation would lead to a sustainable project 

with a financial rate of return of 10.5%, benefit-cost ratio of 1.192, and the reduction of CO2 emissions of 201 t/year. The 

seasonal COP of the HPs would be 4.29. 

Keywords: district heating, water source heat pumps, shallow groundwater, cost-benefit analysis

1. INTRODUCTION

In the second decade of the XXI century, Lund et al. 

[1] defined the 4th generation of the DH systems. The

tendency in the development of the DH systems is the

lowering of supply and return temperatures and integration

of cogeneration and trigeneration systems, renewable

energy sources, and heat pumps (HPs). Actually, from the

beginning of the DH development, the general tendency is

the lowering of supply and return temperatures. This is in

accordance with the 2nd law of thermodynamics. In the past

few years, a new concept of the development of DH systems

emerged. It is called the 5h generation of DH systems and

represents a thermal energy supply grid that uses water or

brine as a carrier medium and hybrid substations with water

source heat pumps (WSHP) [2]. These systems use ultra-

low temperature regimes. In these emerging DH systems

HPs are the key technologies because [3]:

• they can act as a balancing technology when

electrical production fluctuates.

• HPs phase out fossil fuels from the energy system.

• HPs make it possible to use very low (below 60 °C)

and ultra-low (below 45°C) temperatures in the

district heating grid.

• HPs make it possible to minimize grid losses in the

district heating grid.

The subject of the paper is an existing DH system 

with superheated water with a nominal temperature regime 

130/75⁰C and a nominal capacity of 37.728 MW in the 

“Nova kolonija” boiler room. For this class of the systems, 

the analyzed DH system is very efficient and belongs to the 

PUC Toplana in Kraljevo, Serbia. Although the temperature 

regime does not favor WSHPs, their usage is possible 

because of a significant variation in outdoor temperatures 

during the heating season. The climate is characterized by 

several cold waves during the winter, whereas during the 

rest of the heating season mild weather suitable for the 

implementation of WSHPs prevails.  

The goal of the paper is to analyze the 

implementation of WSHPs that extract heat from the 

shallow groundwater to satisfy a part of heat requirements 

in a boiler room of a DH system. The paper should answer: 

(i) what should be the capacity of the WSHPs, (ii) should

the DH company change its operational schedule, and (iii)

is the implementation of the WSHPs economically

beneficial for the DH company? The city is placed at an

alluvial plane rich with shallow groundwater [4] with

temperatures in the range of 12 to 18⁰C. The boiler room

“Nova kolonija” has an excellent position suitable for

shallow groundwater usage.

To investigate the impact of the temperature regimes 

and the electricity tariff system, the analysis is carried with 

two operating modes: (i) present, with an everyday 

stoppage between 9 PM and 5 AM, and (ii) continuous 

operation with limited overnight heating. In the second 

operational mode, only 15% of the nominal load is supplied 

in the period between 9 PM and 5 AM and the supply 

temperatures do not exceed 50 ⁰C. Low electricity tariffs in 

this period as well as low temperatures should support the 

usage of HPs. As a basis for decision-making, a cost-benefit 

analysis (CBA) of the analyzed system is performed.  
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Figure 1: Integration of the groundwater HPs (13) into the “Nova kolonija” plant. Shallow groundwater (14÷16) is the 

heat source for HPs (13), which work in parallel with the boilers (1÷3) whenever their work is financially profitable. In the 

figure: 1 ÷ 3- hot water (superheated water) boilers, 4÷6 economizers, 7÷9 – each boiler has its chimney, 10 - supply 

manifold, 11- return manifold (2nd stage), 12 – return manifold (1st stage), 13 – heat pump(s), 14 – supply well, 15 – plate 

heat exchanger, 16 – return well. 

Figure 1 shows a simplified scheme of the analyzed 

system. The system utilizes shallow groundwater (14÷16 in 

Fig. 1) as the heat source for the HPs (13) to supply a part 

of the required heat in the DH plant “Nova kolonija”. The 

figure is simplified and shows the parallel connection of the 

boilers and the HPs. In practice, by a proper design, both 

series and parallel connections would be used. Additionally, 

safety and expansion equipment as well as many other 

details regarding valves, air separators, etc., are omitted 

from the figure. The analyzed system is dimensioned to 

limit the maximal flow of groundwater to 30 l/s. The system 

has the following features: 

 Kraljevo is situated at an alluvial plane rich with

shallow groundwaters [4]. The position of the plant

suits the exploitation of the shallow groundwater.

Based on the study and several conversations with

geological engineers a modest flow rate of 30 l/s for

the location is taken in the analysis. Figure 2. shows

the location of the DH plant as well as the potential

area for the wells.

 The system should work only when the plant

operates, i.e., 180 days per year.

 Depending on the water quality, which has not been

analyzed, the direct heat exchange in HPs (13) or

with an indirect circuit (as in Figure 1.) would be

used.

 Two variants (case studies) are analyzed. They

depend on the operational mode of the DH company

and are: 1. operation as usual, i.e., from 5 AM to 9

PM, and 2. continuous operation with limited

overnight heating.

 The HPs have been implemented in many DH

companies, especially in Scandinavian countries

because of the low-temperature regimes [5].

Figure 2: The locations of the “Nova kolonija” DH plant 

together with the potential locations for the wells. 

2. METHODOLOGY

The main points of the methodology sequentially 

applied are: 

 Meteorological data. The energy calculations in the

study were performed for the average
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meteorological days during the heating season. The 

data were taken from the Republic 

Hydrometeorological Service of Serbia for the 

period 1990-2010 [6]. 

 Heat requirement and production. The heat produced

in the “Nova kolonija” plant was simulated on the

average meteorological days for each month during

the heating season [6]. The daily variation of

temperature was obtained by the average

temperatures at 7 AM, 2 PM, and 9 PM. The data

regarding the performance of the DH system were

provided by the company PUC Toplana. It was

assumed that the temperature of the shallow

groundwater changes in the range from 13°C during

the winter to 15°C during the summer months.

 Sizing and performance of the HP(s). The HP

efficiency is averaged from the available data

provided by the manufacturers and was determined

based on the previously explained temperature

profiles. Constant heat extraction from the

groundwater of 755 kW and the maximum heat

delivery to the DH system at 85⁰C of 1120 kW were

assumed [7].

 Cost-benefit analysis is carried by the Guide to Cost-

Benefit Analysis of Investment Projects [8].

 The same methodology is applied to two variants.

The continuous work was taken because it favors the

electricity usage by HPs during the low electricity

tariffs.

3. METEOROLOGICAL DATA AND

PERFORMANCE OF THE DH SYSTEM

3.1 Meteorological data and heating requirements 

The energy calculations in the study were 

performed for the average meteorological days during the 

heating season [6]. The average monthly days with their 

temperature profiles that are shown in Figure 3 were used 

in the study.  

The temperature profiles were then used to calculate supply 

and return temperatures in the DH system. Figure 4. shows 

the temperature profiles for the DH system for the present 

mode of operation whereas Figure 5 shows the daily 

temperature profiles for the continuous mode of operation 

with limited overnight heating obtained by the usage of data 

provided by Todorović [9]. The continuous mode of 

operation estimates around a 5% reduction in the energy 

usage for DH heating. The average overnight supply and 

return temperatures are shown in Table . Based on 

measurements provided by the PUC Toplana, and by 

assuming linear dependence between the heating 

requirements and outdoor temperature the required thermal 

energy necessary to fulfill the requirements of all 

consumers of the “Nova kolonija” plant is: 

 𝑄[𝑘𝑊] = −555.5 ∙ 𝑡 + 11110,  (1) 

where t is the outdoor temperature [°C]. 

For the average meteorological data, the previous 

equations give the thermal energy needs that are shown in 

Table 1. 

Table 1: Heating requirements for the hospital and the DH 

company. 

Figure 3: Temperature profiles for the average days 

during the heating season in Kraljevo.  

Figures 4 and 5 show the temperature profiles that fulfill 

heating requirements on the average days in the DH 

company from the “Nova kolonija” plant.  

Figure 4: Temperature profiles (supply and return lines) 

in the DH system for the average month days. The present 

mode of operation (overnight stoppage). 
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Figure 5: The daily temperature profiles (supply and 

return lines) in the DH system for the average month days 

for the continuous mode of operation with limited 

overnight heating.  

3.2 HP efficiency 

The efficiency of the HP was calculated based on 

the data provided by HP manufacturers [10] and the fact that 

the HP efficiency is between 0.5 and 0.6 of the Carnot cycle 

[11]. The HP efficiency was determined by: 

𝐶𝑂𝑃 = 0.618 ∙
(𝑇𝐻−𝑆𝐼𝑁𝐾 + 5)

(𝑇𝐻−𝑆𝐼𝑁𝐾 − 𝑇𝐸𝑉𝐴𝑃𝑂𝑅𝐴𝑇𝐼𝑂𝑁 + 10)
,     (2) 

where: COP [-] is the heat pump efficiency, 𝑇𝐻−𝑆𝐼𝑁𝐾 in [K]

the highest temperature of the heat sink at an instant, in this 

case, DH water, 𝑇𝐸𝑉𝐴𝑃𝑂𝑅𝐴𝑇𝐼𝑂𝑁  in [K] is the temperature of

evaporation. In our case, the temperature is in the range of 

306 to 310 K. 

4. ENERGY BALANCES

Table 2. shows the basic data for the energy and CBA 

analyses, whereas in the rest of the heading energy balances 

are presented for both variants of the project. All 

calculations in this section were done based on the average 

monthly temperatures. 

Table 2: The basic data for the study. 

In Table 2, the values for average emissions of CO2 are 

taken from the literature [13], fuel unit cost was provided 

by PUC Toplana, Kraljevo. The electricity price for the 

higher daily tariff was calculated from the electricity bill for 

January 2021. All prices exclude VAT and the taxes for 

overconsumption and renewable energy. Similarly, the 

electricity price for the lower night tariff was calculated. 

The thermal power of natural-gas-fired hot water boilers in 

the “Nova kolonija” plant and their efficiencies were based 

on the data provided by the manufacturer Buderus. 

4.1 Variant 1 – the present mode of operation 

(overnight stoppage). 

Tables 3 and 4 show the energy balance and the main 

outcomes of the proposed project. 

Table 3: Energy balance of the analyzed system in the 

present mode of operation (overnight stoppage). 

The temperature regime shown in Table 3 is the 

average value from Figure 4. COP is determined by Eq. (4), 

and the heat delivered by the HP 𝑄𝑑𝑒𝑙𝑖𝑣𝑒𝑟𝑒𝑑  [kWh] is

calculated by 

𝑄𝑑𝑒𝑙𝑖𝑣𝑒𝑟𝑒𝑑 = 𝑄𝑆𝐺𝑊 +
𝑄𝑆𝐺𝑊

𝐶𝑂𝑃
, (3) 

where 𝑄𝑆𝐺𝑊 in [kWh] is the heat extracted from shallow

groundwater, and COP is calculated based on the 

temperature regimes and Eq. (2).  

Electricity consumption is used for HPs and water 

circulation. Electricity consumption by HPs is 𝑄𝑑𝑒𝑙𝑖𝑣𝑒𝑟𝑒𝑑/
𝐶𝑂𝑃. The electricity consumption by water circulation 

pumps was calculated based on the following data: 

 volume flow rate 30 l/s,

 total head 30 m,

 pump efficiency 48% (motor + impeller),

 16 hours per day.

The electricity consumption for water pumping is not 

negligible as it accounts for 7.2% of the total electricity 

consumption. The energy required for water circulation 

reduces the seasonal COP by 0.3. 

Table 4 shows that the majority of electricity is 

consumed during the high tariffs (between 7 AM and 10 

PM).   
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Table 4: Electricity consumption and cost. 

The following table shows the financial and 

ecological benefits of the project, which improves energy 

efficiency, reduces natural gas (NG) consumption, and 

increases electricity consumption. The increase in 

electricity consumption and the cost of electricity reduce the 

benefits of the project.  

Table 5: The outcomes of the project. 

4.2 Variant 2 – the continuous operation with limited 

overnight heating. 

Tables 5-8 show the main outcomes for this variant. 

Compared with variant 1, the DH system operates in a lower 

temperature regime. In addition, overnight temperature 

regimes are lower and suitable for HP usage. Compared 

with variant 1: (i) the seasonal COP is larger because of the 

lower temperature regimes, (ii) water pumping is more 

influential to the seasonal COP, and (iii) there is substantial 

electricity usage during the low tariffs.  

Table 6: Energy balance of variant 2 of the project. 

Table 7: Electricity consumption and cost for variant 2. 

The following table shows the financial and 

ecological benefits of variant 2 of the project. Compared 

with variant 1, the NG reduction is almost 50% larger, 

whereas the electricity cost is only 19.2% larger.  

Table 8: The outcomes of variant 2 of the project. 

5. CBA ANALYSIS

The economic advantages and disadvantages of the 

proposed project were assessed by the CBA carried out 

following the Guide to Cost-Benefit Analysis of Investment 

Projects [8].  
The main points in the CBA analysis are: 

 For this scenario, projections were made of all cash

flows related to the operations in the project area for

each year during the project lifetime, which was

supposed to be 15 years.

 A counterfactual baseline scenario for the project

would be the so-called “business as usual”, i.e., the

usage of hot water (superheated water) boilers with

economizers in the DH systems.

 A long-term loan, under the following conditions, is

assumed: (i) tenor of up to 12 years including the

grace period of 2 years, and (ii) an upfront fee of 1%.

 Analysis was prepared and expressed in EUR, and

all figures exclude VAT.

 A 4 % discount rate in real terms is used in the

financial calculations, whereas a 2.5 % interest rate

is used in the economic analysis.

Two variants of the project were analyzed: 

1. present operation mode, i.e., from 5 AM to 9 PM.

F.47



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

D. Šimunović, R. Karamarković, M. Nikolić, Đ. Novčić

2. continuous operation mode with limited overnight

heating. Period with limited heating from 9 PM to 5

AM.

 The cost of NG was taken to be as in the heating

season 2019/2020. Additionally, the benefit due to

the reduced NG cost should rise at a rate of 1.2% per

year.

 Unite price for the electricity was assumed to be as

in January 2021 and that the price would rise with a

2% rate yearly.

 The depreciation rate of 8% per annum was

supposed to calculate the residual value for the

equipment.

 The maintenance cost was assumed to be 1.5% of the

total investment.

 Environment and climate change considerations

were included in the economic analysis.

 The HP costs were obtained by an offer from

Viessmann doo Belgrade [7].

Table 9 shows the investment cost of the project. The 

HPs are the most expensive item that makes 70% of the 

budget. In this phase of the project, a contingency of 10% 

was assumed. 

Table 9. The investment cost for both variants of the 

project. 

The financial net present value of investment 

(FNPV(C)) and the financial rate of return of the investment 

(FRR(C)) compare investment costs to net revenues and 

measure the extent to which the project net revenues can 

repay the investment, regardless of the sources or methods 

of financing [8]. Table 10 shows their values for both 

variants of the project. Compared with variant 1, variant 2 

has positive financial indicators.  

Table 10: The outcome of the CBA analysis for both 

variants 

Variant 2 of the project is financially sustainable. 

According to the assumptions made for the analysis, this 

variant of the project does not have the risk of running out 

of cash in the future, both during the investment and the 

operational stages. The cumulated net cash flow is negative 

only during the construction phase for all other considered 

years it is greater than zero.  

The economic analysis is carried out to appraise the 

project’s contribution to the welfare [8]. This is the project 

that improves the energy efficiency of the DH system. The 

direct benefit of the project is the increase in energy 

efficiency. This induces two economic benefits and two 

costs. The two benefits are: (i) lower greenhouse gas 

emissions due to the reduced usage of natural gas, and (ii) 

substitution of the natural gas import. Consequently, the 

two costs are: (i) the usage of HP requires a larger domestic 

electricity production, which subsequently increases the 

greenhouse gas emissions.  

The benefit from reduced CO2 emissions is 

calculated as the net reduction of CO2 emissions (see 

Error! Reference source not found.Error! Reference 

source not found.. and  7) multiplied by the unit cost of 

GHG emissions. The net reduction of CO2 emissions is 

calculated as the difference between the decrease in natural 

gas consumption and the increase in electricity 

consumption. The equivalent CO2 emissions for NG are 1.9 

kg/mN
3 whereas the equivalent emissions for the electricity 

production in the Republic of Serbia are 690 g/kWh. The 

unit cost of GHG emissions is taken from the Guide to Cost-

Benefit Analysis of Investment Projects [8]. The central 

cost of 25 €/t-CO2e was adopted with an annual adder of 1.  

The benefit from the substitution of natural gas 

import is calculated by the use of the border price for the 

fuel of 155 $/1000m3. The economic cost of additional 

electricity usage  

is calculated by assuming that the production and 

distribution cost of electricity is 4.8 c€/kWh. The electricity 

consumptions are shown in is shown in Tables 4 and 6.  

Table 10 shows that compared to the financial 

indicators, the economic indicators are not substantially 

better because of the additional electricity usage that 

increases carbon dioxide СО2 emission and electricity 

production cost.  

6. SENSITIVITY ANALYSIS

To identify the crucial variables of the project, 

sensitivity analysis was carried out for the implementation 

of the HPs in the DH plant “Nova kolonija”. Both variants 

are covered with the analysis. Figure 6 and Figure 7 show 

the sensitivity analysis for variant 1 of the project. This 

project is the least sensitive to the variation of the 

investment cost, whereas it is the most sensitive to the total 

inflows. Consequently, it is the most sensitive to the number 

of working hours and the COP of the HPs.  
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Figure 6: The sensitivity analysis of the net present value 

for variant 1 of the project. 

Figure 7: The sensitivity analysis of the BC ratio for 

variant 1 of the project. 

Compared to variant 1, variant 2 of the project has 

equal sensitivity to the basic project parameters. However, 

financial and economic indicators for this variant are 

positive. The project is the most sensitive to total inflows, 

and consequently to the working hours and COP of the HPs. 

The second most important parameter of the project is the 

total outflows and consequently electricity and maintenance 

cost. The project can tolerate an increase in total outflows 

of 20%, an increase in the investment cost of over 30%, and 

a decrease in total outflows of less than 17%. 

Figure 8: The sensitivity analysis of the net present value 

for variant 2 of the project. 

Figure 9: The sensitivity analysis of the BC ratio for 

variant 2 of the project. 

7. CONCLUSIONS

The main conclusions of the study are: 

 The analyzed HP system is financially and

economically beneficial if the DH system works

continuously with limited overnight heating. If the

DH system works as in the present mode of

operation with the overnight stoppage, it is not

financially nor economically beneficial to

implement the analyzed HPs.

 The stable operation of the analyzed system requires

groundwater flow rates larger than 18 l/s.

 Assuming that the pumping power decreases the

COP of the system by 0.3, and with the unit costs of

electricity and NG as in Table 2, the HPs should

work in the system if the COP is larger than 2.8 and

1.74 during higher and lower electricity tariffs,

respectively.

 The project is the most sensitive to the total inflows

and outflows during its realization. Compared with

them, the project is less dependent on the variations

of the total investment cost. Consequently, the

operating hours, COP, and electricity cost are the

most important variables in the project.

 To be implemented the project requires the

transformation from the present to the continuous

work with limited overnight heating. Additionally, it

requires hydrological examinations and adequate

placement of the wells.
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Optimization of compact heat exchangers 
Miljan Marašević1, Nebojša Bogojević1, Nenad Stojić1, Stefan Adžić1, Dragiša Šimunović1, 

Faculty of Mechanical and Civil Engineering in Kraljevo/Department for Thermal Technique and Environment Protection, 
University of Kragujevac, Kraljevo (Serbia) 

The need to develop heat exchangers of small dimensions, high efficiency and relatively low cost has led to the 
emergence of compact exchangers. These exchangers are made of thin sheets, different materials and are designed for gas-
gas systems, where some constructions can also be used for gas-liquid systems. In this paper, the shape and dimensions of 
compact exchangers are optimized in order to evenly distribute the flow in the apparatus itself. Fluid flow analysis in a 
compact exchanger was performed for different sheet metal constructions in current channels. The construction of a compact 
exchanger with external dimensions of 400x400x400mm was adopted. The optimization was performed in the software 
package "Solidworks", for several variant solutions. 

Keywords: compact heat exchanger, fluid flow, optimization

1. INTRODUCTION
Along with the development of industry and 

technology, there are increased demands for miniaturization 
- reducing the dimensions of the device, increasing the
efficiency while, if it possible, the cost of production should
be same or reduced. This trend permeates both the energy
segments and the heat exchanger field.

The field of application of heat exchangers is very 
wide and includes a very large number of industry branches. 
It would be very difficult to list all the examples of heat 
exchangers, they are used wherever it is necessary to 
perform some energy exchange. During technological 
processes, it is necessary to transfer a certain amount of 
energy (generated in that process) to another carrier (fluid) 
in the most efficient way possible in order to minimize 
energy losses. 

Heat exchangers can be divided and classified into 
different groups and the established division is reduced to 
the division according to: purpose, functional and 
technological solutions and operating temperature regime. 
According to the purpose, heat exchangers are used in 
industrial applications as: refrigerators and heaters, 
condensers and evaporators, crystallizers, freezers and 
defrosters, chemical and biochemical reactors. The most 
used classification of heat exchangers is according to the 
method of heat transfer from one fluid to another: 
recuperative heat exchangers, regenerative heat exchangers, 
heat exchangers with indirect heat exchanger and contact 
heat exchangers [1]. 

This paper presents an analysis of the fluid flow and 
operation of a compact heat exchanger with defined 
geometric characteristics, known inlet and outlet 
temperatures of fluid 1 (combustion products), known inlet 
temperature of fluid 2 (air) as well as known mass flows of 
both fluids. The number of channels for both fluids is equal 
and amounts to seven, whereby the sheets in the channels 
are bent so as to form an equilateral triangle, as it is shown 
in Fig. 1. and Fig. 2 Based on the previously mentioned 
data, the power of a compact heat exchanger of 30 kW was 
determined. The exchanger is installed in a wood 

processing plant. During the operation of the compact 
exchanger, a problem was noticed in the construction, in the 
way of introducing fluid into the apparatus, which results in 
uneven fluid flow. In the further part of the paper, modeling 
and optimization were performed in order to achieve 
uniformity of fluid flow in the heat exchanger [2], [3]. 

2. COMPACT HEAT EXCHANGER
The compact heat exchangers are the type of the 

recuperative exchanger, in the which heat is exchanged 
between cooled fluid (warmer fluid) and the heated fluid 
(colder fluid) through a flat surface. The need to develop 
heat exchangers with high compactness, simple 
construction and of course the lowest possible price, have 
led to the development of a compact heat exchangers. These 
exchangers are made of thin sheets whose thickness ranges 
from 0.7 mm to 15 mm. The channels are shaped in such a 
way that the flow of fluid is usually done cocurrent or in 
countercurrent direction. They are most often used in cases 
when both fluids are gases, and they can also be used in 
cases when one fluid is a gas and the other is a liquid. 
Working pressures in the compact heat exchanger can be up 
to 16 bar and the fluid temperature range is up to 400℃. 

Fig.1 Construction of the compact heat exchanger 
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Fig.2 Construction of the compact heat exchanger 

In this paper, a compact heat exchanger is 
considered, in which combustion products are used to heat 
the air as a colder fluid, with special attention paid to the 
flow of fluid through the exchanger. 

3. MODELING
The design of this type of exchanger is based on the 

calculation of heat exchange between two fluids taking into 
account the construction of the exchanger, mass flows and 
inlet temperature of both fluids, as well as the outlet 
temperature of one of the fluids. 

The energy balance of a heat exchanger is 
determined from the equation: 

𝑄 ൌ 𝑚ሶ ଵ ∙ 𝑐௣ଵ ∙ ሺ𝑡ଵ ௜௡ െ 𝑡ଵ ௢௨௧ሻ ൌ 𝑚ሶ ଶ ∙ 𝑐௣ଶ ∙ ሺ𝑡ଶ ௢௨௧ െ 𝑡ଶ ௜௡ሻ ൌ 𝑘 ∙ 𝐴௘௫௖௛ ∙ ∆𝑡௠ (1)

where are: 𝑚̇ଵ-mass flow rate of the combustion 
products, 𝑐௣,ଵ-specific heat capacity of the combustion 
products, 𝑡ଵ∈-temperature of the combustion products at the 
inlet of the heat exchanger, 𝑡ଵ௢௨௧- temperature of the 
combustion products at the outlet of the heat exchanger, 
𝑚̇ଶ-mass flow rate of air, 𝑐௣ଶ-specific heat capacity of air, 
𝑡ଶ∈-temperature of air at the second inlet of heat exchanger. 

The mean logarithmic temperature difference is 
determined from equation (2) for a heat exchanger with 
countercurrent flow, taking into account correction factor ε 
taken from [6], [7] and [8]: 

∆𝑡௠ ൌ 𝜀 ∙
ሺ௧భ ೔೙ି௧మ ೚ೠ೟ሻିሺ௧భ ೚ೠ೟ି௧మ ೔೙ሻ

௟௡൬
೟భ ೔೙ష೟మ ೚ೠ೟
೟భ ೚ೠ೟ష೟మ ೔೙

൰
(2) 

Based on known geometry of the compact heat 
exchanger and on the basis of the known inlet and outlet 
temperature of the both fluids obtained from (1), the heat 
transfer coefficient is calculated:  
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The heat resistance coefficients due to 
contamination were adopted from [8]: 

𝑅ଵ ൌ 0,2 ⋅ 10ିଷ ௠మ௄

ௐ
и 𝑅ଶ ൌ 0,1 ⋅ 10ିଷ ௠మ௄

ௐ
. (4) 

Convective heat transfer coefficient is obtained by 
the formula: 

𝛼௜ ൌ
ே௨೔⋅ఒ೔

ௗ೐,೔
  (5) 

where are: λi – the coefficient of the conduction, 
 de,i – the equivalent diameter, 𝑁𝑢௜ – Nusselt 
number. 

Dimensionless numbers, required for determination 
of the heat transfer coefficient, were calculate from (5) and 
(6). 

𝑁𝑢௜ ൌ 0,21 ⋅ 𝑅𝑒௜
଴,଺⋅ 𝑃𝑟௜

భ
య (5) 

𝑅𝑒௜ ൌ
௪೔⋅ௗ೐,೔⋅ఘ೔

ఓ೔
(6) 

where are: 𝑤௜ – the fluid velocity, 𝜌௜ – the fluid 
density, 𝜇௜ – the coefficient of dynamic viscosity of the 
fluids, 𝑃𝑟௜ െ Prandtl number, where is 𝑖 ൌ1 - for 
combustion product, 𝑖 ൌ2 – for air. 

Efficiency of the ribbed surface is calculated based 
on expressions (8), (9), (10) and (11), taking into account 
that λr=λp=20𝑊 𝑚𝐾⁄  is the coefficient of the conduction for 
stainless steel plate: 

𝜂௜ ൌ 1 െ
ௌೝ

ௌ
ሺ1 െ 𝜃௜ሻ  (7) 

𝜃௜ ൌ
௧௔௡  ୦ ൫ඥ஻௜೔൯
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(8) 

𝐵𝑖௜ ൌ
ఈ೔⋅௟ೝ

∗

ఒೝ
  (9) 

𝑙௥
∗ ൌ 𝑙௥ ⋅

 ୦ೝ
మ

஺ೝ
(10) 

where are:  ℎ௥ ൌ
௦

ଶ
– -the rib height, s=25mm – the

distance between main plates, 𝑙௥ ൌ 2ℎ௥ ൅ 𝛿௥ – the rib 
circumference, δr =1mm – the rib thickness, 𝐴௥ ൌ ℎ௥ ⋅ 𝛿௥ – 
the rib area. 

Based on previous, the outlet air temperature and 
heat transfer coefficient were determined for the given input 
parameters. 

Table 1. Parameters of the basic compact heat exchanger 
𝑚ሶ ଵ[kg/s] 𝑡ଵ ௜௡ [℃] 𝑡ଵ ௢௨௧ [℃] 𝑐௣ଵ [J/kg℃] ∆𝑡௠[℃] 

0,712 159 120 1079,5 107.4 
𝑚ሶ ଶ[kg/s] 𝑡ଶ ௜௡ [℃] 𝑡ଶ ௢௨௧ [℃] 𝑐௣ଶ [J/kg℃] k [W/m2K] 

0.634 10 57 1007 64 

The parameters that define the operation of the 
existing heat exchanger, the mass flow rates of the fluid, the 
inlet temperature of both fluids and the outlet temperature 
of the fluid 2 were measured in the operating conditions in 

which the exchanger was installed. The specific heat 
capacities of the fleece were adopted on the basis of certain 
mean temperatures from [6], [7] and [8].
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4. FLOW ANALYSIS USING SOLIDWORKS FLOW 
SIMULATION 

Based on obtained date, a „digital twin” was formed 
using SolidWorks software package in which, after defining 
of the geometry, a Flow analysis of fluid flow through a 
compact heat exchanger was performed [4], [5].   

The data obtained from analytical model were taken 
as input parameters for the designed digital twin, where the 
following parameters were taken into account: 

‐ Heat exchange by conduction between 
fluids, 

‐ Heat exchange by convection between 
plates and heated fluid (air), 

‐ Model is adiabatic isolated, 
‐ Heat exchanger is made of stainless steel, 
‐ It is adopted that the fluids before entering 

the exchanger have a fully developed flow, 
‐ The flow of the fluids in the heat exchanger 

is countercurrent,  
‐ The number of passes of both fluids is equal 

(seven passes). 

 
Fig.3. 3D model of the compact heat exchanger  

The flow of the fluids inside of heat exchanger is 
analyzed by Flow Simulation where the results of the 
simulations are shown on the Fig. 3. Despite the fact that it 
is assumed that at the entrance in heat exchanger was the 
fully development flow, fluids tend to go to the first 

obstacle, which in this case is the back wall of the inlet 
channel and then are directed through passes of heat 
exchanger (see Fig. 3.). This flow of the fluids leads to low 
efficiency of the exchanger, because the fluids do not pass 
through the entire surfaces, as shown in Fig. 3. 

 
Fig.4. The flow of both fluids thought the heat exchanger, a) air, b) combustion products 

In order to better routing the fluid through the 
exchanger and improve the efficiency, in the inlet channels 
of the exchanger baffles are placed (See Fig.4.). The height 

of the first baffle is 1/3 of the height of the inlet channel 
while the height of the second baffle is 2/3 of the height of 
the channel, as shown at the right side of Fig. 4. 
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Fig.5. The position of the baffles at the inlet channel of heat exchanger 

After obtained analysis of this solution, it can be 
concluded that in this case there has been improvement in 
fluid flow but there are still parts of exchanger in which we 

have very little or no fluid flow at all, as shown in Fig. 5. In 
this case the efficiency is improved in comparison with the 
basic construction of the heat exchanger given in Fig.3. 

Fig. 6. Simulation of the fluid flow through heat exchanger with baffles, a) air, b) combustion products 

Despite the added baffles, the flow analysis shows 
that the flow of both fluids in heat exchanger can be 
improved and that we still have a large part of the exchanger 
through which there is almost no fluid flow, and therefore 
no heat exchange between fluids, as shown in Fig.6.  

In order to further improve the flow of fluids in the 
exchanger, a constructive change was made on the fluid 
inlets and outlets of the exchanger were the entrance and 
exit of the fluid is given along the entire sidewalls, as shown 
in Fig. 7. The assumption during flow simulation is that the 
flow at the inlet is fully developed. This assumption 
requires that the fluids be fed to the exchanger at a constant 
flow rate through a corresponding cross-section of a 
channel of similar geometry as inlet ports [4], [5]. 

Fig.7. Compact heat exchanger with redesign inlet and 
outlet ports 

After the flow analysis of fluid flow through 
redesigned heat exchanger, efficiency is improved due to 
better fluid flow along the entire surfaces of the exchanger, 
as shown in Fig 8. 
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Fig.8. Simulation of the fluid flow through heat exchanger 

with redesign inlet and outlet ports 

 
5. RESULTS 

Based on the performed analyzes of all models and 
shown fluid output temperatures, it can be seen that in the 
case of exchanger with redesigned inlet and outlet ports, the 
highest degree of heat transfer from one fluid to another is 
achieved. In all cases the input parameters were the same. 
The obtained results for all models are given in the Tab.2 

Table 2. Inlet and outlet temperatures depending of type construction 
Fluid  Fluid 1 ‐combustion product  Fluid 2 ‐air 

Type of construction  𝑡ଵ∈ [℃]  𝑡ଵ௢௨௧[℃]  𝑡ଶ∈[℃]  𝑡ଶ௢௨௧[℃] 
basic  159  120  10  57 

basic with baffles  159  118  10  60 
basic with redesigned ports  159  114  10  64 

 
The modification of the inlet and outlet ports on the 

heat exchanger leads to the higher amount of the exchanged 
heat, which can be seen from lower temperature of the 
combustion products and higher temperature of the air at the 
outlet ports. With reconstruction of the inlet ports, both 
fluids have better flow over plates, which directly means 
better efficiency of heat exchanger.  

In all three analyses, the mass flow of the 
combustion products and the air on the inlet ports has the 
same value. Due to different surface area for exchange, it is 
clear that in first two analysis the velocity of the air and 
combustion products has higher values compared to the 
velocities in the third analysis. This change of the velocity 
of the fluids on inlet ports may have significant influence 
on the fluids flow inside the heat exchanger. Regarding that, 
the future analyses should take into account and fluid 
velocity in the heat exchanger, in order to increase the 
amount of the exchanged heat and increase the efficiency of 
the heat exchanger. 

6. CONCLUSION 
In this paper optimization of the compact heat 

exchanger is performed, for defined geometry, mass and 
energy parameters in order to achieve uniformity of fluid 
flow in the heat exchanger. The modeling and fluid flow 
simulation of the existing (basic) heat exchanger is 
performed. Based on obtained results, optimization of the 
heat exchanger construction in order to achieved uniformity 
of the fluids over the entire surfaces was performed. The 
obtained solution does not require a change in the 
arrangement of the plates in the exchanger, but a correction 
is needed in the part where the fluids are introduced into the 
apparatus. 

The analytical design process of the exchanger does 
not take into account the fluid flow inside the exchanger and 
does not consider the actual efficiency. Most often, when 
design, degree of security is taken into account, which leads 
to oversizing of the required power of the heat exchanger. 

Using Flow simulation, as shown in this paper, it is possible 
to analyze the fluid flow inside the exchanger and perform 
optimizations of operation, or increase the efficiency of the 
exchanger. When designing new types of exchangers, the 
dimensions of the exchanger can be significantly reduced 
and the efficiency can be increased using this type of 
analysis. 
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Gradual combustion of wood logs by the use of preheated air 
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The tendency to automate operation and minimize human involvement in small-scale biomass boilers has led to an 

increase in pellet usage. Standardized biomass-derived solid fuels are getting a bigger share in the market. In this battle, 

traditional firewood is not yet ready to give in. Compared with the standardized fuels, the processing of firewood is 

cheaper, emits smaller amounts of parasite emissions whereas complete combustion and automation require further 

development. To achieve these requirements, wood log gasification is a promising intermediate step. The paper aims to 

design gasification and combustion chambers for a 25-kW wood-log-fired water boiler. For both processes, preheated air 
is used. Its appropriate distribution and preheating are the main tasks that are realized by the use of a CFD model. In the 

gasification chamber, the oxidation should take place at least 20 cm before the introduction of the secondary (combustion) 

air, which is introduced by the use of many openings. Their numbers and positions are envisaged to achieve as complete as 

possible combustion in a larger area and to divert the flame. A gradual introduction of air in a larger area should reduce 

carbon monoxide (CO), nitrogen oxides (NOx), and the emissions of volatile organic compounds (VOC), whereas the 

diversion of the flame should reduce the emissions of particulate matter. 

Keywords: Combustion, Small-scale biomass boiler, CFD, Gasification, Air distribution

1. INTRODUCTION

To achieve sustainable development, mankind 

envisaged the need for energy systems to be renewable 

and sustainable, efficient and cost-effective, convenient 

and safe [1]. To meet these requirements, biomass is seen 

as one of the most promising energy sources. Moreover, 

the use of biomass as fuel leads to the mitigation of 

greenhouse gas emissions [2]. 

Biomass is the first fuel, which has been used for 

millenniums. More than half of all biomass is nowadays 
used as a fuel for household heating and cooking. In 

developing countries, that usage leads to a major cause of 

serious indoor pollution, particularly to women, small 

children, and the elderly [3]. Biomass is renewable organic 

material that comes from plants (including algae, trees, 

and crops) and animals in which the energy of sunlight is 

stored in chemical bonds [4,5]. The use of biomass 

reduces the need for fossil fuels, such as coal, oil, and 

natural gas, which have taken millions of years to evolve. 

In small-scale biomass boilers, except for pellets 

and briquettes and in rare situations wood chips, firewood 

is still the dominant biomass fuel for traditional use. 
Although firewood is an ecological fuel and a renewable 

energy source, its combustion emits large amounts of 

pollutants into the atmosphere. The importance and the 

impact of these emissions are best illustrated by the 

increased concentrations of pollutants in urban and 

suburban areas with a large number of individual boilers, 

stoves, and furnaces in many cities in the Republic of 

Serbia. This problem is particularly accentuated during 

winter weather inversion. Solid biomass boilers emit 

numerous pollutants, of which the most attention is paid to 

carbon monoxide (CO), nitrogen oxides (NOX), and 
volatile organic compounds (VOC). In the Republic of 

Serbia, wood biomass is currently used annually with 

1.021 Mtoe, while its annual untapped potential is 0.509 

Mtoe [6]. 

2. AN OVERVIEW OF THE FIREBOX DESIGN IN
SMALL-SCALE BIOMASS BOILERS 

Manufacturers of wood biomass stoves and boilers 

are making significant efforts to increase efficiency and 

reduce pollutant emissions. Compared with derived fuels 

such as wood pellets, briquettes, and chips, firewood is the 

most economically acceptable fuel. Except for the price, 

the advantage of firewood is lower emissions of indirect 
pollutants due to shorter transport and less need for 

processing during production. Oppositely, the main 

disadvantages of firewood are: difficult control of the 

combustion process and higher pollutant emissions into 

the atmosphere. To reduce emissions, wood is burned in 

multi-stages or boilers and stoves are paired with heat 

accumulators to establish a stationary combustion regime 

[7,8]. 

When it comes to multi-stage combustion, in the 

first stage the wood is incompletely burned (gasified), 

while in the second stage the combustible gas is burned. 

Gasification and combustion zones are physically 
separated in gasification boilers. The basic schemes of the 

most commonly used constructions are shown in Figure 1. 

Only DC (direct current) gasification of wood (air and 

combustible gas flow in the same direction) was applied to 

them, and in all shown designs the gasification chamber 

(which is also a fuel bunker) is usually above the 

combustion chamber of the combustible gas (boiler 

firebox). In addition to the shown designs, there are 

designs with transverse and opposite gasification [9], as 

well as in the case of a fixed bed gasification reactor. The 

presented constructions dominate the market due to 
reliability, elaborated principle (manufacturers most easily 

accept successfully elaborated principles), the possibility 

of burning wood with larger moisture content, and stable 

air and gas flow through the gasification zone. The 

construction shown in Figure 1.A is technically the 

simplest, but also the most environmentally unacceptable. 

Its deficiency is caused by the flue gas loaded with a large 
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concentration of particulates. These particles fall to the 

bottom of the firebox, cool very quickly, and cause higher 

emissions of carbon monoxide (CO), a higher amount of 

unburned carbon in the ash, and a higher amount of 

particles in the flue gas. This problem is more pronounced 

when reducing the amount of fuel in the gasification 

chamber (position 1 in Figure 1) because then the 

resistance of air and gas flow decreases. Therefore, most 

of the firebox space is covered with refractory ceramics as 
in the design shown in Figure 1.B, which is found in 

references [10,11,12]. 

Figure 1: Analyzed designs of gasification boilers with 

direct current gasification of firewood. 1 – primary air 

(for gasification) and gasification chamber, 2 – secondary 

air (for combustion of combustible gas), 3 – combustion 

chamber, 4 – convective part of the boiler, 5 – refractory 

ceramic elements, 6 – water flow channels, 7 – 

intermediate chamber [13] 

The design shown in Figure 1.C is often applied as 
can be seen in the reference [14]. This is a reliable design 

with some shortcomings. In the gasification chamber 

(position 1 in Figure 1), the airflow in one direction and 

burns incompletely the firewood. After leaving the 

gasification zone, the gas burns in the intermediate 

chamber (position 7 in Figure 1). The gasification zone 

and the intermediate chamber are divided by a plate of 

refractory ceramics (position 5 in Figure 1), whose role is 

to: limit the gasification zone and the firebox, keep the 

fuel being burned, enable the introduction and preheating 

of secondary air, and provide adequate mixing of producer 
gas from the gasification zone and combustion air. Figure 

1.D shows the principle of design with a refractory insert.

This type of design is found in references [15,16].

To achieve complete burnout and high efficiencies 

in small-scale combustion, downdraft boilers with the 

inverse flow have been introduced, which apply the two-

stage combustion principle which is found in reference 

[17] and shown in Figure 2.

Figure 2: Downdraft boilers with inverse combustion of 

logwood and with enforced airflow and air supply with 

primary and secondary air. Above: 1 – primary air, 2 – 

fuel hopper, 3 – glow bed, 4 – secondary air, 5 – post-

combustion chamber, 6 – heat exchanger, 7 – chimney. 

Below: 1 – fuel inlet, 2 – fuel hopper, 3 – glow bed, 4 – 

primary air, 5 – secondary air, 6 – ash bin, 7 – mixing 

zone, 8 – post-combustion chamber, 9 – heat exchanger, 

10 – chimney [17] 

3. INITIAL DESIGN OF SMALL-SCALE
GASIFICATION BOILER 

Figure 3 shows the initial design of a small-scale 

gasification boiler. In the design, wood logs are adequately 

gasified. However, the problem arises during the 

combustion of the product gas. High levels, i.e., high 

emissions of carbon monoxide (CO) were measured. In 

two weeks of testing, the carbon monoxide CO emissions 

were in the range of 2500 to 3000 ppm. Two reasons 

caused the problem. These are unstable control of primary 
and secondary air and relatively large distance between the 

gasification and combustion zones. When a small amount 

of fuel remains in the gasification zone, the primary air 

flows with ease through the gasification chamber. Due to a 

lower flow resistance, the amount of primary (gasification) 

air increases. That causes a more intense uncomplete 

oxidation in the gasification zone. At that point, the 

control of the secondary (combustion) air becomes a 

problem. The flow through the fuel bed and the design of 

air canals cause a large difference between flow 

resistances of the primary and secondary air. The primary 
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air is used for oxidation in the gasification zone, whereas, 

the secondary air is introduced for the complete 

combustion of the gas phase. The huge difference in the 

resistances causes the unstable control of two electro 

motors, which control two valves that regulate the 

amounts of the primary and secondary air. The other 

problem is caused by the rapid cooling of the incompletely 

oxidized gas phase. The cooling prevents the total burnout 

of the gas phase. The low residence time and the low 
temperature make unfavoured conditions for the complete 

oxidation of the gas phase. The subcooling happens 

because the gas path is too long from the gasification zone 

to the zone where the secondary air is introduced. Because 

of the decrease in temperature and inadequate gas flow, 

incomplete combustion and increased CO emissions occur.  

 
Figure 3: A cross-section view of the initial design of a 

small-scale gasification boiler 

4. CFD MODELLING 

This paper aims to present a CFD (Computational 

Fluid Dynamics) simulation of a 25 kW wood-log-fired 

water boiler with the use of preheated air. The new design 

should solve the problem presented in the previous 

heading. The appropriate distribution of the primary and 

secondary air and adequate air preheating are the main 

tasks that are tested by the use of the CFD model. The tool 

used for the CFD simulation was based on the 

commercially available software, ANSYS CFX 18.1. 

Based on the reference [18], the entire domain of 

the wood-log-fired water boiler can be divided into 

gasification and combustion zone.  
This heading also describes the boiler geometry, the 

used mesh, fuel properties, boundary conditions, and air 

staging configurations. 

4.1. Description of the boiler geometry and mesh 

For the CFD simulation, the design of the wood-

log-fired water boiler shown in Figure 4 was simulated. 

The ANSYS Design Modeler software and ANSYS 
Meshing software were used for the wood-log-fired water 

boiler geometry simulation and numerical grid generation 

[19]. 

To improve the shortcomings of the initial design, a 

new air introduction system has been designed. The new 

concept of the boiler uses preheated primary and 

secondary air. Primary air flows through the hottest zone, 

cools the hearth (position 3 in Figure 4), and is introduced 

from the opposite sides (9) of the combustion chamber (2). 

The secondary air (8) is introduced through a large number 

of orifices (10). The concept is used in the present 25 kW 

wood-log-fired water boiler. The dimensions of the 
gasification chamber (1) are: 400x520x145 mm (length, 

width, and height). The influence of the position and size 

of the deflector plate (position 4 in Figure 4) affects the 

emissions of pollutants and leads to higher/lower 

velocities of the flue gas, which is found in reference [20]. 

After the initial oxidation reactions, the obtained gas 

should be immediately in the contact with preheated 

airflow (secondary air). As the gas is at this stage laden 

with particulates, their and combustibles in the gas phase 

burning together should happen from position 10 to 

position 3 in Figure 4. The intention is to elongate the 

flame, reduce its temperature and consequently decrease 
the NOx emissions.  

 
Figure 4: Individual parts of the wood-log-fired water 

boiler. 1 – fuel import area, 2 – gasification chamber, 3 – 

combustion chamber, 4 – deflector plate, 5 – flue gas exit, 

6 – water channel, 7 – primary air inlet, 8 – secondary air 
inlets, 9 – primary air inlets to the gasification zone, 10 – 

secondary air inlets to the combustion zone 

Figure 5 shows a detailed 3D fine mesh grid that 

was used for the numerical simulation. The number of 

elements is approximately slightly larger than 15 million. 

F.59



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

Đ. Novčić, M. Nikolić, R. Karamarković, D. Šimunović 

Figure 5: Representation of the 3D fine mesh grid 

Table 1 shows the details of the mesh. 

Table 1: Details of the mesh 

Statistics 
Nodes 2799678 

Elements 15137173 

Mesh Metric Average 
Element Quality 0.84241 
Aspect Ratio 1.8268 

Orthogonal Quality 0.86365 

4.2. Fuel properties 

The most important fuel properties which give the 

first impression of a certain fuel are given by proximate 

and ultimate analysis, heating value, and ash fusion point 

[2]. Beechwood of different lengths was used as the test 

fuel. Their proximate and ultimate analyses were not done, 

but the composition of dry beech wood was taken from the 

database Phyllis2 [21] and is shown in Table 2. The 
average moisture content of 19.3 wt.% in fuel was 

measured using Testo 606-1 device and was determined as 

the arithmetic mean of at least 50 measured values. 

Table 2: Properties of the fuel used [21] 

Proximate analysis 
Moisture content [wt.%] 19.3 

Ash content [wt.%] 0.49 

Ultimate analysis 
Carbon [wt.%] 48.35 

Hydrogen [wt.%] 5.86 

Oxygen [wt.%] 44.98 

Nitrogen [wt.%] 0.31 

Sulphur [wt.%] 0.02 

Heating value 
Net calorific value (LHV) [MJ/kg] 19.07 

Gross calorific value (HHV) [MJ/kg] 20.25 

4.3. Boundary conditions 
The excess air λ is determined using the following 

equation [22]: 

2

20.9

20.9 O
 


.  (1) 

The excess air of 1.5 was used. With this excess air, 

the oxygen content in the flue gas of 7% is obtained. This 

is a typical value for this kind of boilers. Based on the 

reference [17], the primary air ratio ( prim ) of 0.8, and the

secondary air ratio (
sec ) of 0.7 were chosen.

The burning rate of the fuel of 0.001457 kg/s was 

calculated based on the nominal power of the boiler 25 

kW, the LHV of the fuel, and assumed efficiency of 90 % 

[23]: 

Q
B

LHV 






.  (2) 

Based on the air ratios and the fuel-burning rate, the 

airflows at 293 K are: 0.002304 kg/s and 0.001249 kg/s for 
the primary and secondary air, respectively. These were 

calculated by [24]:  
2

2

d
m A v v  
  
       

 
. (3) 

In Eq. (3), the air density is taken to be 1.2041 

kg/m3. The geometry of the openings for the primary and 

secondary air was calculated based on the assumed 

velocities: 1.5 m/s for the primary and 2 m/s for the 

secondary air.  

4.4. Air staging configurations 

The required primary air for the gasification 

process is introduced into the gasification chamber 
through 34 holes (2 larger ones with a diameter of 30 mm, 

and 32 smaller holes that are 10 mm in diameter) located 

laterally on both sides of the chamber (Figure 6). The 

trajectory of the primary air around and below the 

combustion chamber is shown in Figure 6. The goal was to 

preheat the primary air before it enters the gasification 

chamber. The amount of primary air is controlled by a 

control valve driven by an electric motor. 

Figure 6: The primary air distribution to the gasification 

chamber 
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The shortest distance between the primary and 

secondary openings is 20 cm. The secondary air is 

introduced by an array of openings that are shown in 

Figure 7. 

 

Figure 7: The secondary air distribution to the combustion 

chamber through the many openings 

5. RESULTS AND DISCUSSION 

Numerical simulations have been performed on the 

design shown in Figures 4 and 7. to investigate the 
influence of air staging on the distribution of the primary 

and secondary air. Figure 8. shows the simulation results. 

 
Figure 8: Air velocity field. A – primary air velocity (R), B – secondary air velocity (M), and C – primary air velocity (L) 

In the presentation of the results in Figure 8., the 

priority is given to the velocity fields of the primary and 

secondary air. The numerical simulation was modeled with 

the help of 2,799,678 nodes and 15,137,173 elements. The 

k-epsilon model was used in the Ansys CFX software 
assuming a pressure of 1 bar in the firebox. 

The primary air path (Figure 6.) favors the side 

(position 9 in Figure 4.) opposite to the primary air inlet 

(position 7 in Figure 4.). Based on the simulation, it was 

noticed that there is an uneven velocity field in the 

chamber that is located in the gasification zone. Figure 8. 

C shows the primary air (L) velocities (framed by a red 

dashed line) in the range from 0.67-1.2 m/s, whereas 

Figure 8. A shows the primary air (R) velocities (framed 

by a red dashed line) in the range from 0.6-0.8 m/s. The 

numerical simulation shows that the obtained results differ 
from the expected for the primary air. Compared with the 

desired air velocity of 1.5 m/s, the simulated values are 

lower. In both cases, the highest velocities were achieved 

through the 2 larger holes that are 30 mm in diameter. 

These holes are placed at the end opposite the air entrance 

(see Figure 8. A) 

Figure 8.B shows the velocity field for the 

secondary air (M). In this case, also, the obtained results 

are contrary to the expected ones of 2 m/s. As can be seen, 
the secondary air favors the air curtain (position s1 in 

Figure 8.B) located in the combustion zone with velocities 

in the range from 0.6-1.1 m/s. The aim of the air curtain 

(position s2 in Figure 8.B) was to divert the flame and the 

velocities were in the range of 0.6-0.67 m/s. The 

secondary air velocities (positions s3, s4, s5, and s6 in 

Figure 8.B) were in the range from 0.08-0.25 m/s. It can 

also be seen that the velocity field is less favorable 

because there is a “short circuit” to the convective part of 

the boiler on the underside of the deflector plate. Also, in 

the combustion zone, the secondary air velocity field 
shows that the highest flow velocities were at the air 

curtain (position s1 in Figure 8.B), which is good because 

it favors the uplift of ash and unburned particles towards 

the convective part of the boiler. 
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6. CONCLUSION

The initial design of the small-scale gasification 

boiler had large carbon monoxide (CO) emissions, which 

were in the range of 2500 to 3000 ppm with a flue gas 

oxygen content of 7 %. Incomplete combustion of gas due 

to its rapid cooling has been identified as a cause of 

excessive emissions of pollutants. The paper aimed to 
answer the question of how to improve the second stage of 

the combustion process in the boiler. Multi-stage 

combustion of wood logs by the use of preheated air was 

envisaged. The preheating of the primary air by passing 

around and under the combustion chamber, before entering 

into the gasification chamber through a total of 34 holes. 

The primary air ratio is 0.8 and it should be maintained 

close to 0.7-0.8, which is found in reference [17]. It has 

also been proposed to preheat the secondary air and 

introduce it into the combustion chamber through the 

many openings. The goal was to improve the mixing of the 

secondary air and the gas that is coming from the 
gasification chamber. It is important to note that the flow 

resistances of the primary and secondary air should be on 

the same order of magnitude because the low resistance of 

the secondary compared with the primary air can lead to a 

negative impact on the control of the combustion process 

in such types of boilers. The numerical simulation showed 

that the primary and secondary air streams enter the 

chambers at slower than desired velocities. This problem 

should be solved by an additional redesign of the hearth. A 

gradual introduction of air in a larger area should reduce 

carbon monoxide (CO), nitrogen oxides (NOx), and the 
emissions of volatile organic compounds (VOC), whereas 

the diversion of the flame should reduce the emissions of 

particulate matter. 
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In the case when the load acting on the structure is multi-parameter, it is not possible to determine the value of the 
limit load, but only the safe area, which can be most simply shown by an interaction diagram. Depending on whether the 
load is proportional or variable (low cyclic or alternative), static and kinematic theorems of limit and shakedown analysis 
are used to determine the safe area. The paper presents the procedure for determining interaction diagrams in continuous 
and frame girders exposed to the action of proportional and variable repeated load. The parameters that are varied in the 
paper are: the character of load and the beam span value of the continuous girder, i.e., the character of load, degree of 
static indeterminacy and ratio of hight and width of frame girders. 

Keywords: Safe limit load, Continuous girders, Frame girders, Interaction diagrams
1. INTRODUCTION

Many engineering structures or some of their parts 
are exposed to different types of loads, some of which can 
act completely independently of each other, so some of 
these loads are constant while others are not defined over 
time and belong to the group of variable repeated loads. In 
a large number of cases, only the area to which the 
variable repeated load belongs can be defined. 

By applying the limit analysis of structures, the 
maximum load parameter or load increase parameter that 
one elasto-plastic structure can carry is determined. If the 
structure is exposed to the action of a gradually increasing 
load, at some point it can reach a certain critical value, 
which leads to a plastic failure of the structure, after which 
the structure is no longer able to receive further increase of 
load. This state is called the limit state of the structure, and 
the load that causes is called the limit load. Determining 
the load-bearing capacity of the structure, as well as the 
assessment of the failure of the structure is valuable not 
only as a simple control of the load-bearing capacity of the 
girder, but also as a significant base and factor in the 
design of structures. The limit load determined by the 
application of the limit analysis is one of the indicators of 
the bearing capacity of the structure exposed to the action 
of proportional load. 

When a structure is exposed to the effect of a 
variable repeated load, it breaks under the effect of a load 
that is less than the load obtained by applying the limit 
analysis of the structures. The application of shakedown 
analysis in assessing the safety of structures exposed to 
variable, repeated loads is important, and often 
unavoidable. The structure in this case experiences a 
failure due to one or both types of failure, called 
incremental collapse and alternative plasticity. Shakedown 
analysis is a method in which it is not necessary to monitor 
the entire flow of the structure response (stress and strain) 
under the action of a variable repeated load, and it 
represents a significant generalization of the limit analysis 
theorems. 

Limit analysis is more recent, although some ideas 
emerged in the 18th century. The static theorem was first 
proposed by Kist (1917) [1], as an intuitive axiom, but it is 
considered that the basic theorems of limit analysis were 

first presented by Gvozdev in 1936. Limit analysis 
theorems were independently derived by Hill in 1951, for 
rigid perfectly plastic material [2], as well as Drucker et al. 
in 1952 [3,4], for elastic perfectly plastic material. Formal 
proof of these theorems for beams and frames was 
performed by Horne (1949) [5], as well as Greenberg and 
Prager (1949) [6]. The concept and method of structural 
design using shakedown analysis was originally developed 
in 1930, although it has been expanding since 1950. The 
first papers in this field were presented by Bleich 1932, 
Melan 1938 [7] and Koiter 1956 [8]. They proved two 
basic shakedown theorems: the static shakedown theorem 
(Melan’s theorem), i.e., the lower shakedown load limit, 
and the dynamic shakedown theorem (Koiter’s theorem), 
i.e., the upper shakedown load limit, which are the basis of
the shakedown theory of elasto-plastic structures.

In recent years, shakedown analysis has become 
increasingly used in the analysis of engineering problems 
due to the growing demands of modern technologies. 
Thus, it has successfully found application in solving 
many engineering problems, such as the construction of 
nuclear reactors, railways, space and aeronautical facilities 
or over ocean oil platforms, which places great demands 
on the assessment of structural safety and reliability of 
facilities. 

The aim of this paper is to apply the static and 
kinematic theorem of limit analysis, as well as the 
application of the shakedown theorem to perform the 
analysis of the bearing capacity of line girders depending 
on the degree of static indeterminacy, as well as the 
character of the load. Using the limit analysis theorem, the 
bearing capacity analysis was performed when the beam 
was exposed to a load that grows proportionally, while in 
the case of a variable repeated load, the analysis was 
performed using the shakedown theorem. On the basis of 
the obtained expressions, the construction of interaction 
diagrams was performed, by means of which the change in 
the magnitude of the limit and incremental failure forces 
was presented. Interaction diagrams make it possible to 
define a safe area of the girder in which no failure 
mechanism is formed. Based on the conducted analysis, a 
conclusion is reached on the justification of the 
construction of interaction diagrams and determination of 
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the safe area of the girder, when it is exposed to a load 
whose character is unknown. 

2. BASIC POSTULATES OF LIMIT AND
SHAKEDOWN ANALYSIS 

The analysis of the girders using the theory of 
plasticity, i.e., limit analysis allows the plasticization of 
the material. 

In the area of elastic behaviour of the girder, 
stresses and strains are proportionally dependent. Due to 
the increase in load, the stresses gradually increase, until 
the value of the stress in the most loaded fibre reaches the 
value of the yield stress. Further increase of the load leads 
to plasticization of the cross section, i.e., increase of the 
plasticity zone, which gradually expands both in height 
and length of the girder, until the entire cross section is 
plasticized, and thus the formation of a plastic hinge [9]. 

It is known that, in the case of statically determined 
girders, complete plasticization of one cross section of the 
girder (formation of a plastic hinge at the place of 
maximum bending moment) and transition of the girder 
into the failure mechanism results in loss of load bearing 
capacity. In statically indeterminate girders, the formation 
of one plastic hinge does not lead to the formation of a 
failure mechanism, and the load-bearing capacity of one n 
times statically indeterminate girder is completely 
exhausted when n+1 plastic hinge is formed in the girder. 

It can be said that the girder is in the state of limit 
equilibrium when the bearing capacity of the girder is 
completely exhausted, and in a sufficient number of 
sections the girder behaves completely plastic [10]. The 
moment immediately preceding the formation of the 
failure mechanism represents the moment of the limit 
equilibrium of the girder. 

In order to determine the limit bearing capacity of 
one girder by applying limit analysis, it should first be 
proved that the relevant limit state for it will be created by 
the formation of the failure mechanism, i.e., the 
occurrence of any other limit state condition should be 
eliminated. It is necessary to exclude the occurrence of 
fatigue due to the action of variable load, then the 
possibility of local instability before reaching full 
plasticization and to exclude the occurrence of any effect 
that would lead to failure of the girder before forming a 
sufficient number of plastic hinges and its transition to 
failure mechanism [39]. 

If the girder is unloaded before the formation of the 
failure mechanism, permanent (plastic) deformations 
occur, which cause the appearance of residual bending 
moments. By applying the limit analysis, it is not possible 
to introduce into the calculation of the remaining bending 
moments, in the case of reloading of the girder. This is 
possible by applying the shakedown theorems. In 
shakedown analysis, all the assumptions that are 
introduced in the limit analysis method are valid, whereby 
this method enables the analysis of the behaviour of the 
girder that is exposed to repeated loading. 

The basic theorems of the limit analysis can be 
applied to all types of static systems, both statically 
determinate and statically indeterminate, and they are: 

• static theorem or lower load limit theorem and
• kinematic theorem or upper load limit theorem.

The static theorem is based on the static 
equilibrium of the observed system. For a statically 
indeterminate system, a large number of distributions of 
bending moments can be assumed, which satisfy the 
equilibrium conditions due to a given external load. 
Greenberg and Prager (1952) called this distribution 
statically permissible. If such a system satisfies the 
condition of plasticity, i.e., the bending moment in any 
section did not exceed the appropriate value, it is said that 
it is safe. A necessary condition is that there must be at 
least one safe distribution of moments in the construction, 
which is also statically permissible. According to the static 
theorem, this is a sufficient condition for providing 
bearing capacity. 

The static theorem can be expressed as follows: If 
there is any distribution of bending moments in a static 
system that is both safe and statically permissible due to 
the load λP, then the value of λ must be less than or equal 
to the failure load factor λC, (λC>λ). The actual limit load 
(λCP≥Pp) can be equal to or greater than the set one. 

In the case when the failure mechanism is known, 
the failure load factor λC, i.e., the ultimate load (λCP), is 
determined by equalizing the work of external forces with 
the work absorbed in plastic hinges. When the failure 
mechanism corresponding to the limit load is not known, 
the equation of work can be written for each assumed 
failure mechanism, whereby values ((λP) corresponding to 
the assumed failure mechanisms are obtained. 

The kinematic theorem can be expressed as 
follows: For a given static system, which is exposed to an 
external load λP, the value λ corresponding to any 
assumed failure mechanism must be greater than or equal 
to the failure load factor λC or λC≥λ. 

Shakedown theorems have the role of setting the 
main conditions under which plastic yielding in a structure 
finally ceases, no matter how often and in what order the 
load is applied [11]. 

The bending moment of the observed cross section 
j can be represented as: 

( )j j e j
M m M= +  (1) 

where: 
jM  – is the actual bending moment of the cross section, 

( )e j
M  – is elastic bending moment of cross section, 

jm  – is the residual bending moment of the cross section. 
Any distribution of residual bending moments, 

defined in this way, must be statically possible in the case 
when the structure is unloaded, because the moments Mj 
and (Me)j must be in equilibrium with the external load 
[12]. The construction is adapted to the action of a variable 
repeated load, if at some point condition (1) is satisfied, 
and all subsequent loads cause only an elastic change in 
bending moments. 

Based on condition (1), the static adaptation 
theorem can be expressed in the following form: If there is 
any distribution of residual bending moments mj in the 
structure, and that the distribution is statically possible in 
the case when the structure is not loaded and satisfied for 
each cross-section j, is to meet one of the conditions: 
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( )max
j j pl j

m M Mλ+ ≤ (2)

( )min
j j pl j

m M Mλ+ ≥ − (3) 

( ) ( )max min 2j j e j
M M Mλ − ≤ (4) 

the value of λ will be equal to or less than the factor of 
safe limit load λS. 

Each girder tends to adapt to the action of a 
variable repeated load. Thus, if λ exceeds the value of λS, 
unlimited plastic yield occurs and in that case any 
distribution of residual moments is not possible, which is a 
necessary condition for determining a safe limit load. 
Depending on the calculated load factor λ, it is possible to 
determine a safe limit load, which depends on the type of 
variable repeated load, based on satisfying some of 
equations (2) and (3), as incremental conditions of 
plasticity and equation (4), as conditions of alternative 
plasticity. 

Assuming that the observed failure mechanism is 
known, rotations of formed plastic hinges can be observed 
in a number of characteristic cross sections θ [13]. If the 
rotation in any section is positive, then it can be said that 
the total bending moment in that section tends to reach the 
value +Mpl, and if the rotation of the formed plastic hinge 
is negative, the bending moment tends to reach the value -
Mpl. Based on the introduced assumptions, equations (2) 
and (3) can be written in the form: 

( )max forj j pl jj
m M Mλ θ ++ =  (5)

( )max forj j pl jj
m M Mλ θ −+ = −  (6) 

If the equations (5) and (6) are multiplied by the 
corresponding rotation of the formed plastic hinge in the 
cross-section j, then they have the form: 

( )max
j j j j pl jj

m M Mθ λ θ θ++ =  (7)

( )max
j j j j pl jj

m M Mθ λ θ θ−− =  (8) 

Adding equations (7) and (8), of all the plastic 
hinges which have been formed on the observed failure, 
give the following: 

( )max max
j j j j j j pl jj

m M M Mθ λ θ θ θ+ − + + = ∑ ∑ ∑ ∑
(9) 

As the distribution of residual bending moments is 
in equilibrium when the structure is unloaded, and the θ is 
rotation of the cross section where plastic hinge has been 
formed, the equation of the principle of the virtual work 
can be written in the following form 0j jm θ =∑ , thus (9)
becomes: 

( )max max
j j j j pl jj

M M Mλ θ θ θ+ − + = ∑ ∑ ∑  (10) 

which represents the basic equation of incremental failure. 
Based on equation (10), the kinematic adaptation 

theorem can be expressed as follows: The value of the 
parameter λ, which corresponds to any assumed failure 
mechanism (alternative λa or incremental λI), must be 
greater than or equal to the value of the safe limit load 
parameter λS. 

The kinematic theorem of adaptation in this form 
was first set by Koiter (1956, 1960), although it can be 
said that he did it on the basis of the work of P.S. Symonds 

and B.G. Neal [14], which was published at the first 
National Congress of Applied Mechanics in Chicago, in 
1951. They started from the assumption that the work of 
all residual moments on a possible failure mechanism is 
equal to zero. In this paper, the incremental failure load 
will be calculated using the Symonds and Neal method. 

3. INTERACTION DIAGRAMS
There are two ways to calculate the failure load 

(limit and shakedown failure load), and these are the step-
by-step method (incremental elasto-plastic analysis) and 
the direct method. The step-by-step method is based on a 
gradual, detailed calculation of the failure load, which 
requires an extensive calculation. The direct method is 
based on determining the failure load on a possible failure 
mechanism without gradually monitoring the development 
and formation of plastic hinges, which is simpler for 
practical application. 

When a structure is exposed to a variable repeated 
load, failure can occur due to the development of 
excessive plastic yielding in some part of the structure, 
even if no applied load is large enough to lead to the 
formation of a failure mechanism. If the load is of 
alternating character, in the cross section there is a 
repetition of plastic deformations of the opposite sign 
(without accumulation of plastic deformations), thus 
causing the phenomenon of low-cycle fatigue. The load 
that leads to the failure of the girder is called the 
alternative limit load. Another type of failure can occur if 
several critical load combinations are repeated during the 
action of a variable load, and they follow each other in 
certain cycles. The formation of the failure mechanism 
occurs due to the accumulation of plastic deformations 
during each load cycle (progressive deformation), causing 
a decrease in the durability of the structure. In this case, it 
is an incremental limit load. If the limit load is determined 
as two-parameter, the interdependence of the loads acting
on the observed structure can be represented by an 
interaction diagram. 

Sometimes it is convenient to show all possible 
ways of failure of the structure on one interaction diagram. 
The goal of the construction of interaction diagrams is 
reflected in the definition of the safe area of the observed 
static system [15]. Based on interaction diagrams, it is 
possible to speed up the process of dimensioning 
structures, and greater safety is achieved in the design 
phase because the problem can be seen and better 
understood in the whole area of combinations of 
simultaneous load effects on the structure. 

Interaction diagrams in the limit analysis of 
structures are usually defined for the ultimate load-bearing 
capacity of the cross-section of the girder. The safe area is 
defined on the basis of safety according to the failure of 
the cross section of the girder. Thus, for a particular cross-
sectional shape of the girder, the diagrams represent the 
interaction between the limit failure forces acting on the 
observed girder. As usual, the diagrams are shown two-
dimensionally as a function of the limit loads of the 
girders. Such a diagram will usually not be of much help 
in the analysis of complex constructions, but here the 
opportunity can be used to illustrate the behaviour of some 
simpler static systems. 
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3.1. Analysis of the bearing capacity of continuous 
beam depending on the load character 

By applying an adequate method, and depending on 
the load character, the analysis of the ultimate load-
bearing capacity of the girder shown in Figure 1 was 
performed. In the example of a continuous girder, the 
procedure of calculating the magnitude of the failure force 
depending on the change of the span of the girder field 
was carried out, which is defined by the coefficients α and 
β. 

Figure 1: Continuous two–span beam loaded by 
concentrated forces in the middle of span 

The ultimate failure load can also be determined by 
applying the kinematic theorem when it is necessary to 
equate the virtual work of all external forces on the 
assumed failure mechanism with the works absorbed in the 
cross sections in which the plastic hinges are assumed. For 
each of the possible failure mechanisms, one limit failure 
force is obtained, of which the one that is the smallest at 
the same time and the force that leads to the formation of 
the relevant failure mechanism. 

For the observed carrier (Figure 1), three failure 
mechanisms can be formed, two independent (Figure 2a 
and Figure 2b) and one combined (Figure 2c). 

Figure 2: (a) Failure mechanism of the first span, (b) 
Failure mechanism of the second span, (c) Combined 

failure mechanism 
For each of the possible failure mechanisms, by 

applying the kinematic theorem, the limit failure forces are 
obtained: 

1

6 plM
F

lα
= (11) 

2

6 plM
F

lβ
= (12) 

( )1 212 plM l F Fα β= +  (13) 
When the fields are of the same length (α=β=1), 

and the girder is simultaneously acted upon by two 
independent load systems F1 and F2, which are in an 
arbitrary relationship, the analysis of the ultimate bearing 

capacity and defining the area in which the girder is safe 
for failure can be performed based on the interaction 
diagram. In the interaction diagram, the interrelationship 
of the failure mechanism and the mutual relationship of 
the load is best observed. 

Figure 3: Interaction diagram in the case of proportional 
loading 

From the interaction diagram (Figure 3) it can be 
concluded that the formation of the failure mechanism in 
the second field occurs when the F1≤F2, while the 
formation of the failure mechanism in the first field occurs 
when the F1≥F2. For any load ratio located within the 
range 0abc0, no failure mechanism will occur, and thus no 
failure of the girder. If the load ratio is such that it is 
defined by one of the lines, the failure mechanism that 
defines that line is formed. 

When the girder (Figure 1) is exposed to the effect 
of a variable repeated load, the area in which the load acts 
is in the following range: 0≤F1≤ F1, 0≤F2≤F2. Figure 4a 
shows a diagram of bending moments when only the force 
F1 acts on the beam, and Figure 4b shows a diagram of 
bending moments when only the force F2 acts on the 
beam. The values of the elastic bending moments are 
shown in Table 1. 

Figure 4: Elastic bending moment diagrams of continuous 
two–span beam 

Table 1: Elastic bending moments of continuous two-span 
beam 

1 1F F= , 2 0F = 1 0F = , 2 2F F=

Ma 
( )
( )

1 5 8
32

F lα α β
α β

+

+ ( )
2

23
32

F lβ
α β+

M2 ( )
2

16
32

F lα
α β+ ( )

2
26

32
F lβ
α β+
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Mb ( )
2

13
32

F lα
α β+

( )
( )

2 8 5
32

F lβ α β
α β

+

+

The analysis of the ultimate load-bearing capacity 
of the girder when exposed to the effect of a variable 
repeated load will be performed by applying the 
shakedown theorem. To apply the static shakedown 
theorem, it is necessary to know the possible distribution 
of the residual bending moment (Figure 5). 

By applying the static shakedown theorem on the 
basis of equations (2) and (3), as incremental conditions of 
plasticity and equation (4) as an alternative condition, the 
values of the forces leading to the failure of the girder are 
obtained. 

Figure 5: Possible distribution of residual bending 
moment 

The relevant failure limit load depends on the ratio 
of the coefficients α and β. Thus, if α≥β, the failure 
mechanism is formed in the first field, and the magnitude 
of the incremental failure force and the residual bending 
moment are defined by expressions (14) and (15): 

( ) ( )2
1 2

48
8 3 plM

F F
l
α β

α α β β
+

+ + = (14) 

( )
( )

2
1 28 6

96
F l F l

m
α β α β

α β
− −

=
+

(15) 

while in the case when β≥α, the failure mechanism is 
formed in the second field, and the magnitude of the 
incremental failure force and the residual bending moment 
are defined by expressions (16) and (17): 

( ) ( )2
2 1

48
8 3 plM

F F
l
α β

β α β α
+

+ + = (16) 

( )
( )

2
2 18 6

96
F l F l

m
β α β α

α β
− −

=
+

(17) 

On the basis of the alternating plasticity conditions 
(4) for the cross sections a, 2 and b is obtained:

( ) ( )2
1 25 8 3 64 eF l F l Mα α β β α β+ + = +  (18)

( )2 2
1 23 3 32 eF l F l Mα β α β+ = +  (19) 

( ) ( )2
2 18 5 3 64 eF l F l Mβ α β α α β+ + = +  (20)

As Me=Mpl/αform, it is concluded that the value of 
alternating failure force depends on the coefficient of cross 
section form. Here the rectangular cross section is adopted 
whose form coefficient is αform=1,50. 

Interaction diagram (Figure 6.) is constructed for 
the case when the beam spans are equal (α=β=1), on the 
basis of expressions (14), (16), (18), (19) and (20).  

Figure 6: Interaction diagram in the case of variable 
repeated loading 

From the diagrams, it is observed that the safe area 
0abc0 is defined on the basis of incremental failure 
condition. 

In further analysis of the limit bearing capacity of 
beams it is assumed that the force in the first span of the 
alternating character (-F1≤F1≤F1), while the force acting in 
the second span is in the range 0≤F2≤F2. Applying the 
static shakedown theorem and failure conditions (2) and 
(3), when α≥β, the value of the failure force is defined on 
the basis of the expression:  

( ) ( )2
1 28 3 48 plF l F l Mα α β β α β+ + = +  (21) 

and the value of the residual bending moment is: 
( )

( )

2
1 28 6

96
F l F l

m
α β α β

α β
− −

=
+

(22) 

that is, in the case when α≤β, the following is obtained: 
( ) ( )2

1 23 4 24 plF l F l Mα β α β α β+ + = +  (23) 

( )
( )

2
2 18 3

96
F l F l

m
β α β α

α β
− −

=
+

(24) 

For the cross sections a, 2 and b the following 
expressions are obtained on the basis of alternating 
condition of plasticity (4) of the static shakedown theorem: 

( ) ( )2
1 210 16 3 64 eF l F l Mα α β β α β+ + = +  (25) 

( ) ( )2 2
1 23 2 32 el F F Mα β α β+ = +  (26) 

( ) ( )2
1 26 8 5 64 eF l F l Mα β α β α β+ + = +  (27) 

Applying the kinematic theorem, when in the first 
span of the beam a force of alternating character is acting, 
for possible failure mechanisms, the following expressions 
are formed: 

( ) ( )2
1 28 3 48 plF l F l Mα α β β α β+ + = +  (28) 

( ) ( )2
1 23 4 24 pllF F l Mα β α β α β+ + = +  (29) 

( ) ( ) ( )1 214 8 8 11 96 plF l F l Mα α β β α β α β+ + + = +
(30) 
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Figure 7: Interaction diagram when the force in action in 
the middle of the first field of alternating character 

On the basis of the expressions (25), (26) (27) as 
well as of the expressions (28), (29), (30) the interaction 
diagram was constructed (Figure 7.) on which it can be 
observed that inside the area 0abc0 the beam is safe 
against the onset of failure. This area is defined by the 
alternating failure condition corresponding to the 
formation of the second field failure mechanism. 

3.2. Analysis of the bearing capacity of frame structures 
depending on the load character and degree of static 
indeterminacy 

Applying the adequate method depending on the 
character of the load, the analysis of limit bearing capacity 
of the frames displayed in Figure 8. was performed. The 
procedure of failure force calculation depending on the 
change of the coefficient representing the ratio of hight 
and width of the frame α=h/l was performed. Depending 
on the coefficient α the distribution of internal forces 
changes, which leads to the change of failure force value. 

The limit load analysis was performed using limit 
and shakedown theorems depending on the character of 
the load. 

Figure 8: (a) Frame 1; (b) Frame 2. 
There are two possible failure mechanisms for the 

frame in Figure 8a, which are displayed in Figure 9. 

Figure 9: (a) Sway failure mechanism; (b) Combined 
failure mechanism. 

while there are three possible mechanisms for the frame in 
Figure 8b, which are displayed in Figure 10. 

Figure 10: (a) Sway failure mechanism, (b) Beam failure 
mechanism, (c) Combined failure mechanism. 

3.2.1. Frame 1 limit bearing capacity analysis 
In case the Frame 1 is exposed to the proportionally 

increasing load, the failure force can be determined by 
some of the limit analysis theorems. For the sway failure 
mechanism (Figure 9a), applying kinematic theorem, the 
failure force is: 

2 plM
H

h
= (31) 

while for the combined failure mechanism (Figure 9b) the 
following expression is obtained: 

2 8 plhH Vl M+ =  (32) 
If Frame 1 is exposed to the action of variable 

repeated load acting in the range: 0≤H≤H, 0≤V≤V failure 
load (incremental failure force) is determined by applying 
the kinematic shakedown theorem. 

Elastic distribution of bending moments if only V 
force acts on the frame, that is, only the force H, is 
presented in Figure 11. The values of the elastic bending 
moments are shown in Table 2. 

Figure 11: (a) Elastic distribution of bending moments due 
to V, (b) elastic distribution of bending moments due to H. 

Table 2: Elastic bending moments of Frame 1 
V H 

M2 
3

16 24
V l

α
−
+ 2

Hh

Ma 
( )
( )

4 3
8 2 3

V l α
α

+

+
/ 
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M3 
3

16 24
V l

α
−
+ 2

Hh

On the basis of the condition that residual bending 
moments on the potential failure mechanisms are in 
equilibrium the following equations can be written: 

( ) ( )2 4 0m mθ θ+ − =  (33) 

( ) ( )3 42 2 0m mθ θ+ − =  (34) 
By solving the equations (33) and (34) the 

following expressions are obtained: 
( )23 24 16 16 3 2plVl H l Hl Mα α α+ + = +  (35)

2 8 plVl Hl Mα+ = (36) 
In further analysis of the limit analysis of Frame 1, 

it is assumed that the horizontal force has alternate 
character (-H≤H≤H), while vertical force is in the range 
0≤V≤V. When the frame is exposed to the action of 
alternate load, the alternative failure force is determined 
applying conditions () of the static shakedown theorem. 

For the cross sections 2 and 3, as well as the cross-
section a, on the basis of alternative plasticity condition 
(4) of the static shakedown theorem the following
equations can be written:

23
2 16 24 2

pl

form

MHh V l Hh
α α

 + + ≤ + 
(37) 

( )
( )

24 3
8 2 3

pl

form

MV l α
α α

+
≤

+
(38) 

On the basis of conducted bearing capacity analysis 
depending on the load character, it is possible to perform 
the comparative analysis of Frame 1. When two 
independent load systems H and V simultaneously act on 
the frame, which are in the random relationship, it is 
possible to perform the analysis of limit bearing capacity 
and define the domain within the frame is safe to 
occurrence of failure by use of interaction diagram on 
whose basis connectedness of failure mechanisms and 
relations of load is best identified. For Frame 1, in case 
when h=l (α=1), the interaction diagram is presented in 
Figure12. It can be concluded that for the load ratio which 
is defined on the basis of ab segment the sway failure 
mechanism is formed when load ratio is V/H≤1, while for 
the segment bcdef the load ratio is V/H≥1 and the 
combined mechanism is formed. 

Figure 12: Interaction diagram of limit bearing capacity 
of Frame 1 

For any ratio of load inside the 0abcdef0 area there 
will be no failure mechanism, therefore, no frame failure 
will occur when the load gradually increases. If the ratio of 
load is defined by some of the segments, then the failure 
mechanism defined by some segments, then the failure 
mechanism defined by the segment is formed. The frame 
is safe from the occurrence of failure when it is exposed to 
the action of variable repeated load, when the ratio of H 
and V load is within 0acdef0 area. When the ratio of H and 
V load is defined on the basis of the cdef segment, the 
combined failure mechanism occurs at the same value of 
limit and incremental failure force. Area 0hdeg0 is defined 
on the basis of the alternative failure conditions, whereby 
on the basis of the segments hd and fg formation of plastic 
hinges in the cross sections 1 and 4 is defined, while on 
the basis of the segment ed the ratio of forces bringing 
about combined failure mechanism is defined. 
3.2.2. Frame 2 limit bearing capacity analysis 

Depending on the load character, Frame 2 limit 
bearing capacity was analysed, by the analogous procedure 
as for Frame 1. The following limit failure forces are 
obtained for the possible failure mechanism displayed in 
Figure 10. 

4 =plM Hh  (39) 
8 plM Vl= (40) 

12 2plM Hh Vl= + (41) 
When a variable repeated load acts on the frame, 

the limit load is determined by applying the method of 
adaptation. If the Frame 2 is exposed to the action of a 
variable repeated load acting in the range: 0≤H≤H, 0≤V≤V 
the failure load (incremental failure force) is determined 
by applying the kinematic shakedown theorem.  
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Figure 13: (a) Elastic distribution of bending moments due 
to V, (b) elastic distribution of bending moments due to H. 

Figure 13 shows diagrams of bending moments due 
to each force individually, when the frame is in the elastic 
region. The values of the elastic bending moments are 
shown in Table 3. 

Table 3: Elastic bending moments of Frame 2 
V H 

M1 
8 16

V l
α +

3 1
2 6 1

Hh α
α
+
+

M2 
4 8

V l
α +

3 1
2 6 1

Hh α
α
+
+

Ma 
( )1

4 8
V l α

α
+
+

/ 

M3 
4 8

V l
α +

3 1
2 6 1

Hh α
α
+
+

M4 
8 16

V l
α +

3 1
2 6 1

Hh α
α
+
+

Based on the procedure for determining the 
incremental failure force for possible failure mechanisms 
(Figure 10), the following equations can be written: 

( ) ( ) ( ) ( )1 2 4 5 0m m m mθ θ θ θ− + + − + =  (42) 

( ) ( ) ( )2 3 42 0m m mθ θ θ− + + − =  (43) 

( ) ( ) ( ) ( )1 3 4 52 2 0m m m mθ θ θ θ− + + − + =  (44) 
If in these equations the values of the bending 

moments in characteristic sections are replaced, the 
following equations are obtained: 

( )23 16 8 32 2plVl Hl Hl Mα α α+ + = +  (45)

( )26 3 8 1 6plVl Vl Hl Mα α α+ + = +  (46) 

( )29 16 4 8 48 2plVl Hl Vl Hl Mα α α α+ + + = +  (47)
When determining the safe limit load, it is 

necessary to examine the condition of alternative plasticity 
(4). The following equations can be written for the 
observed frame for the sections 1 and 4, respectively 2 and 
3, and section a: 

23 1
8 16 2 6 1

pl

form

MVl Hl α
α α α

+ + ≤ + + 
(48) 

23
4 8 2 6 1

pl

form

MVl Hl α
α α α

 + ≤ + + 
(49) 

( ) 21
4 8

pl

form

MVl α
α α

+
≤

+
(50) 

Figure 14: Interaction diagrams depending α 

In the further analysis of the ultimate bearing 
capacity of Frame 2, it is assumed that the horizontal force 
is of alternating character (-H≤H≤H), while the vertical 
force is in the range 0≤V≤V. When the girder is exposed to 
an alternating load, the alternative failure force is 
determined by applying condition (4) of the static 
shakedown theorem. 

These conditions for the characteristic sections 1 
and 4, respectively 2 and 3, and section a are: 

23 1 3 1
8 16 2 6 1 2 6 1

pl

form

MVl Hl Hlα α
α α α α

+ + + + ≤ + + + 
(51) 

23 3
4 8 2 6 1 2 6 1

pl

form

MVl Hl Hlα α
α α α α

 + + ≤ + + + 
(52) 

( ) 21
4 8

pl

form

MVl α
α α

+
≤

+
(53) 

Based on the incremental failure condition for the 
sway and combined failure mechanism, equations of the 
same shape as (45) and (47) are obtained, while for the 
failure beam mechanism, the failure equation is obtained 
in the form: 

( )26 6 8 1 6plVl Vl Hl Mα α α+ + = +  (54) 

G.8



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021

Interaction diagrams in limit and shakedown analysis 

Figure 15: Interaction diagram 

For Frame 2, in the case when (α=1), i.e., h=1, the 
interaction diagram is shown in Figure 15. For any load 
ratio within the range 0abcd0, there will be no occurrence 
of the failure mechanism, and thus the failure of the girder 
when the load gradually increases. If the load ratio is 
defined by one of the longer ones, then the failure 
mechanism that defines that length is formed. The frame is 
safe to failure when exposed to a variable repeated load, 
when the load ratio of H and V is within the range 0aefd0. 
The region 0ghid0 is defined on the basis of an alternative 
failure condition, whereby the formation of plastic hinges 
in sections 1 and 4, that is in 2 and 3 is defined on the 
basis of lines gh and hi, while the relation of forces 
leading to the formation of a combined failure mechanism 
is defined on the basis of the line id. 

4. CONCLUSION
The analysis of the ultimate bearing capacity and 

the determination of the bearing capacity of linear girders 
depending on the character of the load can be performed 
by applying the limit and shakedown theorems, the basic 
assumptions of which are presented in the introduction to 
this paper. The main advantage of the methods of limit 
analysis based on limit and shakedown theorems is 
reflected in the simplicity and very fast determination of 
the limit load. When the limit load is determined as two-
parameter one, the dependence of the load on possible 
failure mechanism is presented on the interaction diagram 
which differs from the case when the limit load is defined 
as one-parameter one. 

Analysis of the behaviour of girders exposed to 
variable repeated load whose intensity lies in the 
previously defined range is presented on the example of 
the continuous beam with two spans as well as on the 
example of the frame girder. 

Based on the performed analysis, it is possible to 
conclude that from the point of view of designing safe and 
secure structures, it is important to know the safe area 
shown through the interaction diagram. 
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This research evaluates the influence of the different types of concrete mixture, using a shallow type of indentation 
of wire, having the different edge distance and compressive strength of concrete on splitting resistance in pr-etensioned 
concrete railroad sleepers. The investigated compressive strength of concrete was 4500psi. The research was experimental, 
and the part of this research was formally adapted in Arema Standards for Railway Engineering Chapter 30 section 4.2.4. 

 

1. INTRODUCTION 
This research is focused on longitudinal splitting 

which occurs in prestressed concrete members due to 
different variables such as concrete mixture, wire type, 
and release strength of concrete. The goal is to find the 
best possible design parameters to diminish longitudinal 
splitting in prestressed concrete members. Different 
prestressed concrete prisms were examined having 
different cross-sections using different concrete mixture 
and compressive strength. The examined wire type 
which will be described in this paper is denoted as “WB” 
wire type, which belongs to the chevron type of wire. 
The research which was conducted at Kansas State 
University used this wire type having 1in edge distance 
and experiments with this wire were successful without 
longitudinal splitting in prestressed concrete members.  
The influence of variables was presented in the research 
of Bodapati [1], Savic et al [2-6]. They investigated the 
influence of edge distance and wire type indentation on 
longitudinal splitting. According to their research, the 
minimum edge distance depends on the wire type and for 
shallow wire type, it will be 0.75in. 

 

2. METHODOLOGY 

2.1. Splitting Crack Evaluation 
Three prisms having different cross-sections were 

cast at a time. The values of edge distances were 3/4in, 
5/8in, and 1/2in. Different concrete mixes were designed 
so that the most effective factors were included. These 
factors are angularity, coarseness, the volume of coarse 
aggregate, class F fly ash, and w/cm ratio. In addition, 5 
mixes were designed to assess the effect of transverse 
reinforcement on splitting cracks.  The compressive 
strength of concrete was 4500psi for each prism and the 
water/cement ratio was 0.32. Adva Cast 530 was used as 
a water reducer.  

 
2.2 WB Wire Type 

WB wire Type belongs to chevron type of wires, 
but during this research and after all experimental 
investigation this wire had performance remarkably 
similar to wires which belong to deep chevron wire type. 
The physics behind this splitting is still unknown and the 
VOLPE center is working on a numerical approach to 
find the reason for such behavior. The geometry of the 
prestressing wire indents is a significant variable in the 
formation of longitudinal splitting cracks in pre-
tensioned concrete members. Longitudinal splitting 
along prestressing tendons can result in severe splitting 
and complete tie failure in the field under normal train 
loading over time. Features of interest for each wire type 
are indent depth, indent volume, indent sidewall area, 
indent sidewall angle, indent length, indent pitch period, 
indent width, indent distance, and indent orientation 
angle. Figure 1 shows graphically the indent features of 
wires [2]. 

 

 
Figure 1: The indent Features of wires 
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Table 1: Indented wire Measurements 
Average 
depth 
(mm) 

Edge 
Wall 
angle 
(degree) 

Side 
Wall 
Area 
(mm2) 

Volume 
(mm3) 

WB 0.119 16.45 2.92 1.696 

Figure 2 presents WB Wire Type Microscope Image and 
3D Model [8].  

Figure 2: WB Wire Type- Microscope Image and 3D 
Model (8) 

2.3 Sample preparation 
Three prisms having different edge distances 

were cast at a time. The edge distance is defined as a 
distance from the tendon center to the edge of the prism. 
Four prisms were embedded into each cross-section 
having a common distance of 2in. Three different values 
of edge distances were examined 3/4in, 5/8in, and 1/2in.  

Figure 3: Cross-section of three prisms for each set of 
prisms 

Before the casting procedure, each wire was pulled to 
7000lbs. The average initial compressive stress for edge 
distance ¾ in was equal to 28000 lb./(3.5 in)2 =2285 psi. 
For prisms with a ⅝ in edge distance, the value of stress 
was: 28000 lb./(3.25 in)2=2650psi which was 59% of the 
4500-psi concrete release strength. For prisms with ½ in 
edge distance, the average initial compressive stress was 
it was 3110psi, which was approximately 89% of the 
4500psi concrete release strength. This value is 
significantly into the nonlinear range of the concrete. In 
the pre-tensioning frame, wires within each prism were 
tensioned between two abutments before the casting of 
concrete. A jacking assembly was created at Kansas 
State University and used for this study. The mechanical 
gear jack was attached to the metal frame which allowed 
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gradual tensioning and release operations. Jacking of the 
steel prestressing wires occurred at the end of the steel 
frame referred to as the “Live End” as shown in Figure 
4. Figure 5 shows a prestressed concrete bed with three 
sets of prisms having different edge distances. 

 
Figure 4: Prestressed Jacking Arrangement at the Live 

End 

 
Figure 5: Prestressed Concrete Bed 

 
Figure 6: Casting the Prestressed Concrete Prisms 

2.4. Test Procedure 
After casting specimens, temperature-match 

cured cylinders were tested at periodic intervals to 
determine the compressive strength. As soon as the 
cylinders reached 4500psi (approximately after eight 
hours, depending on the lab temperature), the prisms 
were gradually de-tensioned. For prestressed concrete 
railroad ties to function sufficiently in the field, and to 
guarantee safety, the prestressing force must be fully 
introduced into the railroad tie at a location well before 
the rail load is applied. The length needed to transfer the 
prestress force into the concrete member is well known 
as the “Transfer length”. The laser-speckle device was 
used to scan the top surface of a concrete prism before 
and after de-tensioning, and automatically plot the strain 
profile and determine the transfer length using a least-
squares algorithm [9]. 

 
Figure 7. Measuring the Transfer Lengths 
Two scans are required for transfer length 

measurement one before de-tensioning and one after the 
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cutting operation after the de-tensioning procedure. The 
surface strain was calculated and plotted automatically 
after the raw images are captured. 
Each prism provided two measurements of transfer 
lengths (live and dead-end) and provided approximately 
eight independent splitting tests of edge distance (four-
wire cover tests on each end) for a given release strength 
[2]. 

 The length and width of cracks were measured 
using a ruler and concrete crack comparator respectively, 
after 90 days. This time delay was used to evaluate long 
term creep behavior of splitting cracks. In some cases, 
the longitudinal splitting occurred immediately after the 
de-tensioning procedure but due to lateral sustained 
stresses, some cracks appeared after several weeks. All 
cracks were marked using a permanent red marker. For 
further investigations crack length for each prism was 
determined along with the values of Crack Areas. The 
crack area was defined as crack width multiplied with 
crack length. In the case where spalling occurred the 
arbitrary value of crack width was used as 2in. 

3. RESULTS

3.1. WB wire type 4500psi using Crushed Gravel as 
aggregate. 

WB wire type which belongs to the chevron type of wire 
was examined using different concrete mixtures to 
understand which variable is most important in 
transferring the stresses between steel and concrete. 
Mix#1 used Crushed Gravel as aggregate, Adva Cast 
530 as High Range Water Reducer, and water/cement 
ratio was 0.32 for all set of prisms. Table 2 shows the 
concrete mix ingredients. 

Table 2: Concrete Mix Design Using Crushed Gravel as 
Aggregate 

Material Weight (lbs./yd3) 
Cement 813.8 
Water 260.4 
Large Crushed Gravel 897.8 
Small Crushed Gravel 538.7 
Sand 1436.5 
Adva Cast 530 81 fl.oz./yd3 

Figure 8 shows a set of prisms after the de-tensioning 
procedure on the dead-end of the prestressed bed (Dead 
end stress operations did not occur). Spalling was 
noticed on the prism having 1/2in edge distance. 

Figure 8: Observed Cracking 

Figures 9 and 10 present Crack Area and Crack 
Length respectively as a function of the edge distance of 
the prisms. With reducing the values of edge distance 
more cracks appeared, and crack lengths are higher. 

Figure 8: Crack Area (in2) 

Figure 9: Crack Length 

3.2. WB wire Type using Mix#2 

Mix design number 2 used Granite as aggregate and 
Table 3 shows the mix properties. 

Table 3: Concrete Mix Design Used Granite as 
Aggregate 

Material Weight 
Lbs/yd3

Cement 813.8 
Water 260.4 

Crushed Granite 1447 
Sand 1447 

Adva Cast 530 81 fl.oz/yd3

Figure 11 shows the longitudinal strain profile for 
the prism having ¾ in edge distance. The values for 
transfer lengths are enormous. This results from the large 
magnitudes of longitudinal surface strain that go along 
with longitudinal splitting of the prism. The values of 
transfer lengths imply that wire type WB exhibits poor 
performance.  
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Figure 11: Longitudinal Strain Profile 

The average crack width was 0.02in and the 
average crack length was approximately 15in. 

 
Figure 12: Crack Area 

 
Figure 13: Crack length 

According to Figures 12 and 13 WB wire type 
performed better using Granite in comparison to crushed 
gravel.  

3.3. WB wire Type using Mix #3 
Mix Design #3 had uncrushed local Pea Gravel and had 
poor performance resulting in high values of crack areas 
and crack lengths as shown in Figures 14 and 15.  
 
Table 4: Concrete Mix Design #3 

Material Weight 
(lbs./yd3) 

Cement 780 
Water 249.6 
Uncrushed 
Gravel 

1526 

Sand 1526 
Adva Cast 530 81 fl.oz/yd3 

The maximum crack width on the live end of the 
prism with a ¾in edge distance was 0.05in and the 
maximum crack length was 32in. On the other side, the 
maximum crack width was 0.04in and the maximum 
crack length was 27in. 

 
Figure 14: Crack Area 

 
Figure 15: Crack Length 

3.4. WB wire Type using Mix #4 
 

To diminish the crack lengths and crack areas in 
prisms using WB wire type in Mix#1 25% fly ash 
replacement was added. According to the results shown 
in Figure 16, adding fly ash into the mixture has a slight 
effect on 3/4in.-edge distance prisms. Overall, the 
substitution of fly ash negatively affects prisms in terms 
of splitting cracks.   

 
Figure 16: Crack length measurements for prisms with 0 

and 25% Fly ash 
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3.5. Effect of Fiber Reinforcement 

During the years of research, it was well-
established that reinforcing concrete can lead to a greater 
crack resistance [10-11]. To improve the mechanical 
properties of concrete material, polymer fibers have been 
widely used with different percentages.   

To increase the mechanical properties of the 
concrete a monofilament polypropylene micro-fiber was 
also added to the concrete of a select number of 
prestressed prisms. This Fiber complied with ASTM C 
1116, Standard Specification for Fiber Reinforced 
Concrete and Shotcrete. 

Figure 17: Polymer Fiber [10] 
Polymer Fiber of 5% was added to Mix#3 and 

according to experimental investigation, it was 
concluded that better results were achieved. The number 
of detectable cracks declined by more than 30% when 
polymer fiber was used. However, the number of 
splitting cracks was reduced at 1/2-in. edge distance.  
 There is a significant improvement in crack propagation 
resistance when polymer fiber is used. 

Figure 18: Crack length measurements for prisms with 
0% and 5% polymer fiber 

Figure 18 shows the crack length measurements 
using WB wire type and concrete mixture #3 with fiber 
polymer.  

4. CONCLUSIONS AND RECOMMENDATIONS

Based on the results of this study, the following
four primary conclusions are drawn. 

• The edge distance is the most significant
parameter to prevent longitudinal splitting in
prestressed concrete members. According to
previous research conducted at Kansas State
University by Naga Bodapati, WB wire type did
not split having 1in tendon edge distance.

• The second significant parameter is the wire
indent characteristics. According to research
conducted by A. Savic [3-5] the shallow
chevron type of wires did not split on the prisms
having 3/4in edge distance. The indent wire
type affects the edge distance, according to all
results the minimum edge distance for WB wire
type and deep chevron wire types is 1.25in.

• The third important parameter which affects
longitudinal splitting is a concrete mixture.
Concrete mix using fiber polymer showed the
best performance and increase splitting
resistance. Fly ash in concrete mixture had a
negative impact on splitting resistance.

• The fourth important parameter is concrete
maturity at the time of the de-tensioning
procedure. In this research 4500psi compressive
strength was examined since that all prestressed
concrete tie manufacturers de-tensioning
procedure commenced at that time.  Higher
compressive strengths at the transfer of
prestressing also correspond to a higher
Modulus of Elasticity (MOE). The higher MOE
causes increased lateral stresses and serve to
diminish much of the benefit aspect of the
increased tensile strength.

G.16



Proceedings of X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

The Influence of Different type of aggregate, Fly ash and Fiber Reinforced Polymer on Splitting resistance in Pretensioned Concrete 
Railroad Ties 

REFERENCES 
[1] Bodapati, N. B., Peterman, R. J., Zhao, W., Wu, C.-
H. J., Beck, B. T., Haynes, M., & Holste, J. (2013). 
Influence of Indented Wire Geometry and Concrete 
Parameters on the Transfer Length in Prestressed 
Concrete Crossties. 2013 Joint Rail Conference. 
Knoxville, TN: American Society of Mechanical 
Engineers. 

[2] Savic, Adrijana, “Developing a prism qualification 
test to ensure adequate splitting resistance in 
pretensioned concrete railroad ties” Thesis, Kansas State 
University 

[3] Savic, A, Beck, BT, Robertson, AA, Peterman, RJ, 
Clark, J, & Wu, C(. "Effects of Cover, Compressive 
Strength, and Wire Type on Bond Performance in 
Prismatic Prestressed Concrete Members." Proceedings 
of the 2018 Joint Rail Conference. 2018 Joint Rail 
Conference. Pittsburgh, Pennsylvania, USA. April 18–
20, 2018. V001T01A007. ASME. 
https://doi.org/10.1115/JRC2018-6153 

[4] Savic, A, Beck, BT, Shafiei Dastgerdi, A, Peterman, 
RJ, Riding, K, & Robertson, AA. "The Effect of Wire 
Type on Cracking Propensity in Prestressed Concrete 
Prisms." Proceedings of the 2019 Joint Rail Conference. 
2019 Joint Rail Conference. Snowbird, Utah, USA. April 
9–12, 2019. V001T01A002. ASME. 
https://doi.org/10.1115/JRC2019-1234 

[5] Beck, BT, Robertson, AA, Peterman, RJ, Savic, A, 
Wu, CJ, Riding, KA, & Bloomfield, J. "A High 
Resolution Automated Prestressing Wire Indent 
Profiling System for Verification of Wire-Concrete Mix 
Compatibility." Proceedings of the 2019 Joint Rail 
Conference. 2019 Joint Rail Conference. Snowbird, 
Utah, USA. April 9–12, 2019. V001T01A009. ASME. 
https://doi.org/10.1115/JRC2019-1269 

[6] Shafiei Dastgerdi, A, Savic, A, Peterman, RJ, Riding, 
K, & Beck, BT. "Evaluation of Splitting Crack 
Propagation in Pre-Stressed Concrete Ties Made With 
Different Types of Coarse Aggregate." Proceedings of 
the 2019 Joint Rail Conference. 2019 Joint Rail 
Conference. Snowbird, Utah, USA. April 9–12, 2019. 
V001T01A015. ASME. 
https://doi.org/10.1115/JRC2019-1280 

[7] Aref Shafiei Dastgerdi,Robert J. Peterman,Adrijana 
Savic,Kyle Riding,B. Terry Beck, Prediction of splitting 
crack growth in prestressed concrete members using 
fracture toughness and concrete mix design” Elsevier 
Construction and Building Materials, 20 June 2020 

[8] Savić A, Dastgerdi AS, Beck T, Peterman RJ, 
Robertson A. The Influence of Concrete Cover, Type of 
Wire Indentation and Concrete Mix on Bond between 
Steel and Concrete in Prismatic Prestressed Concrete 
Members. AEF 2021;39:103–26. 

[9] Shafiei Dastgerdi, A, Savic, A, Peterman, RJ, Riding, 
K, & Beck, BT. "Evaluation of Splitting Crack 
Propagation in Pre-Stressed Concrete Ties Made With 

Different Types of Coarse Aggregate." Proceedings of 
the 2019 Joint Rail Conference. 2019 Joint Rail 
Conference. Snowbird, Utah, USA. April 9–12, 2019. 
V001T01A015. ASME. 
https://doi.org/10.1115/JRC2019-1280 

[10] Aref Shafiei, “Effect of concrete composition on 
splitting-cracks in prestressed concrete railroad ties: 
Application of fracture mechanics”, Thesis, Kansas State 
University 

[11] Mustafa M.Raheem et al. “Development of an 
objective model to predict shear capacity of FRP U-wrap 
anchors” Composite Structures Volume 265, 1 June 
2021, 113762 
https://doi.org/10.1016/j.compstruct.2021.113762 

[12] Shafiei, A, Riding, KA, Peterman, RJ, Christensen, 
C, Beck, BT, Robertson, AA, & Wu, CJ. "Suitability and 
Variability of Non-Destructive Testing Methods for 
Concrete Railroad Tie Inspection." Proceedings of the 
2016 Joint Rail Conference. 2016 Joint Rail Conference. 
Columbia, South Carolina, USA. April 12–15, 2016. 
V001T01A020. ASME. 
https://doi.org/10.1115/JRC2016-5776 
 

 

G.17

https://doi.org/10.1115/JRC2018-6153
https://doi.org/10.1115/JRC2019-1234
https://doi.org/10.1115/JRC2019-1269
https://doi.org/10.1115/JRC2019-1280
https://doi.org/10.1115/JRC2019-1280
https://doi.org/10.1016/j.compstruct.2021.113762
https://doi.org/10.1115/JRC2016-5776




X International Conference “Heavy Machinery-HM 2021”, Vrnjačka Banja, 23– 25 June 2021 

*Corresponding author: Iva Despotović, Dositejeva 19, 36000 Kraljevo, despotovic.i@mfkv.kg.ac.rs 
 

Load-bearing Capacity and Thermal Conductivity of Axially Loaded 
Walls in Accordance with EC6 

Iva Despotović1,2*, Bojan Milošević1,2, Marina Nikolić – Topalović2, Vladimir Mandić1, Stefan Mihajlović1  
1The Faculty of Mechanical and Civil Engineering in Kraljevo, University of Kragujevac, Serbia 

2 Academy of Technical and Art Applied Studies, Belgrade, Serbia 

Since 2019 the application of European technical norms of Eurocodes has been mandatory. The issue of energy 
efficiency of buildings, with the aim of saving energy, is more topical than ever. As for masonry structures, there is a 
large choice of different masonry materials on the market. By choosing the proper material, we influence both the load-
bearing capacity and energy efficiency of the wall. 

The aim of the paper is to show the method of calculating load-bearing capacity of the wall, which is connected 
to the slab floor of reinforced concrete at the top and bottom and is not laterally supported, depending on the chosen 
masonry material and binder, all according to Eurocode 6., as well as the calculation of the heat transfer coefficient, 
according to the policy on energy efficiency of buildings. 

Keywords: masonry structures, load-bearing capacity, heat transfer coefficient 
 

1. INTRODUCTION 
In December 2019, the implementation of 

European technical standards, Eurocodes 0-9, became 
mandatory in the territory of the Republic of Serbia, while 
a large number of regulations in force until then were 
withdrawn. 

The issue of energy efficiency of buildings was 
brought up in order to save energy and to reduce CO2 
emissions into the atmosphere, which is one of the main 
causes of global warming. In September 2012 the 
Ordinance of the energy efficiency of buildings entered 
into force, and it prescribed in more detail  energy 
properties and the method of calculating thermal 
properties of buildings, as well as energy requirements for 
new and old buildings. 
Within this paper, load-bearing capacity of the wall, that is 
connected at the top and bottom with the reinforced 
concrete slab floor structures and is not laterally 
supported, was considered. Frequently used materials were 
used for the masonry: solid bricks, gutter blocks, as well as 
Porotherm blocks 25 N+F, Porotherm 25 profi and 
Porotherm 25-38 IZO profi blocks by professional 
manufacturer Wienerberger. The thickness of all walls was 
25 cm, in the first three cases mortar was used as a binder 
and professional glue was used for blocks Porotherm 25 
ptofi and Porotherm 25-38 IZO profi.  In addition to the 
load-bearing capacity, for each type of wall, it was 
checked whether the value of the heat transfer coefficient, 
U, met the requirements of the Ordinance on energy 
efficiency of buildings. 

2. THERMAL CONDUCTIVITY CALCULATION 
There are three basic ways of heat transfer: 

1) During heat transfer by conducting, heat is 
transferred from one body to another without noticeable 
movement of body particles, in the direction of heat flux, i. 

e. from a place of higher temperature to a place of lower 
temperature. The condition for heat to be transferred 
exclusively in this way is that bodies, or part of the body, 
are in direct contact. 

2) Heat transfer by convection occurs through the 
movement of individual parts of the body and under the 
effect of temperature differences. 

3) Heat transfer by radiation is a form of heat 
transfer from one body to another through the movement 
of electromagnetic waves in the space between these two 
bodies (bodies are not in direct contact). 
All three mentioned ways of heat transfer can take place 
simultaneously, but one of them is always dominant. 
Heat transfer by flow (convection) is characteristic of 
fluids (gases and liquids). For buildings, the process in 
which thermal energy is transferred from the liquid to the 
solid and vice versa, is important. The size that 
characterizes the heat transfer from solid to fluid medium 
and vice versa, is called the heat transfer coefficient. 
Through solids heat is transferred by conduction. This 
process essentially represents the exchange of kinetic 
energy. The amount of heat transferred by conducting 
through a flat homogeneous wall depends on the transfer 
surface, the coefficient of thermal conductivity, the 
temperature difference, the time and the thickness of the 
wall. The value of the thermal conductivity coefficient has 
been experimentally determined for all types of building 
materials and depends on the type and structure of the 
material, bulk density of the material (porosity) and 
moisture. The ratio of wall thickness (d) and thermal 
conductivity coefficient (λ), d/ λ represents the resistance 
to heat conduction (R). Total resistance to heat conduction 
(Ru) includes both resistances at the air and wall 
boundaries, expressed by transition coefficients for the 
outer and inner side of the wall. Reciprocal value of total 
resistance Ru represents the heat transfer coefficient U 
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whose maximum values are defined by the Ordinance on 
energy efficiency of buildings [1]. 

3. LOAD-BEARING CAPACITY OF WALLS
EXPOSED TO VERTICAL LOADING

According to production control, masonry elements 
are divided into two categories. Category I wall elements 
are those for which the manufacturer has provided 
constant quality control and which, within delivery, have a 
defined compressive strength that does not deviate from 
the mean value of more than 5% (5% fractil). Category II 
elements are those whose average value of compressive 
strength is equal to the declared value, so the elements of 
natural stone are classified in category II. To determine the 
load-bearing capacity of walls, it is necessary to know the 
mechanical properties of masonry elements and binder 
material [2]. 

The most reliable data on the characteristic 
compressive strength of the wall are certainly obtained 
directly, experimentally, when it is necessary to use 
materials that are applied to a specific wall in practice, In 
the absence of concrete experimental results of wall 
compressive strength, the current legislation in the field of 
wall constructions, Eurocode 6, allows the characteristic 
wall compressive strength to be defined on the basis of the 
expression [3,4]: 

k b mK [MPa]f f fα β= ⋅ ⋅      (1) 
where: 
fk –  characteristic value of compressive strength of the 
masonry structure [N/mm2], 
K - constant that depends on the characteristic of the 
elements used for masonry, 
α, β – constants, 
fb – normalized mean value of compressive strength of 
masonry elements in the direction of the applied load 
[N/mm2], 
fm – mortar compressive strength [N/mm2]. 

Relationship between characteristic value of the 
compressive strength of the masonry structure fk, the 
normalized mean value of the compressive strength of 
masonry elements fb and mortar strength, can be 
determined depending on the type of mortar used. 

- for masonry construction made with the use of
general purpose mortar and light aggregate mortar 

0,7 0,3
k b mKf f f= ⋅ ⋅        (2) 

- for masonry construction made with the use of thin-layer
mortar, when the horizontal joints are 0.5 mm to 3.0 mm
thick, and with the use of clay elements from group 1 and
group 4, calcium silicate elements, concrete elements and
autoclaved aerated concrete elements

0,85
k bKf f= ⋅       (3) 

- for masonry construction made with the use of thin-layer
mortar, when the horizontal joints are 0.5 mm to 3.0 mm,
and with the use of clay elements of group 2 and group 3

0,7
k bKf f= ⋅   (4) 

In order to adequately calculate the load-bearing 
capacity of elements of the masonry structure exposed to 
vertical load, in accordance with Eurocode 6, it is 
necessary to first define the effective height of the wall 

and to determine the effective wall thickness. Effective 
(calculated) wall height should be taken as: 

ef nh hρ=  (5) 
where: 

hef – effective wall height, 
h – effective wall height, 
ρn – reduction factor, where n = 2, 3 or 4, 

depending on the number of stiffened edges of the wall. 
For the reduction factor, (ρn) the following can be 
assumed: 
- For walls at the top and at the bottom connected with
reinforced concrete mezzanine structures or with roof
structures that are load-bearing in both directions or with
reinforced concrete mezzanine structures that are load-
bearing in one direction and rely on at least 2/3 of the wall
thickness, the size of the reduction factor is:

ρ2=0,75         (6) 
- For walls connected at the top and at the bottom,

stiffened only along one vertical edge (the other vertical 
edge is free): 
when h≤3,5l the reduction factor is: 

3 22
2

1

1
3

h
l

ρ ρ
ρ

=
 +        (7) 

when h>3,5l the reduction factor is:   

3
1,5 0,3l

h
ρ = ≥

  (8) 
where l is the length of the wall. 

- For walls connected at the top and bottom and
stiffened along the vertical edge: 

when h≤1,15l 

4 22
2

1

1 h
l

ρ ρ
ρ

=
 +   

                                     (9) 

when h>1,15l the reduction factor is: 

4
0,5l

h
ρ =

    (10) 

Effective wall thickness (tef) of a single wall, double wall, 
face wall, facade wall, wall with horizontal joints, filled 
two-layer wall, should be taken as the actual wall 
thickness t:  

ef tt tρ=
 (11) 

where: 
tef – effective thickness, 
t – wall thickness, 
ρt – stiffness coefficient. 

For the calculation of masonry walls exposed to vertical 
load, as well as for the stability of the wall, it is important 
to determine the wall slenderness coefficient. The value of 
the slenderness coefficient of the wall exposed to 
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predominantly vertical load, must meet the following 
condition: 

27ef

ef

h
t

≤
                                                                      (12) 

Calculated load-bearing capacity of the non-reinforced 
wall (NRd), per unit length of single-layer wall, on the 
effect of vertical load, is defined on the basis of the 
expression: 

,
Rd ,

M

t
N t

γ
i m k

i m d

f
f

Φ ⋅ ⋅
= = Φ ⋅ ⋅                               (13) 

where: 
Φi,m – load reduction coefficient (Φi and/or Φm) 

which takes into account the effect of slenderness and load 
eccentricity, 

γM – partial safety factor for the material. 
 

Based on Eurocode 6, for the ultimate limit state, partial 
safety coefficients are defined, depending on the material 
properties. The value of the partial safety factor depends 
on the masonry category, A, B and C. Thus, category A  
includes facilities that are under constant supervision and 
quality control during construction, carried out by the 
supervisory authority, category B includes periodic 
supervision and control, while category C includes 
facilities that are built without a supervisory body and the 
only control is carried out by the construction contractor. 

 

Table 1: Partial safety coefficients for material properties 
(EC 1) 

γM 

category of control 
during constructions 
A B C 

wall 

category of wall 
elements 

production 
control 

I 1,7 2,2 2,7 

II 2,0 2,5 3,0 

 
Value of the buckling coefficient which takes into account 
slenderness and eccentricity is based on a stress diagram 
of rectangular shape and at the top and bottom of the wall 
(Φi), is obtained on the basis of the expression: 

1 2 i
i

e
t

Φ = −                                                                 (14) 

where: 
ei – eccentricity at the top or bottom of the wall, 

depending on the case under consideration, calculated on 
the basis of the expression: 

0,05id
i he init

id

Me e e t
N

= + + ≥
                                   (15) 

Mid – calculated value of the bending moment at 
the top or bottom of the wall, which is the result of the 
vertical load eccentricity from the mezzanine structure on 
its support, 

Nid – calculated value of the vertical load at the top 
or bottom of the wall, 

ehe – eccentricity at the top or bottom of the wall 
due to the action of a horizontal load (wind), if any, 

einit – initial eccentricity with a sign that increases 
the absolute value e; (the initial eccentricity must be 
adopted along the entire height of the wall, in order to take 
into account the imperfections when performing, adopted 
as hef/450).  
Value of the buckling coefficient which takes into account 
slenderness and eccentricity in the middle height of the 
wall (Φm), can be determined using emk, where: 

0,05mk m ke e e t= + ≥                                                 (16) 
where: 

md
m hm init

md

Me e e
N

= + +
                                               (17) 

em – eccentricity due to load-bearing, 
Mmd – calculated value of the maximum bending 

moment in the middle of the wall height, which is the 
result of the moment at the top and bottom of the wall, 
including any load eccentrically placed in relation to the 
face of the wall (e. g. holders), 

Nmd – calculated value of the vertical load in the 
middle of the wall height, including any load eccentrically 
placed in relation to the face of the wall, 

ehm – eccentricity in the middle of the wall height 
due to the action of a horizontal load (e. g. wind) if any, 
(the inclusion of member ehm depends on the combination 
of loads used for verification, where it is necessary to take 
it with the appropriate sign in relation to Mmd/Nmd), 

einit – initial eccentricity which means the increase 
of the absolute value em, 

ek – eccentricity due to flow is determined on the 
basis of the expression: 

0,002 ef
k m

ef

h
e t e

t
φ∞= ⋅                                           (18) 

φ∞ - final value of the flow coefficient. 
Eccentricity due to creeping has a value of zero for all 
walls made of baked clay or natural stone and for all walls 
of other masonry elements with a slenderness of up to 15. 
 

4. EXAMPLES OF WALLS 

4.1. Material Properties 
 
For the purposes of this paper, from masonry 

elements offered on the market, the elements of the 
following groups were used [5]: 

            - elements of baked clay: bricks, blocks (EN 
771-1) whose durability is achieved by firing shaped 
element of raw clay at high temperatures, 

            - elements are of the second group, except 
the brick which is of the first group, 

            - all elements are of the first category, 
            -depending on the masonry element, 

suitable binders were used: general purpose mortar brand 
10 and appropriate adhesives (Table 2). 
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4.2. Wall Thermal Conductivity Calculation 

Table 3 shows values of total resistance Ru and heat 
transfer coefficient U for walls of different materials and 
cases when the wall is in a heated or unheated space. Umax 

is the maximum allowable value of the heat transfer 
coefficient, defined by the Ordinance on energy efficiency 
of buildings for old and newly constructed facilities. 

Table 2: Characteristics of masonry elements 

Masonry element Dimensions 
Medium 

compressive 
strength 

Applied binder λ 

Brick 250/120/65 10 M 10 0,76 
Gutter 250/190/190 10 M 10 0,52 
Porotherm 25N+F 375/250/238 10 M 10 0,26 
Porotherm 25 Profi 375/250/249 10 glue 0,143 
Porotherm 25-38 IZO Profi 375/250/249 12,5 glue 0,072 

Table 3: Thermal conductivity parameters 
Wall towards an unheated space Wall in a heated space 

Ru U Umax Ru U Umax 
Brick M10 0,610 1,64 0,55/0,40 0,56 1,786 0,90/0,90 
Gutter M10 0,762 1,312 0,55/0,40 0,712 1,404 0,90/0,90 
Porotherm 25 N+F 1,242 0,80 0,55/0,40 1,192 0,839 0,90/0,90 
Porotherm 25 Profi 2,030 0,49 0,55/0,40 1,980 0,505 0,90/0,90 
Porotherm 25-38 IZO Profi 3,754 0,266 0,55/0,40 3,704 0,270 0,90/0,90 

4.3. Calculation of the Load-bearing Capacity of the  
Wall Exposed to Vertical Load 

Depending on the dimensions of the applied 
masonry elements, based on EC 6, the shape coefficient of 
the wall element is defined, while depending on the group 
of applied elements and the binder, the characteristic 
compressive strength of the wall is defined (Figure 1, 
Table 4), [6]: 

Table 4:   Shape coefficient and characteristic wall 
compressive strength 

Masonry 
element 

Shape coefficient Characteristic 
compressive strength 

Brick 0,81 3,88 
Gutter 1,14 4,93 
Porotherm 
25N+F 1,138 4,93 

Porotherm 25 
Profi 1,149 3,86 

Porotherm 25-
38 IZO Profi 1,149 4,52 

Figure 1:Mechanical properties of the masonry element, 
applied binder and wall 

Within this paper, the load-bearing capacity of a 
wall that is connected at the top and bottom with slab floor 
structures of reinforced concrete and is not laterally 
supported, was considered. For a wall height of 2.75 m the 
initial eccentricity is less than the minimum eccentricity 
value of 1.25 cm so that for the calculation of load-bearing 
capacity in the bottom and middle of the wall, the 
minimum value of initial eccentricity is adopted.   

Calculated load-bearing capacity of a non-
reinforced wall per unit length of a single-layer wall, under 
the effect of vertical load, is defined in the bottom and 
middle of the wall, for elements of the first group and the 
partial safety factor for material properties depends on 
masonry category, A, B or C (Figure 2,3)
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Figure 2: Calculated load-bearing capacity at the bottom 

of the wall as a function of the safety coefficient for 
material properties 

 

 
Figure 3: Calculated load-bearing capacity in the middle 
of the wall height as a function of the safety coefficient for 

material purposes 

 
          

Table 5: Calculated load-bearing capacity of the   wall in the bottom and middle of the wall  
  

 
Brick 
M10 

Gutter 
M10 

Porotherm 
25 N+F 

Porotherm 25 
Profi 

Porotherm 25-38 IZO 
Profi 

Pa
rti

al
 sa

fe
ty

 c
oe

ffi
ci

en
t 

1,7 
Bottom of the wall 
 513,52 652,5 652,5 510,88 598,28 

Middle of the wall 
 491,58 624,62 624,62 489,05 572,67 

2,2 
Bottom of the wall 
 396,81 504,2 504,2 394,77 462,27 

Middle of the wall 
 379,86 482,66 482,66 377,90 442,52 

2,7 
Bottom of the wall 
 323,33 410,83 410,83 321,67 376,67 

Middle of the wall 
 309,51 393,28 393,28 307,92 360,57 

 

5. RESULT ANALYSIS 
 
Heat transfer coefficient calculation shows that in 

the case of a wall in an unheated space, the requirements 
of the Ordinance on the energy efficiency of buildings are 
met by walls built with Porotherm 25 Profi and Porotherm 
25-38 IZO Profi blocks. In the case of a wall in a heated 
space, the requirement of the Ordinance (Umax = 0.90/0.90) 
is met by walls built with Porotherm 25 N+F, Porotherm 
25 Profi and Porotherm 25-38 IZO Profi blocks. In both 
cases, walls built of bricks and Gutter blocks without 
insulation, do not meet the requirements of the Ordinance. 

 
 
 

 
 
 
 
Based on the conducted analysis, it was concluded 

that the highest calculated load bearing capacity had the 
wall made of masonry elements Gutter block and 
Porotherm 25 N+F, where masonry was done with mortar 
grade 10, while the wall of Porotherm 25-38 IZO Profi 
elements where masonry was done with glue, had a 
slightly lower load-bearing capacity. Although Porotherm 
25-38 IZO Profi had a higher initial mean value of 
compressive strength of the masonry element, due to the 
use of glue, its characteristic compressive strength 
changed and therefore the calculated load-bearing capacity 
of the wall was lower (Figure 4).
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Figure 4: Ratio of the calculated wall load-bearing capacity to the applied masonry element 

Compared to a wall made of Gutter blocks and of 
Porotherm 25 N+F blocks, a wall made of Porotherm 25-
38 IZO Profi elements has a lower load bearing capacity 
by 9%, while a wall made of bricks and Porotherm 25 
Profi elements has a 22% lower load bearing capacity. 
When the wall is one-sided or two-sided, the reduction 
factor changes depending on the number of stiffened edges 
of the wall, as follows: 

- when the wall is one-sided, its length must be
within 1,0 3,8l≤ ≤  

- when the wall is double-sided, its length must be
within  2,30 11,25l≤ ≤ . 

6. CONCLUSION
Choice of masonry material significantly affects the 

wall physical and mechanical properties. Considering that 
the issue of energy efficiency of buildings is very topical, 
it is necessary to check the parameters of thermal 
conductivity, all according to the Ordinance on energy 
efficiency of buildings, in order to apply appropriate 
insulation and reduce heat loss. Load-bearing analysis, 
conducted in all respects according to Eurocode 6, shows a 
variation of up to 20%, depending on the applied masonry 
element and binder.
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Analysis of cost and time required for the construction of RC 
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Load in deep massive foundations is transferred to the substrate through surface elements called the diaphragms. 
For the last ten years, reinforced concrete diaphragms has been used as a deep foundation cover in a pit for underground 
levels of buildings in urban areas. On an example of a multi-storey building with a basement level in urban environment, 
construction of monolithic reinforced concrete diaphragms is planned in several phases. Analysis was conducted of cost 
and time required to construct two different variants of diaphragms for the purpose of obtaining an optimal construction 
method. The first variant is with construction of every second lamella (even and odd) and the second variant is with 
construction of every third lamella. Due to the proximity of surrounding buildings and impossibility of making a wide 
excavation, analysed reinforced concrete diaphragms are used as protection of the pit for the foundation slab, and at the 
same time as the walls of the basement level. 

Keywords: reinforced concrete diaphragm, construction cost analysis, construction machinery
1. INTRODUCTION 

In the last ten years, there has been a need for 
construction of residential and commercial buildings in 
urban areas. Due to deficiency location for building, the 
future building is most often constructed in a small area that 
is bordered by the adjacent buildings. For the area planned 
for the construction of the facility to be used to the 
maximum, it is planned to build basements. Deep massive 
foundations which are used to protect the vertical 
excavations of the basement level and to transfer the load to 
the deeper layers of the soil of higher bearing capacity are 
reinforced surface elements called the diaphragms.  

In addition to diaphragms, deep founding is also 
made up of foundations that are built in deep supported 
excavations or foundations that are built with walls and 
caissons. The characteristic of a deep foundation is that the 
foundations transfer loads over the overlying horizontal 
surface to deeper soil layers that have less compressibility 
and higher bearing capacity. 

The beginning of the use of reinforced concrete 
diaphragms (RC diaphragms) is related to the sixties of the 
last century, and for the needs of building construction in 
urban environment, can see the rapid development [1] and 
improvement both in the design phase and in technologies 
and methods of execution. RC diaphragms are used if it is 
not possible to perform a wide excavation due to the 
nearness of the adjacent building. Wide excavation is 
excavation with sides at an angle that provides slope 
stability [2], which is a characteristic in cases when the 
building is built in urban areas. Excavations for deep 
foundation pits, which are most often used for basement 
level, are mostly performed in complex geotechnical 
conditions with a high groundwater level. Complex 
geotechnical conditions include the foundation on gravelly, 
sandy, and dusty-clay soils with a high level of groundwater 
[3]. In these conditions, before the appearance of the RC 
diaphragm, the foundation was performed using caisson, 

wells and piles, which are methods with a more complex 
procedure of execution and design. These problems at the 
deep foundation are effectively solved by using a RC 
diaphragm. The use of RC diaphragms avoids wide 
excavations and expansion, whereby these surface elements 
protect the foundation pit from collapsing the surrounding 
soil. In addition to this form of application, which is the 
most common, diaphragms can also be used to solve a 
variety of problems, as load-bearing elements of 
engineering structures, as supporting structures on roads, as 
antifiltration curtains under hydraulic structures, as 
elements in specific drainages, for waterproof cores 
embankment bodies, etc. The appearance of the RC 
diaphragm build from the segments is given in Figure 1. 

RC diaphragms are made in several phases. It is first 
necessary to protect the parts around the diaphragm (on 
both sides of the diaphragm) during excavation from soil 
collapse, which is most often performed using a special 
solution of high-value clay - bentonite in water, the so-
called clay suspensions as shown in Figure 2 and Figure 3. 
This special solution of high-value clay is used during 
excavation as a protection deep slit in which the 
reinforcement is put down after excavation (if the projected 
diaphragm is from reinforced concrete), which is shown in 
Figure 4. After putting down the reinforcement, this deep 
slit is filled with concrete while extruding the solution of 
high-value clay, forming a surface element - the RC 
diaphragm. 
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Figure 1: The appearance of the segments that form the 
RC diaphragm 

Figure 2: Excavation of the diaphragm trench 

Figure 3: Excavation of the diaphragm trench 

Figure 4: Installation of a reinforcing skeleton in a trench 
of a RC diaphragm 

2. TECHNICAL CHARACTERISTICS OF THE
BUILDING AND RC DIAPHRAGMS

Reinforced concrete diaphragms are used in multi-
storey buildings during construction to protect foundation 
pits, and later during the exploitation of the building in the 
function of deep foundations, they transfer loads from the 
structure to the soil layers of higher load capacity. The 
construction of a multi-storey building is planned in an 
urban environment, with neighbouring buildings in the 
immediate vicinity on both sides of the future building, and 
on the remaining two sides is the road, as shown in Figure 
5.

Figure 5: Location of the future building 

 Since the geotechnical study determined that the 
soil at the location of the building is sandy and gravelly with 
a certain content clay with low load capacity, it is necessary 
to foundation the building using foundation slabs. Due to 
the proximity of surrounding buildings and impossibility of 
making a wide excavation, analysed RC diaphragms are 
used as protection of the pit for the foundation slab, and at 
the same time as the walls of the basement level. On an 
example of a multi-storey building with a basement level in 
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urban environment, construction of monolithic RC 
diaphragms is planned in several phases. Analysis was 
conducted of cost and time required to construct two 
different variants of diaphragms for the purpose of 
obtaining an optimal construction method. The first variant 
is with construction of every second lamella (even and odd) 
and the second variant is with construction of every third 
lamella. For both variants, the construction phases and the 
analysis of the time required are described for the building 
of RC diaphragms. The first phase includes preparatory 
work, followed by the work necessary to make the 
diaphragm trench. When the excavation of the trench is 
completed, it is necessary to form a reinforcing skeleton 
which is embedded in the trench of a certain thickness, and 
then is performed concreting by a special procedure. Since 
the monolithic RC diaphragm is built from segments - 
lamellas, it is necessary to perform the RC connecting beam 
whose role is to connect all segments of the diaphragm into 
one whole. 

2.1. Technical description of a multi-storey building 
For the needs of collective housing, a residential and 

business building has been designed and its construction is 
planned. The building is planned to be a reinforced concrete 
multi-storey building consisting of a basement level, ground 
level, and six floors, which is shown in Figure 6.                                                                                                            

According to the architectural project, it is planned 
to use the basement level for auxiliary and common rooms, 
the ground level with 11 shops as business space, and the 
floors for housing. The building has a rectangular base with 
dimension 18.5x29.5m. On the characteristic floor level, 
there are five apartments of different sizes. A solution in the 
form of a flat impassable roof is planned for the roof 
construction of the building.                            

 
Figure 6: Appearance future building 

The load is transferred from the roof over the floor 
to the soil across a foundation slab thick 80cm [4], whose 
strength increased is with reinforced concrete beams.  

The analysis of all relevant loads that affect the 
construction and dimensioning of characteristic reinforced 
concrete elements was done according to European 
standards - Eurocodes. 

2.2. Characteristics of soil and technical characteristic of 
diaphragm 

The data obtained by geotechnical research 
performed at a given location show that the soil is sandy and 
gravelly with a certain percentage of clay [5]. The sand and 
gravel has a characteristic weight density γ=17KN/m3, 
effective cohesion c=5KPa and angle of shearing resistance 
φ=32˚. Soil with that characteristics is to the depth of 3.2m, 
which was determined by geotechnical research. The soil at 
a depth of more than 3.2m has better characteristics and 
higher load capacity. According to the geotechnical report, 
the groundwater level is at a depth of 4.2m measured from 
the terrain surface, which does not affect the building of 
reinforced concrete diaphragms and structures. 

The load is mostly transferred across line elements - 
columns of cross-sectional dimensions 60/60cm from 
higher to lower floors. Then the load is transferred across 
columns to a foundation slab thick 80cm which is building 
in underground level on soil lower load capacity. The 
primary role of RC diaphragms is to protect the pit for the 
foundation slab during the construction of the basement 
level, then they are used for the transfer load to the layers 
of soil better characteristics during the exploitation of the 
building. 

Cantilever RC diaphragms are used to protect the 
foundation pit because the building of anchored RC 
diaphragms is impossible due to the proximity of the 
adjacent buildings [6]. The necessary length [7] of the 
cantilever part RC diaphragm is calculated using (1), for the 
soil of the described characteristics and the height of the 
basement level which amounts to Hc=2.6m, the necessary 
length h of the cantilever part RC diaphragm must be 
greater than 1.088m. 

 
ℎ ≥ 𝐻𝐻𝑐𝑐 −

2 ∙ 𝑐𝑐𝑟𝑟
𝛾𝛾1

∙ �1 +
𝜋𝜋
2
�  (1) 

According to (1) is being adopted length h of the 
cantilever part RC diaphragm of 1.2m. The total height of 
the 0.6m thick RC diaphragm is 3.8m. The dimensions of 
the RC diaphragm and the position when the diaphragm to 
build from the segments - lamellas are shown in Figure 7. 

 
Figure 7: Dimensions of reinforced concrete diaphragm 

The RC diaphragm is built of segments - lamellas to 
prevent changes in the equilibrium state in the soil [8]. A 
change in the equilibrium state in the soil can cause a loss 
of stability to the adjacent building. In the following, the 
times necessary to building the RC diaphragm are 
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considered for two variants: the first variant is with the 
construction of every second lamella (even and odd) and the 
second variant is with the construction of every third 
lamella. In both cases, the wall of the pit for the foundation 
slab consists of 66 lamellas of different widths. 

The longer side of the diaphragm wall consists of 20 
lamellas, of which the initial and final ones are 155 cm long, 
and the others are 150cm long. The shorter side consists of 
13 lamellas, with the initial and final ones being 160cm long 
and the others 150cm long. The RC diaphragms are 
reinforced with ribbed reinforcement B500B in the vertical 
direction with bars with a diameter of 14mm at a distance 
of 10cm and the horizontal direction with bars with a 
diameter of 12mm at a distance of 20cm. Concreting is 
performed with concrete class C30/37. The division of the 
walls in the basement level into segments of the RC 
diaphragm is given in Figure 8. 

Except concrete class C30/37, reinforcing skeletons 
are used to building diaphragms, which consist of vertical 
bars ∅14/10cm and horizontal bars ∅12/20cm of 
reinforcement B500B. The necessary reinforcement on the 
construction site arrives in the form of bars 12.0m long and 
of a determined diameter. 

Figure 8: Partition of the diaphragm into segments - 
lamellas 

On the construction site, the bars are cut and 
cambered, after which the workers form the skeleton. The 
reinforced concrete connecting beam that connects the 
segments into one whole in the upper zone is a dimension 
b/d=60/60cm. The beam is reinforced in the upper zone 
with 3 reinforcing bars with a diameter of ∅16mm, in the 
lower zone with 7 reinforcing bars with a diameter of 
∅16mm, one bar with a diameter of ∅12mm is adopted on 
both sides as constructive reinforcement and stirrups with a 
diameter of ∅10/15cm along the entire length of the beam. 
Plans reinforcement diaphragm is given in Figure 9, plans 
reinforcement connecting beam is shown in Figure 10. 

Figure 9: Diaphragm segment reinforcement plan 

Figure 10: Connecting beam reinforcement plan 

2.3. Phases of execution of reinforced concrete diaphragms 
when the building of every second lamella  

Phases building of reinforced concrete diaphragms 
are: construction site preparation, earthworks of lamellas 
marked with number 1 reinforcement works of lamellas 
marked with number 1, concreting works of lamellas 
marked with number 1, earthworks of lamellas marked with 
number 2, reinforcement works of lamellas marked with 
number 2, concreting works of lamellas marked with 
number 2, finishing concrete works, in Table 4 numbered 
1-8.

2.4. Phases of execution of reinforced concrete diaphragms 
when the building of every third lamella  

Phases building of reinforced concrete diaphragms 
are: construction site preparation, earthworks of lamellas 
marked with number 1, reinforcement works of lamellas 
marked with number 1, concreting works of lamellas 
marked with number 1, earthworks of lamellas marked with 
number 2, reinforcement works of lamellas marked with 
number 2, concreting works of lamellas marked with 
number 2, earthworks of lamellas marked with number 3, 
reinforcement works of lamellas marked with number 3, 
concreting works of lamellas marked with number 3, 
finishing concrete works, in Table 5 numbered 1-11. 

3. ANALYSIS OF COST AND TIME REQUIRED FOR
THE CONSTRUCTION OF RC DIAPHRAGMS

For the analysis of the cost and planning of the time 
required for the execution of the reinforced concrete 
diaphragm, it is necessary to make a bill of quantities for 
the listed phases of execution.  The bill of quantities for the 
excavation phase consists of calculating the quantity of soil 
to be excavated with a grapple excavator. Then for the next 
phase the quantity of reinforcement to be embedded should 
be determined, and after the reinforcement is embedded the 
quantity of concrete that is used for concreting. 
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3.1. Bill of quantities (BOQ) of construction works 
For known dimensions of diaphragm segments and 

reinforcement steel plan, it is possible to determine the 
quantities of materials required for the execution. The 
required quantities of material are shown in Table 1 for the 
first variant of execution and in Table 2 for the second 
variant of execution. 

Table 1: Bill of quantities (BOQ) for the first variant 

The phase 
of lamellas 
execution 

The total 
length of 
lamellas 

[m] 

Bill of quantities 

Excavation 
soil [m3] 

Quantity 
of 

reinfor-
cement 

[kg] 

Quantity 
of 

concrete 
[m3] 

Even 
lamellas 

 
51.5 117.42  

 
∅14: 

5347.31 
 

∅12: 
2139.39 

 

117.42 

Odd 
lamellas 48.1 109.67  

 
∅14: 

4994.28 
 

∅12: 
1998.15 

 

109.67 

Total 99.6 227.09 

 
∅14: 

10341.59 
 

∅12: 
4137.54 

 

227.09 

Table 2: Bill of quantities (BOQ) for the second variant 

The phase 
of lamellas 
execution 

The total 
length of 
lamellas 

[m] 

Bill of quantities 

Excavation 
soil [m3] 

Quantity 
of 

reinfor-
cement 

[kg] 

Quantity 
of 

concrete 
[m3] 

Lamellas 
which are 
building in 

the first 
phase 

36.5 83.22  

 
∅14: 

3789.84 
 

∅12: 
1516.27 

 

83.22 

Lamellas 
which are 
building in 

31.55 71.93 
 

∅14: 
3275.87 

71.93 

the second 
phase 

 
∅12: 

1310.64 
 

Lamellas 
which are 
building in 

the third 
phase 

31.55 71.93 

 
∅14: 

3275.87 
 

∅12: 
1310.64 

71.93 

Total 99.6 227.09 

 
∅14: 

10341.59 
 

∅12: 
4137.54 

 

227.09 

 

3.2. Practical performance of construction machinery 
3.2.1. Performance of construction machinery for 
excavation soil - grapple excavator 

A hydraulic excavator HITACHI ZX-350LC-5B is 
used to excavate the pit of the reinforced concrete 
diaphragm. Characteristics of a tracked excavator with a 
special bucket-grapple are: working part volume is 0,3m3, 
engine power is 202KW, weight is 346.17KN, length arm 
is 5,2m. 

The practical performance of an excavator with a 
grapple is calculated using (2). The coefficients that appear 
in the given formula are chosen depending on the type of 
material from the geotechnical study and the conditions on 
the construction site where the excavation is performed, 
well as on the condition in which the excavating machine is 
located. When the values of these coefficients are included 
in the given formula, the practical performance of the 
construction machine is 20.36m3/h. 
3.2.2. Performance of construction machinery for 
concreting - concrete pump 

For the building of concrete elements, concrete is 
used which is produced in a concrete factory and delivered 
to the construction site as a ready product. A mobile pump 
MAN TGS SCHWING is used for concrete installation. 
The theoretical performance of a concrete pump is 
30.0m3/h. The practical performance of a concrete pump is 
calculated using (3). The coefficients that appear in the 
given formula are chosen depending on the conditions on 
the construction site where the concreting is performed. 
When the values of these coefficients are included in the 
given formula, the practical performance of the construction 
machine is 21.80m3/h.

 

 𝑈𝑈𝑝𝑝𝑝𝑝 =
𝑇𝑇
𝑡𝑡𝑐𝑐
∙ 𝑞𝑞 ∙ 𝑘𝑘𝑜𝑜𝑜𝑜 ∙ 𝑘𝑘𝑟𝑟𝑟𝑟 ∙ 𝑘𝑘𝑑𝑑𝑑𝑑 ∙ 𝑘𝑘𝑣𝑣𝑣𝑣 ∙ 𝑘𝑘𝑟𝑟𝑟𝑟 ∙ 𝑘𝑘𝑢𝑢𝑢𝑢 ∙ 𝑘𝑘𝑘𝑘𝑘𝑘 ∙ 𝑘𝑘𝑝𝑝𝑝𝑝       (2) 

  

 𝑈𝑈𝑝𝑝𝑝𝑝 = 𝑈𝑈𝑡𝑡 ∙ 𝑘𝑘𝑣𝑣 ∙ 𝑘𝑘𝑟𝑟 ∙ 𝑘𝑘𝑝𝑝 =
𝑇𝑇
𝑡𝑡𝑐𝑐
∙ 𝑞𝑞 ∙ 𝑘𝑘𝑣𝑣 ∙ 𝑘𝑘𝑟𝑟 ∙ 𝑘𝑘𝑝𝑝 (3) 
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3.3. Analysis of cost and time required for the construction 
of RC diaphragms 

The times required to perform works on the 
construction site were analysed. According to the listed 
phases of construction, these works include earthworks - 
excavation of pits for the reinforced concrete diaphragm, 
reinforcement works - preparation and installation skeleton 
of reinforcement steel in excavated lamella pit and concrete 
works - concreting of diaphragm lamellas and concreting of 
the connecting beam. The cost of construction works is 
calculated by applying the formula (4). 

C =  M +  R ∙  (K + 1)  (4) 

In (4) [9], the price of the material is marked with M, 
the price of labor is marked with R, and the coefficient of 
non-uniformity is marked with K, the adopted value of 
which is 4. The cost required for the construction of a RC 
diaphragm is given in Table 3. The time required for the 
construction of a RC diaphragm is given in Table 4 and 
Table 5.  The cost and time required for the construction of 
a RC diaphragm [10], for the first variant are given in table 
4 and the cost and time required for the construction of a 
RC diaphragm for the second variant are given in table 5. 

For analysis of cost and time required for the 
construction of RC diaphragms are used norms and 
standards of work in construction [11]: analysis of cost and 
time required for earthwork (machine excavation of soil 
category II with excavator - GN 200-507 5.1 025605), 
analysis of cost and time required for reinforcement works 
(machine cutting and bending, manual installation and 
binding of reinforcement ČBR, simple and medium 
complex, vertical crane transport, ∅12 - GN 400-106A 
145601; machine cutting and bending, manual installation 
and binding of reinforcement ČBR, simple and medium 
complex, vertical crane transport, ∅14 - GN 400-106A 
145604), analysis of costs and time required for concrete 
works (mechanical installation of concrete (without 
making) - GN 400-508 154504). 

For the building phases given in the chapters 2.3. and 
2.4. and bill of quantities for the two variants given in the 
tables 1 and 2, based on the calculated cost prices and the 
time required for building per unit of quantity, when these 
values are multiplied by the quantities from the bill of 
quantities, the time required for the execution and the total 
cost price for building reinforced diaphragm is obtained.  It 
was adopted that the working day has one shift with 
duration of 8 hours.  

Based on the calculated cost prices by phases of 
performed works, the cost values and the required number 
of days for building diaphragms using the first variant 
(when every second lamella is constructed) were calculated 
which is shown in Table 4, and the required number of days 
for building diaphragms using the second variant (when 
every third lamella is constructed) which is shown in Table 
5. 

Table 3: The cost required for the construction of a RC 
diaphragm 

The phase 
of lamellas 
execution 

The cost of 
material 
[rsd/m3] 

The cost of 
labor [rsd/m3] 

The total cost 
[rsd/m3] 

Earthwork 36.76 35.00 211.76 

Reinforce-
ment 
works 
(∅12) 

1906.54 195.21 2882.59 

Reinforce-
ment 
works 
(∅14) 

4765.31 325.02 6390.41 

Concrete 
works 12000.00 725.50 15627.50 

Table 4: The cost and time required for the construction of 
a RC diaphragm for the first variant 

The phase 
of lamellas 
execution 

Cost price 
[rsd] 

Time required 
for the 

construction 
[day] 

1 24,865.09 2 

2 1,088,835.66 5 

3 1,834,981.00 4 

4 23,223.00 1 

5 1,016,969.91 5 

6 1,713,867.93 4 

7 528,800.70 3 

8 560,339.64 3 

Total 6,791,883.92 27 

Table 5: The cost required for the construction of a RC 
diaphragm for the second variant 

The phase 
of lamellas 
execution 

Cost price 
[rsd] 

Time required 
for the 

construction 
[day] 

1 17,622.83 1 

2 771,699.06 5 

3 1,378,658.05 4 

4 15,232.04 1 

5 667,006.89 4 

6 1,124,086.08 4 
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7 15,232.04 1 

8 667,006.89 4 

9 1,124,086.08 4 

10 528,800.70 3 

11 560,339.64 3 

Total 6,869,770.30 34 

4. ANALYSIS OF THE RESULTS

4.1. Cost of performed works for the building of a RC 
diaphragm 

The calculated values of the cost price of the 
performed works for the two execution variants can be 
shown graphically. The cost price for the first variant is 
6,791,883.92rsd (when every second lamella is build), 
which is shown by the left bar on the diagram in Figure 11. 
The cost price for the second variant is 6,869,770.30rsd 
(when every third lamella is build), which is shown by the 
right bar on the diagram in Figure 11. These values are 
shown graphically because it is the easiest way to see the 
difference between the two described variants of building 
RC diaphragms. 

4.2. The time required for the building of a RC diaphragm 
Time analysis was done for each phase of works 

individually. The phases of the works are described in 
chapters 2.3 and 2.4. For the first variant (when every 
second lamella is building) the phases are described in 
chapter 2.3 and the total time required for construction is 
given in Table 4. For the second variant (when every third 
lamella is building) the phases are described in chapter 2.4 
and the total time required for construction is given in table 
5. The time required to the building of a reinforced
diaphragm according to the first variant is 27 days and is
shown in the left bar of the diagram in Figure 12. The time
required to the building of a reinforced diaphragm
according to the second variant is 34 days and is shown in
the right bar of the diagram in Figure 12.

Figure 11: The cost required for the construction of a RC 
diaphragm 

Figure 12: The time required for the construction of a RC 
diaphragm 

4.3. Discussion of the results 
From the diagram shown in Figure 11, it can be seen 

that the cost values of building RC diaphragms are 
approximate. Since the cost values are approximate, the 
variant by which the RC diaphragms will be building is 
chosen based on other factors. The choice of variant usually 
depends on the security factor for the adjacent buildings. 
During the excavation of the pit for reinforced concrete 
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diaphragms, the stability of the adjacent buildings must not 
be endangered. The choice of the variant with which the 
reinforced diaphragms will be built also depends on the 
situation on the construction site, i.e., some characteristics 
that can be noticed only on the construction site. For the 
given example, the cost price of the second variant is higher 
by 1.13%, so the choice should not perform according to the 
cost required for the construction of RC diaphragms. 

The opposite to the cost required for the building of 
RC diaphragms, the choice of variant could be defined by 
the required number of working days for the execution of 
RC diaphragms. A more complex execution procedure 
when every third lamella of the diaphragm is building 
results in the division of works into several positions, and 
because is required more time for building diaphragm. 
From the diagram shown in Figure 12, it can be seen that 
the number of days required to build a diaphragm according 
to the second variant is higher by 20.59%. With a good 
organization of works and comparatively building of 
diaphragm segments, this difference between two variants 
can be reduced, but in that case, a larger number of workers 
would be needed to build RC diaphragms. 

5. CONCLUSION
For the given variants of execution of the RC 

diaphragm, the higher cost price and the time required for 
execution diaphragm is in the case when every third 
segment diaphragm is performed. Therefore, it is 
economically justified to building the RC diaphragms 
according to the first variant (when every second lamella is 
constructed). The building of the diaphragm according to 
the second variant is justified only in the case when the 
adjacent building is of great importance, so greater safety is 
required for the appearance of cracks and fissures. The 
building of the diaphragm according to the second variant 
is justified only in the case when the adjacent object is of 
great importance. This is justified because cracks are less 
probable to appear on an adjacent object during diaphragm 
building if every third segment of the diaphragm is 
performed. When reinforced concrete diaphragms are 
building according to the second variant, there is a smaller 
change in the equilibrium state in the soil, so the possibility 
of occurrence cracks on the adjacent building is smaller. 
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Serviceability limit state analysis is an important part of the design of reinforced concrete structures in order to 
meet the requirements of functionality, durability and aesthetics of the structure. The application of European standards 
(Eurocodes) in construction in the Republic of Serbia has started recently and there are still disagreements in the 
interpretation of certain provisions of the standards. On a simply supported reinforced concrete beam at an authoritative 
cracked cross-section was analyzed the applications of different combinations of permanent and variable actions for 
purpose of calculation characteristic crack width and deflections at the moment after inflicting load of a class S4 structure 
and at the end of service life. The results of the calculation according to Eurocode are compared with the results of the 
calculation according to the Standard for Concrete and Reinforced Concrete from 1987 for interpretation and selection of 
the relevant combination of actions. 

Keywords: Serviceability limit state analysis, Reinforced concrete beam, cracked cross-section 
 

1. INTRODUCTION 

Design of reinforced concrete (RC) structural 
elements by ultimate limit state (ULS) does not 
necessarily provide desired behaviour of structures and 
their elements in different moments during their service 
life, due to differences in actions intensity in regard to 
the intensity that provides equilibrium. Thus, 
serviceability limit state analysis (SLS) was introduced 
that evaluates the performance of structures during 
service life by taking into account criteria of 
functionality, durability and aesthetics.  

SLS is actually an analysis of a stress-strain state 
of structures and their elements in which, under the 
combination of actions that occur during service life, 
some of the criteria for suitability of structures given in 
construction standards are met. In case of transgression 
of determined SLS criteria, structures or some of their 
elements are considered unsuitable for exploitation 
independently from their load bearing capacity. 

These criteria of functionality, durability and 
aesthetics in SLS are evaluated by controlling 
parameters: 

• Stress levels in materials – concrete and 
reinforcement steel, 

• Width of cracks on RC structural elements, 
• Displacement – usually deflection of  RC 

structural elements, 
• Vibrations. 
In SLS analysis, when carrying out control of 

mentioned parameters, must be taken into account 
effects of creep and shrinkage of concrete during time as 
viscoelastoplastic material with the pronounced trait of 
aging. Creep and shrinkage of concrete are time 
dependent deformations. Due to the inhomogeneity of 
the structure of the concrete itself, the shrinkage cannot 
take place completely freely and it is uneven inside the 
concrete. Interferences to free shrinkage represent the 

occurrence of reinforcement bars, as well as possible 
connections on the supports and contours of the 
elements. On the other hand, creep of hardened concrete 
is a phenomenon of gradual increase of elastic 
deformations of concrete that occur at the time of 
loading, under the further action of long-term loads. 
Differences in rheological properties, between concrete 
and steel which co-act under long term load, provide 
significant redistribution of stresses over time and 
changes stress-strain state in cross-sections of the RC 
elements. Thus, under long-term load occurs an increase 
of stress levels, concrete crack width and deflection. 

SLS uses the usual calculation models for the 
characteristic stress-strain states: for the cross-section of 
structural element without cracks (state I) and the cross-
section in element with cracks (state II), but must be 
used such stress and strain relations in concrete and steel, 
that as realistically as possible, show the actual 
behaviour of these materials in the conditions of service 
life of the RC structures. 

The application of European standards in 
construction in the Republic of Serbia has started 
recently and there are still disagreements in the 
interpretation of certain provisions of the standards. The 
standard for Concrete and Reinforced Concrete from 
1987 (PBAB87) that was used in the Republic of Serbia 
before the introduction of Eurocodes defined that SLS 
analysis was conducted into two steps: 

• Step 1: control of stresses, crack width and 
deflection at the moment after inflicting load 
(t0) 

• Step 2: starting from the previous step, 
calculations of changes of stresses, crack width 
and deflection were conducted taking into 
account the effect of creep and shrinkage of 
concrete in a determined time interval (t0-t∞) 
under the constant intensity of actions on the 
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structure. Moment of time t∞ was usually the 
end of service life of the concrete structure [1]. 

On the other hand, new standards for SLS analysis in 
concrete structures, European standard SRPS EN 1992-
1-1:2015, does not give such specific guidelines as
PBAB87, and according to it control of stresses, crack
width and deflection at the moment after inflicting load
(t0) is optional [2]. This regulation gives appropriate data
for SLS analysis with short-term load, which is
necessary for control at the moment after inflicting load
(t0), and analysis with long-term load for control during
the service life of the structure. The practice has shown
that it is preferable to perform SLS analysis for both
moments, for the beginning of service life t0 and for the
end of service life t∞. This is especially true for purpose
of service and revitalization of the existing concrete
structures, in which analysis for these moments gives
engineers better imaging of the development of stresses,
cracks and deflection [3-4].

This paper shows SLS analyses (only crack width 
and deflection control) conducted for a simply supported 
reinforced concrete beam at an authoritative cracked 
cross-section conducted with different combinations of 
permanent and variable actions during the time from 
moment t0 to the end of service life, moment t∞. 
Different combinations of actions are from two different 
standards, PBAB87 and SRPS EN 1990:2012 which 
gives optional combinations for engineers based on the 
nature of actions and deformation state of the structural 
elements [5]. The results of the analysis according to 
Eurocode are compared with the results of the 
calculation according to the standard PBAB87 for 
interpretation and selection of the relevant combination 
of actions. 

2. EXPERIMENTAL ANALYSIS
Ultimate limit state designs of the RC elements 

are conducted with the combination of actions formed by 
increasing values of permanent and variable actions with 
partial factors (γ) for accounting model uncertainties, 
dimensional variations and the possibility of 
unfavourable deviations of the action values from the 
representative values. On the other hand, in the 
serviceability limit state analysis, actions are not 
increased with partial factors (γ=1), because in the 
normal exploitation of the RC structures, the 
serviceability limit state can be achieved, but not 
exceeded.  

SRPS EN 1990 for SLS analysis gives the 
following combinations of actions [5]: 

• Characteristic combination for irreversible
serviceability limit states:
ΣGk,j+P+Qk,1+ΣQk,i·ψ0,i (j≥1,i>1)  (1) 

• Frequent combination for verification of
reversible serviceability limit states involving
accidental actions:
ΣGk,j+P+Qk,1·ψ1,i +ΣQk,i·ψ2,i (j,i>1)  (2) 

• Quasi-permanent combination for verification
of reversible serviceability limit states and
calculation of the long-term effects:
ΣGk,j+P+ΣQk,i·ψ2,i (j,i≥1)  (3) 

where are: 
Gk,j – characteristic value of permanent action j 
P – relevant representative value of a prestressing action 
Qk,1 – characteristic value of the leading variable action 
1 
Qk,i – characteristic value of the accompanying variable 
action i 
ψ0 – factor for the characteristic value of a variable 
action 
ψ1 – factor for the frequent value of a variable action 
ψ2 – factor for the quasi-permanent value of a variable 
action 

SLS analyses conducted in this paper based on 
SRPS EN 1992-1-1 includes permanent and imposed 
load for residential buildings as a variable load, thus only 
characteristic and quasi-permanent combinations were 
applicable on basis that cracked RC beam is in the 
irreversible limit state, and controls of crack width and 
deflection at the end of service life are calculated with 
the long-term effects.  

Analyses based on PBAB87 are using a 
combination of loads without any factors [1]: 

ΣGk,j+P+ΣQk,i (j,i≥1)  (4) 
In total, four combination analysis were made: 
1) K-K combination analysis with characteristic

(1) combination of actions – load for crack
width control and deflection volume control
for moments t0 with short-term effects and t∞
with long-term effects

2) K-QP combination analysis with
characteristic (1) combination of actions – 
load for crack width control and deflection 
volume control for moment t0 with short-term 
effects and quasi-permanent combination (3) 
for moments t∞ during and at the end of 
service life with long-term effects 

3) QP-QP combination analysis with quasi-
permanent (3) combination of actions – load
for crack width control and deflection
volume control for moments t0 with short-
term effects and t∞ with long-term effects

4) PBAB combination analysis with (4)
combination of actions – load for crack width
control and deflection volume control for
moments t0 with short-term effects and t∞
with long-term effects

These combination analyses were conducted to 
observe a change of crack width and deflection volume 
through time from moment t0 to moment t∞ for a class S4 
structure with a life service of 50 years. These SLS 
parameters are also calculated for moments of 1, 3, 5, 10, 
15, 20, 30 and 40 years to complete the display of their 
change. Also, a change of crack width and deflection 
volume are observed with modification of characteristic 
compressive strength of concrete after 28 days of curing. 
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2.1. Crack width control 
Crack width control is usually conducted by 

calculating the characteristic value of crack width at the 
specific moment of service life of the RC structure and 
comparing it with the limit value. Controls based on 
SRPS EN 1992-1-1 and PBAB87 have the same 
principles, and their general calculation algorithm is 
shown in Figure 1. 

The calculation of characteristic crack width is 
based on experimental results and theoretical models. As 
in figure 1 protocol of calculation consists of: 

• Determination of geometrical and mechanical 
characteristics of effective load bearing cross-
section without creep effect for the moment 
after inflicting load t0, and with creep effect for 
the moment t∞ during and at the end of service 
life. Creep of concrete changes its modulus of 
elasticity, increase crack width over time and 
their propagation depth in an authoritative 
cracked cross-section, thus decreasing the 
effective area of a cross-section and decreasing 

load bearing capacity of the observed RC 
element. 

• Calculation of medium values of concrete strain 
εcm and steel strain εsm. Given that there is a co-
act between concrete and steel in the tensile part 
of cross-section, concrete is tensed to a certain 
level which is lower than the strain level of 
reinforcement steel. The difference between 
these strains represents crack width. 

• Calculation of distance between two successive 
cross-sections with formed cracks on the 
element. 

• The characteristic value of the crack width 
represents a product of the difference between 
strains of concrete and steel and maximal 
distance between cracks. Crack with at the 
moment t0 is designated as wk(t0) and at the 
moment t∞ as wk(t∞). 

 
Figure 1: Crack width control algorithm 
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2.2. Deflection volume control 
Independently from the type of their material, all 

structures under load are deformed. For engineering 
purposes, usually vertical and horizontal displacements are 
calculated. Vertical displacements (deflections) are mostly 
the result of gravitational pull and deformations from 

flexural moments. Horizontal displacements are mostly the 
result of horizontal actions like earthquakes and wind. 

Deflection with increased volume rarely endangers 
the stability and durability of structures. Reasons for its 
control and limitations are the functionality and aesthetics 
of the structure. 

Figure 2: Deflection control algorithm 

More than few procedures were developed for 
deflection volume control, and they are mostly based on a 
simple principle of determination with two limit values 
(Figure 2). It is considered that the realistic stress-strain 
state of the observed RC cracked beam for the SLS 
deflection control is between one with uncracked cross-
section (state I) and one with fully formed crack (state II), 
thus two deformation parameters (αI and αII) are calculated 
and combined with interpolation coefficient ζ as in Figure 
2. This is done because in a cracked beam there are cross-
sections with cracks and between them cross-sections
without cracks in which concrete in the tensile area
participates in load bearing capacity of the beam, due to
co-act with reinforcement steel bars. As a deformation

parameter for deflection control calculation, usually is 
chosen effective medium curve in a large number of 
relatively close sections of the RC element. 

The characteristic value of deflection at moment t0 
is calculated without creep and shrinkage effects and 
designated as vt0, and at the moment t∞ characteristic value 
of deflection is calculated taking into account creep and 
shrinkage effects and it is designated as vt∞.  

3. RESULTS OF ANALYSIS
With mentioned four different SLS combination 

analyses, studies were made in which were observed 
changes of crack width and deflection over time and 
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changes concerning different values of characteristic 
compressive strength of concrete in two specific moments 
t0 and t∞.   

3.1. Analysis in accordance with SRPS EN 1992-1-1 
SLS analysis was conducted on a simply supported 

reinforced concrete beam with a span L=4.5m. Beam had 
uniformly distributed permanent and variable induced load 
(category A for residential buildings) g=q=10KN/m’ for 
the first study - SLS parameters through time, and 
g=q=15KN/m’ for the second study – SLS parameters 
concerning concrete strength. In accordance with the ULS 
design, the value of flexural moment in beams midspan 
(authoritative cross-section) was calculated by using 
appropriate partial factors for actions – loads (γG=1.35 for 
permanent load and γQ=1.5 for variable load) and partial 
factors for materials. Used concrete for the first study was 
with strength class C30/37 and for the second study four 
different strength classes were used: C20/25, C25/30, 
C30/37 and C35/45. Reinforcement steel class B500 was 
used for both studies. With this data was calculated 
required main tensile cross-sectional area of 
reinforcement. For the first study required reinforcement 
area was Aa1,req=10.32cm2 and for the second study value 
of the required reinforcement area changed with concrete 
strength ranging Aa1,req=10.03-11.91cm2. For all calculated 
cross-sections were adopted four main reinforcement bars 
with diameter Ø20mm with total cross-sectional area 
Aa1,req=12.57cm2. Additional two bars with diameter 
Ø12mm were adopted in corners of the cross-sectional 
compressed area and also were adopted stirrups UØ8mm. 
The nominal value of the concrete cover layer was adopted 
cnom=3cm. The adopted cross-section for analyses is shown 
in Figure 3 [2]. 

 
Figure 3: Authoritative cross-section of the observed beam 

in SLS analysis 
For purpose of calculating linear creep coefficient 

and shrinkage adopted surrounding had a relative humidity 
of 50%. Concrete cured for 28 days at a temperature of 
20°C and was cared for 7 days after casting. 

After ULS design, SLS combination analyses were 
conducted by following protocols from Figures 1-2 with 
two different combinations of permanent and variable 
loads (ψ0=0.7 and ψ2=0.3 for category A) [2, 5]. 
Characteristic load value in accordance with (1) was 
qK=g+q·ψ0=17KN/m’ for the first study and 
qK=g+q·ψ0=25.5KN/m’ for the second study. Quasi-

permanent load value in accordance with (3) was 
qQP=g+q·ψ2=16KN/m’ for the first study and 
qQP=g+q·ψ2=24KN/m’ for the second study. These load 
values were used in three analyses, K-K, K-QP and QP-
QP, as previously said [2]. 

3.2. Analysis in accordance with PBAB87 
In order to make analyses with two different 

standards comparative, it was used same load values on 
the same RC beam with the same materials, steel with 
characteristic yield strength fyk=500MPa and concrete with 
same characteristic compressive strength. While SRPS EN 
1992-1-1 uses compressive strength of concrete measured 
on cylindrical specimens (the first number in designation 
in MPa) and cube specimens with edge length 15cm (the 
second number in designation in MPa), standard PBAB87 
uses compressive strength measured on cube specimens 
with edge length 20cm, thus calibration of input 
parameters from SRPS EN 1992-1-1 analysis was required 
by multiplying strength with coefficient 0.95 to gain 
values similar to strength measured on cubes with edge 
20cm. For example concrete class C30/37 
(fck,cube,15=37MPa) is equal to concrete class MB35 in 
PBAB 87 (fck,cube,20=37·0.95=35MPa) [1]. An important 
difference between the two standards is the way that they 
trait reinforcement capacity and ductility of materials in 
cross-section. While PBAB87 allows strain in 
reinforcement up to εs,PBAB≤-10‰, SRPS EN 1992-1-1 
allows higher strains in reinforcement (εs,SRPSEN≤-20‰) by 
taking into account ductility. For this reason, ULS design 
in both studies is limited to strain εs,PBAB= εs,SRPSEN≤-10‰. 

Permanent and variable loads in PBAB87 analyses 
were multiplied with different partial factors (γG=1.6 for 
permanent load and γQ=1.8 for variable load) than those 
from SRPS EN 1992-1-1 analyses. ULS design in 
accordance with PBAB87 gave similar values of required 
reinforcement area, Aa1,req=10.43cm2 for the first study, 
and values ranging Aa1,req=10.19-11.34cm2 for the second 
study, thus the same authoritative cross-section was 
adopted (Figure 3). 

SLS analyses was performed with principles shown 
in figures 1-2 in accordance with standard PBAB87 and 
with load combination (4) and values qPBAB=g+q 
=20KN/m’ for the first study and qPBAB=g+q =30KN/m’ 
for the second study.  

3.3. Changes of crack width and deflection through time 
Results for this study with four different 

combinations of loads in accordance with SRPS EN1992-
1-1 and PBAB87 are shown in Figures 4-5, statistically 
processed with common logarithmic equations and 
presented as diagrams [6]. In Table 1 are given exact 
values of crack width and deflection, as well as calculated 
linear creep coefficient and shrinkage volume of concrete 
in specific moments of service life of the observed simply 
supported RC beam for S4 class structure (service life of 
50 years). Calculations were conducted for time periods of 
t0=28days, 1 year, 3 years, 5 years, 10 years, 15 years, 20 
years, 30 years, 40 years and t∞=50years. 
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Table 1: Values of crack width, deflections, creep coefficients and shrinkage trough time for combination analyses K-K, K-
QP. QP-QP and PBAB 

t t0 1 3 5 10 15 20 30 40 50 [years] 

φ(t,∞) - 1.896 2.208 2.298 2.375 2.408 2.418 2.433 2.441 2.445 - 

εcs - 0.414 0.464 0.475 0.484 0.487 0.489 0.49 0.491 0.491 [mm/m']

wK-K 0.208 0.229 0.23 0.231 0.231 0.231 0.232 0.232 0.232 0.232 [mm]

wK-QP 0.208 0.149 0.151 0.152 0.152 0.152 0.152 0.152 0.152 0.152 [mm]

wQP-QP 0.127 0.149 0.151 0.152 0.152 0.152 0.152 0.152 0.152 0.152 [mm]

wPBAB 0.244 0.257 0.258 0.258 0.258 0.258 0.258 0.259 0.259 0.259 [mm]

vK-K 1.613 2.041 2.137 2.162 2.183 2.19 2.194 2.197 2.199 2.201 [cm]

vK-QP 1.613 1.411 1.487 1.506 1.521 1.527 1.53 1.533 1.534 1.535 [cm]

vQP-QP 1.108 1.411 1.487 1.506 1.521 1.527 1.53 1.533 1.534 1.535 [cm]

vPBAB 1.104 1.72 1.794 1.816 1.834 1.842 1.846 1.851 1.855 1.858 [cm]

Figure 4: Change of crack width in concrete through time 

Figure 5: Change of deflection volume in concrete through time 
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3.4. Crack width and deflection with regard to different 
concrete compressive strengths 

Results for this study with four different 
combinations of loads in accordance with SRPS EN1992-
1-1 and PBAB87 are shown in Figures 6-7. Crack width 
and deflection were calculated for two moments, 
t0=28days after inflicting loads and t∞=50years at the end 
of service life of the RC beam.  

In Table 2 are given values of compressive 
strengths used in analyses from both standards (fck,cube,15 
from SRPS EN 1992-1-1 and fck,cube,15 from PBAB), as 
well as steel strains calculated in ULS design and linear 
creep coefficients and shrinkage values for different 
strength classes of concrete. 

  

 
Figure 6: Change of crack width with regard to different concrete compressive strengths 

 

 
Figure 7: Change of deflection volume with regard to different concrete compressive strengths 
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Table 2: Values of characteristic compression strength of concrete, strains of reinforcement, creep coefficient and 
shrinkage for combination analyses K-K, K-QP. QP-QP and PBAB 

fck,cube,15 C20/25 C25/30 C30/37 C35/45 [MPa] 

fck,cube,20 23.75 28.5 35.15 42.75 [MPa] 

φ(t,∞) 3.218 2.797 2.445 2.156 - 

εcs 0.523 0.506 0.491 0.478 [mm/m'] 

Aa1 12.57 12.57 12.57 12.57 [cm2] 

εs,PBAB 3.73 5.513 7.534 9.583 [‰] 

εs,SRPSEN 1.96 3.999 5.946 7.859 [‰] 

4. DISCUSSION OF THE RESULTS

4.1. Changes of crack width and deflection through time 
4.1.1. Crack width 

The highest value of crack width is 0.259mm, 
calculated at t∞=50years of the age, of the RC beam with 
PBAB combination of actions – loads, and the lowest 
value of crack width is 0.127mm, calculated at the 
moment after inflicting load t0=28days with quasi-
permanent combination analysis QP-QP.  

Combination analyses PBAB, K-K and QP-QP 
have an increase in values from moment t0 to moment 
t∞=50years. This increase is more intense at the beginning 
of service life and through time it approaches constant 
values which are in accordance with theoretical knowledge 
and experimental data, and it follows an increase in creep 
and shrinkage of concrete, time dependent deformations. 
Crack width for combination analysis PBAB is in the 
range 0.244-0.259mm, for combination analysis K-K is in 
the range 0.208-0.232mm and for combination analysis 
QP-QP is in the range 0.127-0.152mm. Combination 
analysis K-QP has a decrease in crack width from moment 
t0 with a value of 0.208mm to moment t∞ with a value of 
0.152mm, due to calculation with two different load 
combinations used for moments t0 and t∞ (a characteristic 
combination for moment at t0 gives higher values of crack 
width than those with quasi-permanent combination) [7-
11]. 

4.1.2. Deflection values 
The highest value of deflection is 2.201cm, 

calculated at t∞=50years of the age of the RC beam with 
K-K characteristic combination of actions – loads, and the
lowest value of deflection is 1.104cm, calculated at the
moment after inflicting load t0=28days with combination
analysis PBAB.

Combination analyses PBAB, K-K and QP-QP 
have an increase in values from moment t0 to moment 
t∞=50years. This increase is more intense at the beginning 
of service life and through time it approaches constant 
values which are in accordance with theoretical knowledge 
and experimental data, and it follows an increase in creep 
and shrinkage of concrete. Deflection for combination 
analysis PBAB is in the range 1.104-1.858cm, for 
combination analysis K-K is in the range 1.613-2.201cm 
and for combination analysis QP-QP is in the range 1.108-

1.535cm. Combination analysis K-QP has a decrease in 
deflection volume from moment t0 with value 1.613cm to 
moment t∞ with value 1.535cm, due to calculation with 
two different load combinations used for moments t0 and 
t∞ [7-11]. 

4.2. Crack width and deflection with regard to different 
concrete compressive strengths 

4.2.1. Crack width 
The lowest calculated crack width at moment 

t0=28days is 0.125mm for C35/45 with quasi-permanent 
load combination analysis QP-QP and the highest at the 
same moment is 0.248mm for C20/25 with combination 
analysis PBAB. The lowest calculated crack width at 
moment t∞=50years is 0.15mm for C35/45 with quasi-
permanent load combination analysis QP-QP and the 
highest at the same moment is 0.264mm for C20/25 with 
combination analysis PBAB. All combination analyses for 
both moments of time have a decrease in crack width 
when increasing the compressive strength class of the 
concrete, due to an increase in tensile strength of concrete. 
Higher strength is followed by an appropriate decrease of 
creep and shrinkage and lower deformations [7-11].   

4.2.2. Deflection values 
The lowest calculated deflection at moment 

t0=28days is 1.059cm for C35/45 with quasi-permanent 
load combination analysis QP-QP and the highest at the 
same moment is 1.716cm for C20/25 with characteristic 
combination analysis K-K. The lowest calculated 
deflection at moment t∞=50years is 1.471cm for C35/45 
with quasi-permanent load combination analysis QP-QP 
and the highest at the same moment is 2.43cm for C20/25 
with characteristic combination analysis K-K. All 
combination analyses for both moments of time have a 
decrease in deflection when increasing the compressive 
strength class of the concrete and it is followed by an 
appropriate decrease of creep and shrinkage and lower 
deformations.  

Standard PBAB87 comparing to Eurocodes was 
designed for use of materials with lower strengths. 
Previously for reinforcement bars was used steel with 
characteristic yield strength fyk=240-400MPa instead of 
now commonly used reinforcement B500 with 
characteristic yield strength fyk=500MPa. The use of 
concrete and steel with higher strengths allowed the design 
of smaller cross-sections and elements with larger spans. 
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Also, new materials kept a similar modulus of elasticity to 
older materials, thus the same ULS requirements are now 
met with elements with lower stiffness, but with a higher 
volume of deflections, thus shown results from PBAB87 
combination analyses should be lower if reinforcement 
strains from SRPS EN 1992-1-1 are considered as more 
realistic [7-11].  

 

5. CONCLUSION 
The primary objective of this study was to evaluate 

referent load combination for moments t0 and t∞ in SLS 
analysis. Results from the study indicate the following:  

• It is not possible to use different combinations of 
actions – loads for different moments in one same 
SLS analysis, 

• Crack width calculated with standard PBAB are 
higher in volume than crack width calculated 
with any possible combinations with standard 
SRPS EN 1992-1-1, 

• Deflections calculated with standard PBAB are 
higher in volume than deflections calculated with 
quasi-permanent combination and lower than 
those calculated with characteristic combination 
in accordance with standard SRPS EN 1992-1-1.   

This research has shown that, in comparison with 
standard PBAB87, a quasi-permanent combination of 
actions in standard SRPS EN 1992-1-1 is most adequate to 
use in SLS controls, but with reserve, due to 
incompatibility of two standards which is observed in 
strains of reinforcement steel. 
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The efficiency comparison has been analyzed in this paper for the two spatial interpolation methods that have been 
most commonly used in the practice, for averaging precipitation data on the experimental catchment of the Kolubara river 
upstream of the Peštan river confluence, in the Republic of Serbia. The analyzed methods are most commonly used in 
engineering practice: the Thiessen polygon method and the Linear interpolation method based on the TIN network. The 
prediction efficiency of the average annual precipitation for a certain location, performed using the cross-validation method, 
showed that both analyzed methods have low efficiency of point data prediction and that both methods are very sensitive to 
the exclusion of at least one rain-gauge station. Sensitivity analysis of dependence spatially averaged value of annual 
precipitation for a given area and the number of precipitation stations, performed for four scenarios: S1 - only precipitation 
stations in the basin, S2 - precipitation stations up to 10 km from the basin boundary, S3 - precipitation stations up to 20 km 
from the basin boundary and S4 - precipitation station up to 30 km from the basin boundary, showed that for adequate 
application of both methods it is necessary to include the surrounding stations up to 20 km from the basin boundary. 

 
Keywords: Spatial interpolation, Precipitation, Thiessen polygons, TIN interpolation, Kolubara  

1. INTRODUCTION 
The average annual precipitation data are one of 

the most important input data for the design of many 
hydro-technical structures. Based on this data, the average 
annual volume of rainfall water in a basin is calculated, 
which is used in further hydrological studies required for 
complex hydro-technical analyses [1]. 

The measured data of precipitation at the locations 
of rain gauge stations represent spatially distributed 
"point" data. Therefore, the problem of spatial 
interpolation of precipitation data belongs to the group of 
problems of spatial interpolation of point data [2]. The 
need for interpolation of precipitation data occurs in the 
two most common cases: for a specific area (basin) and a 
specific location (point). 

The precipitation data spatial interpolation 
problem has been actual in scientific circles for several 
decades [3]. For spatial interpolation of precipitation data, 
a large number of different methods have been developed 
[4], such as the Thiessen polygon method, the Inverse 
Distance Weighting, the Linear interpolation method, the 
Polynomial interpolation method, the Spline interpolation 
method, the Moving Window Regression method, and 
different variations of Kriging method. Despite the 
constant progress of spatial interpolation methods, the 
oldest methods are still most often used in practice.. 

This paper aims to check the efficiency of the two 
most commonly used methods in predicting the average 
annual precipitation for a particular location (point), as 
well as the sensitivity analysis of these methods in 
determining the average annual precipitation on a given 
area (basin) concerning the number of precipitation 
stations. 

2. METHODS AND MATERIALS 

2.1. The spatial interpolation methods 
 
The relevance of the analyzed problem is 

represented in the existence of a large number of different 
spatial interpolation methods [4], but the practical 
application of most of these methods requires significant 
scientific knowledge, as well as extensive experience [5]. 
It is for this reason that methods that are significantly 
simpler to apply still have a high percentage of usage in 
practical application. The two most commonly used 
methods of spatial interpolation are the Thiessen polygons 
method and the Linear interpolation method based on the 
TIN network (TIN Linear interpolation). 

The Thiessen polygon method is based on 
determining the area on which the value of a point 
measurement is representative [2]. With this method, the 
value of measured precipitation at one point is spatially 
distributed over a certain area near the measuring station. 
This method is also known as the Nearest neighbor 
method. 

Determining the area on which the value of a point 
measurement will be spatially distributed is done by 
applying the half-distance method between the nearest 
neighboring stations. The half-distance method is based 
on the idea of splitting the distance between two points 
(two precipitation stations) with a line that is 
perpendicular to the length. By repeating this method for 
all points (precipitation stations) in the vicinity of the 
analyzed point, a polygon is formed, which represents the 
area on which the value of the point data will be spatially 
distributed. 

The Figure 1 shows the basic principle of the 
method application. 
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Figure 1: Thiessen interpolation method: a) making 
polygons with half-distance method and b) Thiessen 

polygons 
The Thiessen polygons method performs a 

uniform distribution of the point data value on the 
polygon surface, ie it assumes that the value of the point 
data is constant for a certain surface (region of influence), 
defined for each point by half-distance method 
application. The above assumption on which this method 
is based has its limitations, which will be stated in Chapter 
4 of this paper. 

Determination of the average annual precipitation 
value for a particular basin by the Thiessen polygons 
method is based on the weighting method, where the 
weighting coefficients represent the area percentage of 
each polygon in the total catchment area, as shown in 
Figure 2, and according to (1). 

Figure 2: Exampe of spatial interpoaltion of rainfall 
over area F by Thiessen polygons method 

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =  � �
𝐹𝐹𝑖𝑖
𝐹𝐹
�𝑃𝑃𝑖𝑖

𝑛𝑛

𝑖𝑖=1
 (1) 

where: 
𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  – is average value of precipitation over the analysed 
catchment, F – area of catchment, 𝐹𝐹𝑖𝑖 – individual areas for 
each polygon and 𝑃𝑃𝑖𝑖  – value of precipitation for each 
polygon. 

The Thiessen method data prediction for a specific 
location (point),  will determine the value which will be 
the same as the value of the nearest precipitation station. 
This type of point data prediction is a direct consequence 
of the Thiessen method basic assumption of the uniform 
distribution of point measurement data on a defined 
polygon. 

Figure 3 shows an example of the Thiessen 
polygon method prediction of point data values, and 
according to (2). 

Figure 3: Example of Thiessen polygon method for point 
data prediction 

𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 =  𝑃𝑃𝑖𝑖  ; 𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (min (𝑑𝑑𝑖𝑖)) (2) 
where: 

𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  – is point prediction of precipitation, 𝑑𝑑𝑖𝑖 – 
Euclidean distances to nearest points (gauging stations) 
and 𝑖𝑖 – is index of minimal distance. 

The linear interpolation method is based on the 
formation of a Triangular Irregular Network (TIN) 
between point measurement data. The TIN network is 
formed based on the Dalanuay method and has great 
application in other scientific fields as well [6]. The values 
between every two connected points in the TIN network 
have been linearly interpolated, and the location of the 
integer values has been determined. By merging points 
with the same integer values, isolines of interpolated 
value are formed. 

Unlike the Thiessen polygon method, the TIN 
linear interpolation method does not assume a uniform 
distribution of the measured values. The basic assumption 
of the Linear interpolation method is that the analyzed 
quantity is linearly distributed between the two measuring 
stations. 

Figure 4 shows the formation of the TIN m and the 
determination of precipitation isolines based on linearly 
interpolated values between precipitation stations, as well 
as the result of applying the TIN linear interpolation 
method in the form of a map of precipitation contour lines. 
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Figure 4: TIN Linear interpolation method: a) TIN mesh 
with interpolated values and b) map with contour lines. 

Calculation of the average precipitation value on a 
surface (basin) based on the results of TIN linear 
interpolation of point precipitation data is done by the 
method of planimetry of surfaces and their corresponding 
values of precipitation from the map of precipitation 
contour lines. Figure 5 shows an example, which is based 
on the application of (3). 

 Figure 5: Example of TIN linear interpolation method 
results application for averaging rainfall over some area 

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =  � �𝐹𝐹𝑖𝑖 �
𝑃𝑃𝑖𝑖 + 𝑃𝑃𝑖𝑖+1

2
�� /𝐹𝐹

𝑛𝑛

𝑖𝑖=1
 (3) 

where: 
𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 – is average value of precipitation over the 

analysed area (catchment), F – area of catchment, 𝐹𝐹𝑖𝑖 – 

individual areas betveen two contour lines and 𝑃𝑃𝑖𝑖  – value 
of precipitation for each contour line. 

The result of spatial interpolation of point 
measurement data by the TIN linear interpolation is a map 
of isolines, based on which a prediction of precipitation 
can be made for a specific location (point). The 
precipitation value can be determined directly from the 
digital map in raster format, or it can be calculated by 
linear interpolation between two isolines. 

Figure 6 shows an example of the point 
precipitation value determination by linear interpolation 
between two isolines, which is mathematically formulated 
by (4). 

 Figure 6: Example of point data prediction by linear 
interpolation between izolines 

𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 =  
𝑃𝑃𝑏𝑏 ∗ 𝑑𝑑𝑏𝑏 + 𝑃𝑃𝑎𝑎 ∗  𝑑𝑑𝑎𝑎

𝑑𝑑𝑏𝑏 + 𝑑𝑑𝑎𝑎
(4) 

where: 
𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  – is point prediction of precipitation value, 

𝑃𝑃𝑏𝑏  – is precipitation value for izoline before piont, 𝑃𝑃𝑎𝑎 – is 
precipitation value for izoline after piont, 𝑑𝑑𝑏𝑏 and 𝑑𝑑𝑎𝑎 – are 
Euclidean distances to nearest izolines before and after 
point. 

2.2. Experimental basin for spatial interpolation over a 
specific area 

For the sensitivity analysis between the number of 
precipitation stations and the results of average annual 
precipitation data spatial interpolation over a certain area, 
the basin of Kolubara river upstream of the Peštan river 
confluence was adopted as an experimental basin. The 
main advantage of the adopted experimental basin is the 
existence of the required number of precipitation stations, 
both in the basin and in the surrounding area. 

The basin of the Kolubara river upstream of the 
Peštan river confluence is located in the central part of the 
Republic of Serbia. The experimental basin is almost 
rectangular in shape, with a very branched hydrographic 
network that collects water from the mountains on the 
southern basin boundary and leads it to the outlet profile 
in the north. Figure 7 shows the analyzed basin.
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Figure 7: Location of Kolubara catchment with rain gauge stations 

The southern border of the experimental basin 
extends over the large mountain massifs of central Serbia. 
The east and southeast border of the basin goes over the 
Rudnik mountain (Cvijićev vrh, 1132 m) and its slopes. The 
south border of the basin goes over the Suvobor mountain 
(Crni vrh 882 m), which continues to the massif of 
Divčibare mountain (Kraljev sto 1104 m). On the west side, 
the basin is bounded by the mountain range Jablanik 
(Jablanik 1274m). 

The river flows in the basin have a dominant south-
north direction so that they drain water from the mountains 
in the south in the direction of the northern Kolubara 
lowland. The lowest part of the Kolubara river basin was 
excluded from analysis due to it has been significantly 
altered by surface coal mines and has a small number of 
precipitation stations. 

The analyzed part of the Kolubara river basin has a 
certain number of stations, which is sufficient for the 
application of chosen spatial interpolation methods, but for 
further analysis, the large number of precipitation stations 
in the vicinity of the analyzed basin is very important. 

As shown in Figure 7, precipitation stations have 
been divided into four groups: precipitation stations located 
in the Kolubara river basin, precipitation stations located up 
to 10 km from the basin boundary, precipitation stations 
located up to 20 km from the basin boundary, and 
precipitation stations located up to 30 km from the basin 
boundary. The four sets of data were formed, on the basis 
of which the analysis of the influence of the number of 
stations on the results of the spatial interpolation of the 

average annual precipitation on the experimental basin will 
be performed. 

2.3. Methods for prediction efficiency evaluation 
In addition to the analysis of the station number 

influence on the spatial interpolation results [7], the 
evaluation of the results of precipitation prediction at a 
certain point represents a significant assessment of the 
efficiency of a certain spatial interpolation method. 

To evaluate the point prediction efficiency of some 
analyzed spatial interpolation method, the Cross-validation 
method was used, which can be found in the scientific 
literature under the names: Jack Knife validation, Leave-
One-Out validation etc..  

The basic problem of the validation of the results for 
spatial interpolation of point data is reflected in the 
question: in relation to which data to validate? The cross-
validation method solves this problem very simply: 
validation is done in relation to one omitted station (one that 
is left out of the sample) in the spatial interpolation 
procedure. By repeating this procedure for each of the 
stations in the analyzed basin, two sets of precipitation data 
are obtained, one is the set of the observed or measured data, 
and the other is a set of predicted or simulated data. For the 
two obtained data sets, the correlation of the observed and 
simulated data was checked and a correlation coefficient 
was determined, which is often used in scientific researches 
as well [8]. 
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3. RESULTS AND DISCUSSION 
Spatial data interpolation methods are applied for the 

two most common cases: determining the mean value of the 
analyzed variable over a certain surface and determining the 
prediction of the point value of the analyzed variable. 

In this paper, two methods of spatial interpolation of 
point data were applied, the Thiessen polygon method and 
the TIN linear interpolation method. These methods are 
applied to the problem of determining the average annual 
amount of precipitation based on measurement data from 
precipitation stations. These methods of spatial 
interpolation are very common in engineering practice due 
to their simplicity of application. 

In hydrological practice, the problem of calculation 
of the average annual precipitation for a particular basin is 
very common. The value of average annual precipitation is 
very important data for various types of hydrological 
analyzes because it shows the average annual amount of 

water that falls on the analyzed basin. To determine the 
mean value of annual precipitation in the experimental 
basin of the river Kolubara upstream of the Peštan river 
confluence, the two analyzed spatial interpolation methods 
were applied. 

To analyze the influence of the precipitation station 
number on the results of spatial interpolation of the average 
annual precipitation in the basin, four scenarios were 
formed. The first scenario includes only precipitation 
stations located in the experimental basin. The second 
scenario includes all precipitation stations in the basin as 
well as precipitation stations that are up to 10 km away from 
the basin boundary. The third and fourth scenarios include 
all precipitation stations that are 20 and 30 km away from 
the basin border, respectively. Table 1 shows the data for 
each of the considered scenarios. 

Figures 8 and 9 show the results of applying the 
Thiessen polygon and TIN linear interpolation methods for 
each of the above scenarios, respectively. 

 

Table 1: Four scenarios with different data sets  

    
Thiessen polygon method TIN linear interpolation 

Scenario: 
Nunber of rain 
gauge stations: 

N 
min Pstation max Pstation 

Average annual rainfall 
Pkolubara 
[mm] 

Average annual rainfall 
Pkolubara 
[mm] 

S1 13 603.5 999.8 772.38 769.17 
S2 32 586.8 1017.7 758.20 757.88 
S3 48 586.8 1056.2 759.74 758.77 
S4 70 548.6 1056.2 759.74 758.75 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Results of Thiessen polygons method for calculation of average annual rainfall over the Kolubara river 
catchment for four scenarios  
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Figure 9: Results of TIN linear interpolation method for calculation of average annual rainfall over the Kolubara river 
catchment for four scenarios 

As shown in the previous figures, both spatial 
interpolation methods were applied for each scenario, and 
then, based on the obtained results, the mean value of 
annual precipitation in the experimental Kolubara river 
basin was determined. A results comparison of the 
application of these two spatial interpolation methods 
concerning the number of precipitation stations used in each 
of the four scenarios is shown in Figure 10. 

Figure 10: Dependace beatveen nuber of rainfall stations 
and average annual rainfall value for experimental 

catchment 

The results presented in Figure 10 show that both 
spatial interpolation methods are under the great influence 
of the number of input data, ie the number of precipitation 
stations in a particular case. Figure 10 shows the importance 
of including non-catchment rainfall stations when 
determining the mean annual rainfall for a catchment. 

In engineering practice, very often in the analyzes, 
only precipitation stations in the considered basin are used, 
which, as Figure 10 shows, can give significantly different 
results. In this particular case, the results of determining the 
values of mean annual precipitation for the surface of the 
experimental basin were significantly higher for both 
methods. The reason for this is the fact that the basic data 
set (scenario S1) included one precipitation station with a 
very high value of mean annual precipitation of 999.8 mm 
(Table 1, Figures 8 and 9). The mentioned data is not an 
out-layer because it was determined that it is a rain station 
Brezdje with a large amount of precipitation per year. Both 
methods comparison for scenario S1 shows that the TIN 
linear interpolation method is less influenced by the 
extreme value data, ie that the TIN linear interpolation 
method performs greater averaging of interpolated data than 
the Thiessen polygon method. 

Scenario S2 doubles the number of stations, and also 
included many stations with value of mean annual 
precipitation that is below the average for the experimental 
basin, resulting in a decreasing the value of mean annual 
precipitation for the experimental basin almost equally for 
both spatial interpolation methods. 
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Scenarios S3 and S4 give the same results for both 
methods of spatial interpolation, respectively. The above 
result can be interpreted from two aspects: from the aspect 
of the number of stations and the aspect of the distance of 
the surrounding stations from the basin boundary. 

The analysis of the results from the aspect of the 
number of stations gives the conclusion that for the 
calculation of average annual precipitation value for a 
certain basin it is necessary to include twice more 
precipitation stations in the vicinity of the basin than the 
number of precipitation stations in the analyzed basin. As 
shown in Table 2, scenario S3 included in the analysis 48 
precipitation cells of which 13 cells were located on the 
surface of the experimental basin, which roughly 
corresponds to the ratio of 1/3 of the cells in the basin and 
2/3 of the cells around the basin. The stated conclusion is 
equally valid for both analyzed methods of spatial 
interpolation. 

The analysis of the results from the aspect of the 
distance of the stations from the basin border gives the 
conclusion that for the calculation of the average annual 
precipitation values for a certain basin it is necessary to 
include all stations located up to 20 km from the basin 
border. This conclusion is equally valid for both analyzed 
methods of spatial interpolation. It is very important to note 
that the stated conclusion directly depends on the physical 
characteristics of the analyzed basin, ie on the shape of the 
basin and the topography of the basin. 

In order to generalize the two previously presented 
conclusions, it is necessary to repeat this experiment for a 
large number of basins with the same set of scenarios. This 
may be one of the directions of future research. 

The results of the application of the TIN linear 
interpolation method for scenario S4 (the largest number of 
stations), Figure 9 - S4, show the directions of precipitation 
distribution in the considered area, ie the dominant 
directions of precipitation clouds. Based on the above 
results, Figure 9 clearly shows that the clouds that bring 
precipitation to this area come from the southwest, and that 
most precipitation is emitted in that part. It can also be seen 
that precipitation clouds move from there in two directions, 
in the direction of the east, along the southern border of the 
basin, in the direction of the mountain Rudnik, and in the 
northern direction, along the western border of the basin, 
very likely guided by air currents. 

Figure 9, scenario S4, is a good basis for making 
general conclusions, but for a serious analysis of the 
direction of rain clouds movement in this area it would be 
necessary to have a data of the dominant directions wind 
speed and air masses movement. 

These spatial interpolation methods have the ability 
to predict the analyzed value at points where there is no 
measurement data. Some scientists believe that the 
efficiency of a spatial interpolation method can be directly 
determined on the basis of the efficiency of prediction of 
that method, forgetting the importance of applying that 
spatial interpolation method in calculation of the mean 
value over a surface. In addition, it is indisputable that the 
ability to predict point data is one of the important 
indicators of the efficiency of a spatial interpolation 
method. 

A large number of different methods can be found in 
the scientific literature to determine the efficiency of point 

data prediction of a method, but cross-validation method is 
definitely the most common. As previously stated, the 
method is based on the principle of omitting one from the 
input data set, and determining the value for the omitted 
data based on the spatial interpolation of the remaining data 
from the set. By repeating the procedure for all data from 
the set, a correlation dependence can be determined 
between the observed data from the input data set and the 
values of the data determined by their omission, or the 
simulated values. 

The diagram with the values of the observed data on 
the abscissa and the values of the simulated data on the 
ordinate, shows the prediction efficiency of the selected 
spatial interpolation method. The closer the data to the line 
(5) are, the more efficient the chosen prediction metod is. 

 
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 =  𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 (5) 

 
For the quantitative determination of the prediction 

efficiency of a spatial interpolation method, the correlation 
coefficient between sets of observed and simulated data is 
usually determined, according to (6): 

𝑅𝑅2 =  
�∑ �𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 − 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜������ ∗ (𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖 − 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠�����)𝑛𝑛

𝑖𝑖=1 �2

∑ �𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 − 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜������2 ∗ �𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖 − 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠������2𝑛𝑛
𝑖𝑖=1

 (6) 

where: 
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 – is observed value of average annual precipitation 
measured in rainfall gauging station, 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 – is simulated 
value of average annual precipitation determened by 
application of spatial interpolation method, 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜����� – is 
average value of observed precipitation data and 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠����� – is 
average value of simulated precipitation data. 

For scenario S4, cross-validation has been 
performed for both spatial interpolation methods, with leave 
out one by one the data from 13 precipitation stations 
located in the experimental basin. Figures 11 and 12 show 
the results of cross-validation for the Thiessen polygon 
method and the TIN linear interpolation method, 
respectively. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11: Results of cross-validation for Thiessen 
polygon method 
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Figure 12: Results of cross-validation for TIN linear 
interpolation method 

The results of cross-validation for the Thiessen 
polygon method, Figure 11, show a very low correlation 
coefficient, although as many as 5 of the 13 data are in close 
proximity to the correlation line given by (5). The 
consequence of the basic assumption of the Thiessen 
polygon method is uniform distribution of the measured 
value over the entire surface of the polygon. This 
assumption results in very large jumps in the value of the 
prediction of point data during relatively small changes in 
spacing, especially when the observed points are located on 
different sides of the polygon boundary. 

The TIN linear interpolation method also has a very 
low correlation coefficient (Figure 12), although it is 
slightly higher than the correlation coefficient for the 
Thiessen polygon method. Figure 12 shows that all points 
on the diagram are grouped around a horizontal line that has 
the value 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠�����. The above conclusion supports the 
previously stated claim that the TIN linear interpolation 
method averages the values of the observed data 
significantly more than the Thiessen polygon method. 

Based on the presented diagrams, it can be 
concluded that none of the analyzed methods has 
satisfactory efficiency in terms of prediction of point data, 
but that both methods are satisfactorily effective in terms of 
averaging data over a certain area. 

4. CONCLUSIONS

In this paper, the comparison of two spatial 
interpolation methods of point data, the method of Thiessen 
polygons and the method of TIN linear interpolation, has 
been made on the example of determining the values of 
mean annual precipitation for the experimental basin on the 
river Kolubara, analyzing the dependence of the results on 
the number of precipitation station, and the point data 
prediction efficiency using the cross-validation method. 
Based on the obtained results, the following conclusions 
were made: 

- Both analyzed methods of spatial interpolation are
highly dependent on the number of precipitation stations 

involved in the calculation of the mean annual precipitation 
value for a basin. 

- For the adequate application of both analyzed
methods, it is necessary to include in the analysis twice the 
number of precipitation stations located around the basin 
than the number of precipitation stations located in the 
basin. 

- The results of the calculation of the value of
average annual precipitation for a basin converge to a 
constant value with the inclusion of all precipitation stations 
at a distance of 20 km from the basin boundaries. 

- Both methods have very low efficiency in terms of
prediction of point data, which is confirmed by low values 
of the correlation coefficient, but they both have 
satisfactorily effectiveness in terms of averaging data over 
a certain area.  
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IN MEMORIAM - PROF. MILOMIR GAŠIĆ (1950-2021) 

On Friday, April 16, 2021, our esteemed Dr. Milomir Gašić, a retired full 
professor, academician of the Russian Federation, and the former chairman 
of the scientific board of the international scientific conference Heavy 
Machinery, suddenly passed away.  
Milomir Gašić was born in the village of Rataje, near the small town of 
Aleksandrovac, in 1950. He graduated in 1974 at the Faculty of Mechanical 
Engineering in Belgrade at the Department of Mechanical Structures and 
Mechanization, where he also received his master’s and doctor’s degree in 
1983 and 1989, respectively. He received a famous October Award of the City 
of Belgrade in 1974 for his bachelor’s degree exam. 
After graduation he worked for five years as a chief construction engineer in 
the factory IMK ”14. Oktobar” Kruševac, and he worked for a year as a chief 
technology engineer at the Aviation Institute ”Moma Stanojlović” in Batajnica. 

He completed his specialist studies in Coles-Sunderland, England in 1985 and 
in Caterpillar, University of Madison, the USA, in 1991. 
He spent his entire academic career at the Faculty of Mechanical Engineering 

in Kraljevo. Being a full professor he published several university textbooks, workbooks and scientific 
monographs. He also published a large number of papers at international conferences, domestic conferences, 
foreign and domestic journals. He was an adviser on several master’s and doctoral theses defended at the 
Faculty.  
He made a professional contribution to the advancement and development of the Faculty of Mechanical 
Engineering in Kraljevo by performing functions at all organizational levels. He was the Head of the Department 
of Heavy Machinery as well as the Head of Department of Construction and Design in Mechanical Engineering. 
He was the Dean of the Faculty in five terms and the Vice Dean for Education in three terms. Professor Milomir 
Gašić was the founder and manager of the Centre for Construction and Transport Mechanization. 
He participated in and managed several scientific and research projects financed by the Serbian Ministry of 
Science, as well as numerous projects for the needs of the Serbian economy. He was a regular member of the 
editorial board and a reviewer of the national journal called IMK 14 - Research and Development in Heavy 
Machinery. He was the chairman of the scientific board of the international scientific conference named Heavy 
Machinery 2002. He was also a member of many organizational and scientific committees of scientific and 
professional meetings in the country and abroad. 
In 2005 professor Milomir Gašić became an Honorary Doctor of Technical Science at the State University in 
Voronjez, Russia. In 2009 he became a member of the National Educational Council of the Republic of Serbia 
and he was also a member of the Scientific Committee for Mechanical Engineering at the Ministry of Science 
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